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PEEFACE. 


TN the first edition of this treatise the subject of Attractions 
* was presented only in its gravitational aspect. This limitation 
was formerly customary, when electricity was less studied than 
now, but the result has become somewhat unsatisfactory. When 
lecturing on the subject the Author found that some of the most 
striking examples of Attraction were those derived from the 
theory of electricity. While it was impossible wholly to pass 
these over, it appeared that the interest in them was sensibly 
diminished if they were discussed without explanations of their 
meaning, Examples on the attractions of thin layers of matter, 
subject to what appeared to be arbitrary laws, seemed to have 
no real applications. 

For these reasons a selection has been made of those pro¬ 
positions in Magu<*tism and Electricity which appeared most 
forcibly to illustrate the theory of Attraction. These have been 
joined together, with brief introductions, so as to form a con¬ 
tinuous story which could be understood without reference to 
any other book. 

Those illustrations have been ho far separated from the rest 
of the volume that any portion of them may be omitted by a 
reader who desires to confine his attention chielly to gravitational 
prohloms. 

Some thootvnis, which it. was not deemed expedient to include 
in t ho text, havo boon shortly discussed in the notes at the end 
of tho volume. These, are not always closely connected with the 
thrurv of attractions, yet, being natural developments of the text, 
will probat>h aeMst. thit reader in following the argument 
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PREFACE. 


The general arrangement of the gravitational part of “ At¬ 
traction 55 has been only slightly altered. New theorems have, 
however, been introduced and the demonstrations of some of the 
old ones simplified. 

The second part of this volume is on the stretching and 
bending of rods. The investigation of the stretching, and 
consequent thinning, of a rod is founded on Hooke's law. The 
fact that (with certain restrictions) the stress couple is pro¬ 
portional to the bending is assumed as an experimental result 
and applied to determine the bending of rods and springs under 
various circumstances. The problem, when put into this form, 
is properly included in a treatise on Statics. Although this 
chapter is not a treatise on the theory of Elasticity, it did not 
seem proper wholly to omit the theoretical considerations by 
which the truth of the fundamental law is confirmed. Accordingly 
some simple examples which had been briefly discussed in the 
last edition have been retained. 

The theory of Astatics occupies the third part of this volume. 
It was discussed with sufficient fulness in the first edition and 
only very slight alterations have now been made. 

A separate index to each of the three chapters has been given. 
So many results are included under the head of Attraction that 
it was found impossible to mention them all without unduly 
lengthening the list. It was also necessary to classify some 
theorems only under one heading. 

Finally, I desire to express my thanks to Mr J. D. IT. Dickson 
of Peterhouse for the very great assistance he has given me in 
correcting most of the proof-sheets and for his many valuable 
suggestions. 

EDWARD J. ROUTH. 

Peterhouse, 

Decembei', 1901. 
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ATTRACTIONS. 


Introductory remarks. 

1. Law of attraction. If two particles of matter are 
placed at any sensible distance apart, they attract each other with 
a force which is directly proportional to the product of their 
masses and inversely proportional to the square of the distance. 

Let m , m' be the masses of two particles, r their distance 
apart; if F be the mutual attraction which each exerts upon the 

other, then F is given by the equation F = k —— . 

If / be the acceleration produced by the attraction of m at the 

[distance r. then /= k —. 

I J r 2 

The quantity k is called the constant of attraction . Its magni¬ 
tude depends on the particular units in which the masses m, m\ 
the distance r and the force F are measured. To avoid the 
continual recurrence of this constant running through every 
equation, it is usual to so choose the units that k = 1. When this 
is done the units are called theoretical or astronomical units. 

Putting k — 1 in the equations, we see that when m and r are 
both unity the acceleration / is also unity. We infer that the 
astronomical unit of mass is that mass which, when collected into 
a particle, produces by its attraction at a unit of distance the unit 
of acceleration. The expression for F shows that the unit of force 
is the attraction which a particle whose mass is the astronomical 
unit of mass exerts on an equal particle at a unit of distance. 

To avoid the continual repetition of the same set of words, we 
shall use the phrase attraction at a point to mean the attraction 
on a unit of mass collected into a particle and placed at that point. 
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ATTRACTIONS. 


[ART. 3 

It is convenient to use different systems of units for different purposes. The 
astronomical units should be used in analytical investigations. In any numerical 
applications we may choose such units of space and time as we may find convenient, 
and then introduce into our formulae the factor k with its appropriate value. 

It may be noticed that in using different units for different purposes we are 
following the analogy of other mathematical sciences. In practical trigonometry 
we measure angles in degrees, in theoretical trigonometry we adopt that unit by 
which our analytical formulae are most simplified. Also in algebra we have one 
base in logarithms for use in calculations and another for theoretical investigations; 
and so on through all the sciences. 

2. Numerical estimate. To obtain a numerical estimate 
of the magnitude of the force of attraction, we must determine by- 
experiment the mutual attraction of some two bodies. We may 
exhibit the result in either of two forms: (1) we may determine 
the value of tc when the units of space, mass, &c. have been 
chosen; (2) we may determine the magnitude of the astronomical 
unit of mass by expressing it as a multiple of some other known 
mass. 

The two bodies on which the experiment should be tried are 
•obviously the earth and some body at its surface. Regarding the 
•earth as a sphere, whose strata of equal density are concentric 
•spheres, it will be shown further on that its attraction on all 
external bodies is the same as if its whole mass were collected 
into a particle and placed at its centre. If then m be the mass 
of the earth and a its radius, the acceleration of a body at its 
surface is /cm/a 2 . Let g be the acceleration actually produced by 
the attraction of the earth on any body placed at its surface. We 
thus form the equation tcmjor — g. 

Several experiments have been made to determine the mean 
density of the earth. One of these is the Cavendish experiment, 
but there have been others conducted on different plans. The 
result is that the mean density has been variously estimated to 
be from to 6 times that of water. According to Baily’s 
repetition of the Cavendish experiment the ratio is 5*07. Repre¬ 
senting this ratio by ft, we learn that the attraction of a sphere 
of water, of the same size as that of the earth, will produce in a 
body, placed at its surface, an acceleration equal to gjft. 

x"* 

3 . To find the value of k when the units of space, 7nass, and time are the 
centime^eTt1irg7WmT^nZ the second. Since the mass of a cubic centimetre of 
water is one gramme nearly, the mass m of a sphere of water of the same size as 
the earth is £ 7 ra 3 grammes, where the radius a is measured in centimetres. By 
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ART. 7] INTRODUCTORY REMARKS. 


the experiment just described ^ ; taking j3=5'67, p=981 (see Yol. x. Art. 11), 


we find k= 


3 g _ 1 

47 ra /3 ~ 1543 x 10 4 * 


If therefore the attracting masses are measured in grammes and the distances 
in centimetres, the expression for F with this value of k gives the attraction in 
dynes. 

Let m be the mass, measured in grammes, of a particle which produces by its 
attraction at the distance of one centimetre a unit of acceleration. Then m is the 
astronomical unit of mass. The formula /=/cm/r 2 gives 1 =/cm, /. m=1543 x 10 4 
grammes. 

Let F be the force measured in dynes which one astronomical unit of mass 
exerts on another at the distance of one centimetre. The formula F—KVim'jr 2 
gives F—IJk since m=m' and m/c=1. The force F is 1543 x 10 4 dynes. 


4. To find the value of k when the units of space and time are the foot and the 
second , and those of mass and force are the pound and the poundal. Since the weight 
of a cubic foot of water is the same as that of 7=61 pounds nearly, the mass m of a 
sphere of water of the same size as the earth is %7ra s y, where the radius a is measured 

in feet. By the experiment just described If we take a=20926000 feet 

this gives *= 93 ^. 

If therefore the attracting masses are measured in pounds and the distances in 
feet, the expression for F with this value of k gives the attraction in poundals. 

The astronomical unit of mass, when the foot and the second are the units of 
space and time, is 93 x 10 7 pounds and the astronomical unit of force is 93 x 10 7 
poundals. A poundal is roughly equal to the weight of half an ounce. See Yol. i. 
Art. 11. 


5- Dimensions of k and m. When the unit of mass is arbitrarily chosen the 

attraction F of a particle of mass m on a particle of equal mass is J T =/cw 2 /r 2 . It 
follows- that the dimensions of k are the same as FlPyr 2 or where F , L, t 

stand for force, length, mass, and time. When the factor k is omitted the dimen¬ 
sions of astronomical mass include those of k and become the same as those of 

or, which is the same thing, F-L or L^t” 1 . This also follows at once from 
the formula F=m 2 lr 2 . These dimensions are the same as those of the electrostatic 
measure of electricity. See Maxwell’s Electricity , Arts. 41, 42. 

6 - Ex. 1. Prove that the mass of the particle which at the distance of one 
centimetre from a particle of equal mass attracts it with the force of one dyne is 
3928 grammes. Everett’s Units and Physical Constants. 

Ex. 2 . Show that a cubic foot of water, collected into a particle, attracts an 
equal particle placed at the distance of one foot with a force equal to the weight of 
1/(8 x 10 6 ) pounds. 

7. Law of the direct distance. There are other laws 
besides that of the inverse square which may govern the attraction 
of bodies in special cases. Some of these will be mentioned as we 
proceed. But the most useful is that in which the attraction 
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varies as the distance. In this case the attraction of two 
particles, each on the other, is represented by F~mm'r, where 
m, m are their masses, and r, the distance between them. 

vV ' " 8. When the attraction obeys the law of the direct distance, 

, the resultant attraction of any body at any point is found at 
/ once by using Art. 51 of Vol.jL Let 0 be any point, A l9 A 2} 
&c. the positions of the attracting particles; let m 2 , &c. be 
their masses. The component attractions at 0 are then given by 
X = 2mx = x2m, Y=y2m , Z^z2m, where x, y , £ are the 
coordinates of the centre of gravity of the body or system of 
attracting points. 

It immediately follows that the resultant attraction at 0 is the 
same as if the whole mass 2m of the attracting system were 
collected into a single particle placed at the centre of gravity. 
The resultant force on a particle at 0 tends therefore towards the j 
centre of gravity of the attracting system , and is proportional to the \ 
distance of the attracted point from it 

9. In what follows, when no special law of force is mentioned, 
it is to be understood that the law meant is that of the inverse 
square. This is often called the Newtonian law. 

When the law of attraction is said to be /(r), it is meant that 
the mutual attraction of two particles whose masses are m , m' 
placed at a distance apart equal to r is mmf{r). 


\ 


Attraction of rods, discs, Sc. 

10. Attraction of a rod. To find the attraction of a 
‘Uniform thin straight rod AB at any external point P. 

Let m be the mass of a unit of length, then m is called the 
line density of the rod. Let p be the length of the perpendicular 
BN from P on the rod. Let QQ' be any element of the rod, 
XQ = x; let also the angle NPQ = 8, then x—p tan 0. 

The attraction at P of the element QQ r is 


mdx __ md (p tan 0) __ mdd 
PQ 2 (p sec 6) 2 ~ p 


Let X, Y be the resolved attractions at P parallel and perpen¬ 
dicular to the length AB. Let the angles NPA, NPB be a, /3, 
■ d6 


then 


X = 


P 


17b 

sin Q = —-(cos a- 

p 


- cos y3) . 


■ax 




ART. 13] 


A STRAIGHT ROD. 


5 



( 2 > 


11. Substitute for cos a, cos /3 tbeir values obtained from 
the triangles PNA, PNB ; the resolved attraction parallel to the 

077 077 

rod takes the useful form X = 77-7 — .(3). 

PA PB x J 

It should be noticed that this is the attraction at P of the rod 
JJ^resolved in the direction from A towards B. 

V 12. Describe a circle with centre P and radius PN and let 
the portion CD included between the distances PA , PB represent 
a thin circular rod of the same material and section as the given 
rod AB. 

The attraction at P of the element RR f of the circular rod is f; 


therefore 


m. RR r pdO d6 
-- — m -— — ™— 


= m —. But this has just been proved 



PR 2 p* p 

to be the same as the attraction of the element QQ'. Thus each 
element of the rod AB attracts P with the same force as the 
I corresponding element of the rod CD. The resultant attraction of 
the straight rod AB is therefore the same in direction and magnitude 
that of the circular rod CD. 

13. The resultant attraction at P of the circular rod CD 
must clearly bisect the angle CPD. It 
^immediately follows that the direction of 
the resultant attraction at P of a straight 
rod AB bisects the angle APB. 

To find the magnitude of the resultant 
attraction at P of the circular arc CD, we 
draw PE bisecting the angle CPD . Let 
the angle any radius PR makes with PE 
be ty. Let be the angle CPD. Since 
RR' = pd^jr the attraction of the whole 
circular arc when resolved along PE is 
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J C0S ^ = ^.2 sin 7 , the limits of the integral being ^ = -y 
and \Jr = y. The magnitude F of the resultant attraction at P of j 

.7 7 ~ fn . ‘ • 7 rr 2m . APB ] 

a straight rod AB is given by Jf = — sin —^—• 

14. When the rod AB is infinite in both directions the angle 
APB is equal to two right angles. The resultant attraction of an 
infinite rod at any point P is equal to 2 and it acts along the 
direction of the perpendicular p drawn from P to the rod. 

This proposition leads to a useful rule which helps us to find 
the attraction of any cylindrical surface or solid which is infinitely 
extended in both directions. We pass a plane through the 
attracted point P perpendicular to the generating lines and 
cutting the cylinder in a cross section. If the attracting body 
be composed of elementary rods of line density m } each of these 
attracts P as if ajmass 2 m were collected into its cross section and 
the law of attraction were changed to the inverse distance. The 
attraction of the whole cylinder is then equal to that of this cross 
section . If the cylinder be solid and of volume density p, the 
cross section is an area of surface density 2 p ; if the cylinder is a 
surface of surface density <r, the cross section is a curve of line 
density 2 o\ The same rule will apply to a heterogeneous cylinder 
provided the density along each generator is uniform. 

Three laws of attraction are therefore especially useful. These 
are ( 1 ) the law of the inverse square, ( 2 ) that of the inverse 
distance, and (3) that of the direct distance. 

15 . When the point P moves about and comes to the other side of the 
attracting rod AB , crossing AB produced but not passing through any portion of 
the attracting rod, the components X, Y remain continuous functions of the 
coordinates of P, and will continue to represent the component attractions. When 
P lies in AB produced Y takes the singular form 0/0, but it is evident that it 
changes sign through zero. The resultant attraction is then given by (3) which 
is free from singularity. 

When P passes through the material of the rod the case is somewhat different. f 
When P approaches the thin rod, the angles j3 and a become ultimately hr and 

r, the Y component becomes infinite while X remains finite. The attraction 
is therefore ultimately perpendicular to the rod and finally changes sign through 
infinity. When P is inside the indefinitely thin rod the Y component is zero by 
symmetry and the X component represents the attraction. 

In the preceding analysis we have regarded the linear dimensions of the 
transverse section of each element QQ' as infinitesimal when compared with the 
distance from P. This however is not true for any material rod when P approaches 
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very closely to any point of it. The rod (or at least the portion which is near to P) 
must then be regarded as a cylindrical solid. 


vx 


16 . Ex. 1 . If two forces be applied at P acting along AP, PB taken in order, 
and each equal to m/p, prove that their resultant is equal in magnitude to the 
attraction of the rod AB and acts in a direction perpendicular to that attraction. 


Ex. 2 . The sides of a triangle are formed of three thin uniform rods of equal 
density. Prove that a particle attracted by the sides is in equilibrium if placed at 
the centre of the inscribed circle. 

If one side of the triangle repel while the other two attract the particle, prove 
that the centre of an escribed circle is a position of equilibrium. [Math. T.] 

This follows at once from Art. 12 . Draw straight lines from the centre I of the 
inscribed circle to the corners A , B, C of the triangle, cutting the circle in A', B', C '. 
The attractions of the sides AB, BG, CA are the same as those of the arcs A'B', 
B'C', G'A', that is their resultant attraction is the same as that of the whole circle 
on the centre. This attraction is clearly zero. 


/■ Ex. 3. Four uniform straight rods of equal density form a quadrilateral, and 
their lengths are such that the sum of two opposite sides is equal to the sum of the 
other two opposite sides. Find the position of equilibrium of a particle under the 
attraction of the four sides. 


i/ Ex. 4. Every particle of three similar uniform rods of infinite length, lying in 
the same plane, attracts with a force varying inversely as the square of the distance; 
prove that a particle will be in equilibrium if it be placed at the centre of gravity of 
the triangle ABG enclosed by the rods. ‘ [Math. Tripos, 1859.] 

The attractions at P are perpendicular to the sides of the triangle and therefore, 
when P is in equilibrium, their magnitudes are proportional to those sides. Hence 
by Art. 14 the areas APB , BPG , CPA are equal and therefore P is the centre of 
gravity. 






Ex. 5. A particle is placed at any point P on the bisector of the angle G of a 
triangle. Show that the direction of the resultant attraction of the three sides at P 

fl 1\ APB 

bisects the angle APB and is equal in magnitude to 2 ml -) sin-, where a 

\y a/ 2 

and 7 are the perpendiculars from P on the sides BC, AB respectively. 

Describe a circle centre P to touch the sides AG, BC. The resultant attraction 
of these two sides is equal and opposite to that of the arc of the circle which lies 
between the straight lines AP, BP on the side remote from C (Art. 12). 

• Ex. 6 . Two uniform parallel straight rods AB, CD attract each other: show 
that the components of their mutual attraction, respectively perpendicular and 
parallel to the rods, are 

. BC' + BC AD' + AD 


= ™(BC- 
P 


BD-AC+AD), X=mm' log- 


’AC' + AC'BD' + BD 9 
where C', D' are the projections of G, D on the rod AB, p the distance between the 
rods, and m, m' the masses per unit of length. 

Ex. 7. P is a particle in the diagonal AC of a square ABGD, and within the 
square; show that the attraction of the perimeter of the square upon P is equal to 
OP 

M * PA PB ~ PC ’ wtiere M is the mass of the Perimeter, 0 the centre of the square. 

[Trin. Coll., 1882.] 

V Ex. 8 . Let the- finite rod AB be produced both ways to infinity and let the 
portion beyond A attract and the portion beyond B repel P, the portion between A 
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and B exerting no force at P. Prove that the resultant force at P bisects the angle 

, A 2m APB 
external to APB and is equal to — cos —. 

y Describe a circle, centre P, to touch AB and intersect PA in C and BP produced 
in H. The resultant force at P is therefore equal to the attraction of the arc GH. 
Art. 12. 

Ex. 9. The law of attraction of a uniform thin straight rod is the inverse 
/cth power. Prove that the components of attraction at a point P parallel and 
perpendicular to the rod are respectively 

m ( l 1 \ ~ m [P 

~~VPA*” 1 ~ p5*~V ’ ~P K ~ 1 J a ^ C ° S1 d&t 

the latter integral can be found by a formula of reduction in the usual way. 

Ex. 10. The law of attraction of a cylinder infinitely extended in both 
directions is the inverse /cth power. Prove that the attraction at a point P is 
equal to that of the cross section provided ( 1 ) the law of attraction of the section 
is the inverse (/c-l)th power and ( 2 ) ratio of its density to the cylindrical density 
i^JJ^cos#)* -1 ^, the limits being 0 to £ 7 r, (see Art. 14). 

^ Y 17. Curvilinear rods . The method by which the attraction 
1 of the straight rod AB is replaced by that of the circular arc CD 
in Art. 12 may be extended to other curves. 

Two curvilinear rods AB , GD are so related that if any two 
f radii vectores OAO, OBD are drawn, the attractions of the inter¬ 
cepted arcs AB, CD at the origin 0 are the same in direction and 
magnitude. It is required to find the relation between the densities 
of the rods. 

Since the attractions are equal for all arcs, they are equal for 
infinitesimal arcs. Let OQR, OQ'Bl 
be two consecutive radii vectores; d$, 
ds' the arcs QQ', RB! \ m, ml the 
masses at Q, R per unit of length. 

Then if the law of attraction is the 
inverse /eth power of the distance we 
mds m'ds' 

-= aars/s- 




have 


where r = OQ , r'= OR. If <£, <f> be the angles the radius vector 
OQR makes with the tangents at Q and R, this gives 


m 


m 


(i). 


sin <j> r ,K ~ 1 sin <j> . 

The densities of the curvilinear rods at corresponding points 
must therefore be proportional to r*'" 1 sin <f>. 
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I If the law of attraction be the inverse square, two curvilinear rods in one plane 
| equally attract the origin, if the densities at corresponding points in the two rods 
\ are proportional to the perpendiculars from the origin on the tangents. 

. v 18. If the two curves are so related that each is the inverse of the other , we 
-ff have OQ. OR = OQ '. OR'. A circle can therefore be described about the quadri- 
" lateral QRR'Q'. In the limit when QQ', RR' become tangents this gives 
y sin0 = si n<p'. If also k = 1, we see that m—m'. It follows therefore that when 
the law of attraction is the jnyerse distance, any curvilinear rod and its inverse, 
if of j,qual uniform line density, equally attract the origin. 

Xf/' 19. Ex. 1. Let the law of attraction be the inverse distance and let P be any 
point attracted by a uniform straight rod AB. Draw BN perpendicular to the rod 
and describe a circle on BN as diameter. Prove that the attraction of AB at P is 
the same as that of the corresponding arc CD of the circle intercepted between the 
straight lines BA, BB , if the line densities are equal. Compare Art. 12. 

Ex. 2. Two rigid and equal semicircular arcs of matter with uniform section 
and density are hinged together at both extremities. The matter attracts according 
to the law of gravitation. If equal and opposite forces applied along the line join¬ 
ing the middle points of the semicircles keep them apart with their planes at right 
angles, the magnitude of each force will be 4m 2 log (1+^/2), where m is the mass of 
unit length of arc. [Math. Tripos, 1874.] 

^ 20. Some inverse problems. Ex. 1. A uniform rod is bent into the form 

of a curve such that the direction of the attraction of any arc BQ at the origin 0 
bisects the angle BOQ. Show that the curve is either a straight line or a circle 
whose centre is 0. 

The data lead to the differential equation j ^ sin 0 = tan- j cos 6 . The 

limits of the integrals being 0 and 6. The equation may be solved by differ¬ 
entiation. 

r Ex. 2. Find the law of density of a curvilinear rod of given form that the 
direction of the attraction at a given point 0 of any arc BQ may bisect the angle 
BOQ. If the law of attraction be the inverse /cth power of the distance, the result 
is that the line density m at P must be proportional to pr K ~ 2 where r= OB and p is 
the perpendicular on the tangent at P. 

Draw any circle, centre 0, intersecting OP, OQ in 0, D. The attraction of CD 
(regarded as a uniform rod) at 0 is by hypothesis the same in direction as that of 
BQ and may (by giving CD the proper density) be made the same in magnitude 
also. Include the additional elements QQ ', DD\ It is clear that unless their 
attractions at 0 are equal the attraction of BQ' cannot coincide in direction with 
that of CD'. The attractions at 0 of corresponding elements of the two rods are 
therefore equal. Hence as in Art. 17 the density m at every point of BQ varies as 
pr K ~ 2 . The proposition may also be proved analytically as indicated in the last 
example. 

Ex. 3. A uniform rod is bent into a curve such that the direction of the 
attraction at the origin of any arc BQ passes through the centre of gravity of the 
arc. Prove that, either the law of attraction is the direct distance, or the curve is a 
straight line which passes through the origin. 

Ex. 4. If any uniform arc of an equiangular spiral attract a particle placed at 
the pole, prove that the resultant attraction acts along the line joining the pole to 
the intersection of the tangents at the extremities of the arc. 
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Prove also that if any other given curve possess this same property, the law 

~ fi dp 

of attraction must be v 

where p is the perpendicular drawn 

from the attracted particle on the vv 

tangent at the point of which the 

radius vector is r. ^ 7 / \ 

Reversing the attracting forces, Q J/ \ 

we may regard the rod as acted \ 

on hy a centre of repulsive force. 7 a —V 

Since the resultant force on any 
arc PQ acts along OT , where T 
is the intersection of the tangents 
at P and Q, we may resolve that 

force into two components which act along TP and TQ. It follows that the 
resultant force on any arc PQ may be balanced by two forces or tensions acting 
along the tangents at P and Q. 

To complete the analogy of the force at P to a tension, we must show that that 
force is always the same whatever the length of the arc PQ may be. To prove 
this let PQ, QR be two contiguous arcs, and let the tangents at P, Q meet in T, 
those at Q, R in XJ , those at P, R in V. Resolving the forces at T, XJ, V as before, 
the components along PT, QT and RXJ, QU must together be equivalent to the 
components along PV, RV. We have to deduce from this that the components 
along PT and PV are equal. This follows at once by taking moments about XJ. 

The conditions of equilibrium of the rod are therefore the same as those of 
a string acted on by a central force. Referring to Art. 474, Vol. r., the tension is 
obviously T — A/p and the force f{r) has the value given above. See the Solutions 
of the Senate House problems for the year 18(H), page 01. The analytical solution 
leads to an interesting differential equation which can be solved without great A 
difficulty. 

21. Attraction of a circular disc. To find the attraction 
of a uniform thin circular disc at any point in its oasis. 

Let 0 be the centre, ABA' the disc seen in perspective; 
OZ the axis, i.e. a straight line drawn through 0 perpendicular to 
the plane of the disc. Let a be the radius of the disc, m the 
mass per unit of area, usually called the surface density. Let P 
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be the point at which the attraction is required, OP = p, and the 
angle OP A = a. 

Describe an elementary annulus, represented in the figure by 
QQ'. Let x, x + dx be its radii, and let d be the angle OPQ. The 

resultant attraction of the disc at P is F — 

where the limits of the integral are x = 0 and x= a. Since 
x =p tan d and QP =p sec 0, we find 

F = 27rm/sin Odd = 27 mi (1 — cos a). 

Here a is the acute angle subtended at the attracted point by the 
radius of the disc. 

It appears from this that the attraction of a uniform thin 
circular disc at a point P in its axis depends only on the surface 
density and on the angle 2a subtended at P by a diameter of the 
discu It will be presently seen that if co be the solid angle sub- 
faed at P by the disc, the attraction is mco, (Art. 26). 

22. From this we deduce the attraction of an infinite^thin 
plate or disc by putting a = \ir. We thus find that the attraction 
of an infinite thin plate at any point P is and is therefore 
independent of the distance of P from the plate . 

We also infer that the attraction of a circular disc of finite 1 
radius a at a point P on the axis very near the disc is ultimately i 
27 rm. The, attrac tion is A = J2tt (1 — p/r) pdp where r = PA, p is- 
the density, t the thickness, m — pt , and the limits are p ==p to 
p + t. After integration this reduces to 27rm, provided pja and 
tfa are ultimately zero. 


• L At first sight it may appear anomalous that the attraetjLon of an infinite plate 
'should be independent of the distance of the particle from the plate, hut we may 
understand how it can happen by considering what elements of the disc are effective 
in producing the attraction. Each element of an annulus QQ\ whose centre is 0, 
attracts P with a force acting along the straight line joining P to that element, and 
the component of force along PO is obtained by multiplying this attraction by 
cos OPQ. When the point P is near 0, this cosine is small and therefore it is only 
the portion of the disc near O which exerts any sensible attraction in the direction 
PO. As P recedes from 0, the cosine for each annulus gets larger and the resolved 
attraction becomes greater. Thus the area of effective attraction increases in size 
as the particle recedes. At the same time as the particle P recedes from 0 the 
actual attraction of each annulus on it decreases. It follows from the analysis in 
the last article that the increase of effective area just balances the decrease of 
attraction due to increased distance, so that on the whole the attraction is 
independent of the distance. 
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23. If g, <f be the attractions due to gravity on two table¬ 
lands whose difference of level is x, show that g' = p fl - ff') 

V 4 aj 

approximately, where ci is the radius of the earth. 

To obtain this result, we regard the attraction of the table-land 
as sensibiy the same as that of an infinite plate, Art. 22. The 
attraction is therefore 2-rrpx, where p is the density of the table¬ 
land or flat mountain. If p be the mean density of the earth, 
its attraction, viz. <f, is %-rrp'a. There are reasons for believing 
that the mean surface density of the earth is about half the mean 
density of the whole earth; when therefore the true density of the 
table-land is unknown we may as an approximation put p = ^p'. 
The attraction of the table-land is thus approximately %gx{a. The 

attraction of the earth at the altitude x is g ) =g (l - 2 -) 

approximately. Adding this to the attraction of the table-land we 
arrive at the result given. 


This theorem was first used by Bouguer in his Figure de la Terre. A short 
account of this treatise is given in Art. 303 of Todhunter’s History of Attractions, 
&c. A similar result is also given by Poisson in Art. 020 of his Traitg de 
Micanique . See also Clarke’s Geodesy. It is often called Dr Young’s rule. 
According to Nature , Feb. 10, 1898, a good account of the controversy about the 
second term of Bouguer’s formula is given by G. B. Putnam in the scientific work 
of the Boston party on the sixth Peary expedition to Greenland. Iteport A. 


Ex. Sir W. Siemens invented an instrument to measure the depth of the sea 
under a ship on the principle of balancing gravitation by the force of a spring. If 
the mean surface density of the eartli be three times that of sea water, and the 
mean density of the whole earth five and a half times that of sea water, show that 
l at a depth h in the sea, the diminution of gravity is & hy/a, where a is the radius 
of the earth. 


24. Attraction of a Cylinder. Ex. 1. Find the attraction of a uniform solid 
, right circular cylinder at a point P on its axis. 

Xet p be the density of the cylinder, a its 
radius. Let 0 be the centre of gravity, OP=p. 

Let us take as the element of volume the slice 
of the cylinder between two planes drawn per¬ 
pendicular to the axis at distances x and x + dx 
from 0, measured positively towards P. 

First ,let P be outside the cylinder. Let 2 0 he 
the angle subtended at P by any diameter QQ f 
of the slice, and let PQ—r. Since the mass per 
unit of area of the slice is m=pdx, the attraction 




<r 


B' 



P 

~~ 1 

j/ 






o 


'N 


B 




atP is 2xpdx (1 - qos 6) = 2-rrpdx ^1 . JBut (p —x) 2 + a 2 =r 2 , (x - p) dx — rdr. 

The wh ole attraction of the cylinder at P is therefore F=2irp\(dx + dr), where the 
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limits of integration are x~ ~%AB to x=£AB and r—PB to r=PA. The resulting 
attraction is therefore F=2 Tp (AB +PA -PB), where AB is any generating line 
and A is the extremity nearest to P. We notice that AB is equal to the difference 
of the distances from the plane sections passing through A and B. 

Next, let P be inside the cylinder , hut nearer to the plane section A!A than to B'B. 
Since 6 is the acute angle subtended at P by the radius of the attracting slice, we 
must equate cos 6 to ± (p - x)/r, the sign being different on opposite sides of P. To 
avoid this discontinuity we draw a plane G'G perpendicular to the axis so that P lies 
midway between the sections A'A and G'G . The resultant attraction of the matter 
between A!A and G'G at P is therefore zero. The resultant attraction of the rest of 
the cylinder is given by F=2ttp (CB + PG - PB) 

= 2 tt p(GB + PA-PB). 

Here GB is equal to the difference of the distances of P from the plane sections 
-through A and B, measured positively in opposite directions. 

^^toAnother Solution. We may also find the attraction by dividing the cylinder into 
elementary columns or filaments parallel to the axis. We find that the resolved 
force parallel to the axis is therefore the difference between the values of the 
integral jpdajr for the two plane faces, where r is here the distance of dcr from P. 
Since da=2irrdr, and the limiting values of r for the faces AA', BB' respectively 
are PM to PA and PN to PB , we easily arrive at the same result as before. 

Ex. 2. Eind the ratio of the radius of the base to the height of a right circular 
cylinder of given volume so that the attraction at the centre of one of the circular 
ends may be the greatest possible. The required ratio is i(9->/17). Playfair’s 
t problem. See Todhunter’s History of Attractions , Art. 1585. 

Ex. 3. A right circular cylinder is of infinite length in one direction and is 
homogeneous, the finite extremity being perpendicular to the generators. Prove 
that the attraction at the centre of this end is 2Mja , where M is the mass per unit 
of length, and a is the radius. 

If the cylinder be elliptic, of the same density and mass per unit of length as 
before, and of eccentricity e, then the attraction will be n times the former value, 




2 

where n—~ (1 


./ 


*/i 


dd 


tj 1—e 2 sin 2 0 


2hp log 


a + sj{a 2 + /i 2 ) 



[St John’s Coll., 1887.] 


Ex. 4. A solid right circular cylinder of uniform density p stands on the plane 
of xy and is infinite in the positive direction of the axis of z. Show that the z 
component of its attraction at a point P of its base is pi , where l is the perimeter of 
an ellipse having the base for the auxiliary circle and P for one focus. See Art. 11. 

^ Ex. 5. A vertical solid cylinder of height h, radius a , and density p, bounded by 
plane ends perpendicular to the axis, is divided by a plane through the axis into two 
parts. Show that the horizontal attraction of either part at the centre of the base is 


[Coll. Ex., 1888.] 


25. Attraction of a surface. All sections of a uniform 
cone which are of the same thickness , and have their plane faces 
parallel to a given plane , exert equal attractions at the vertex. 
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Let AB, A'B r be two thin parallel laminae of the same 
thickness dt. Let p be the density of 
the cone. With the same vertex 0 de¬ 
scribe an elementary cone cutting the 
laminae in QR, Q'R'. The attractions 
of QR, Q'R' at 0 are to each other as 
their masses divided by the squares of 
the distances. Since the thicknesses are 
equal, the masses are proportional to the -q, 
areas, and these by similar figures are 
proportional to the squares of the distances OQ, OQ'. Thus the 
attractions of the elements QR, Q'R' at 0 are equal. Hence the 
attractions of the laminae AB, A'B' at 0 are the same both in 
direction and magnitude. 

This ; being true for all thin laminae^ must, by integration, be 
also true for all thick sections. And in general any two parallel 
slices of the same cone, whether thick or thin , attract the vertex in 
the same direction with forces proportional to their thicknesses. 

26. As the attraction of the element QR at any point 0 is 
wanted in several theorems further on, it is convenient to determine 
an expression for its magnitude. 

Let da- be the area of the element QR, m its mass per unit of 
area, r its distance from 0; th extraction at 0 is then mdajr 2 . 

To simplify this 

at * as m plane trigonometry an angle is 

measured by the arc subtended in a circle of unit radius, so the 
solid angle contained by any cone is measured by the surface cut 
off by the cone from a sphere of unit radius with its centre at the 
vertex. 

Let the elementary cone whose base is QR intercept on the 
unit sphere an elementary area qr , and let this area be dco, then dco 
measures the solid angle subtended at 0. Let y[r be the angle the 
normal to the elementary area QR makes with the radius vector 
OQ, then da cos -yfr is the area of a section of the cone made by a| 
plane drawn through Q perpendicular to OQ. Hence by similai| 
figures da cos ty/v 2 = area qr = dco. 

The attraction of the element is therefore m sec ^ . dco. If v be 
the perpendicular from 0 on the plane of the element, then 
r cos yjr =p, and the attraction of the element at 0 may also be 
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written in the form mrdcojjx* If r, 0, cj> are the Eulerian polar 
coordinates of a point referred to any axes with the origin at 0 , it 
is clear that day = sin 6d6d<j>. 

^ 27. It follows from this result that the attraction at 0 of am 

^ element da when resolved perpendicular to its plane is mdco . 

^ Hence we may deduce by integration that the attraction at 0 
V of a plane uniform lamina of any form when resolved perpendicular 
to the plane is may, where m is the mass of a unit of area of the 
' lamina , and ay is the solid angle subtended at 0 by the lamina . 

] This theorem is due to Playfair, Edin. Trans. Vol. VI., 1812. 




h 

m, 

n 

dl 

dm 

dn 

da * 

da’ 

da 

dl 

dm 

dn 

db ’ 

' db’ 

db 


Ex. If l, vi, n be the direction cosines of the radius 
vector of an element of a surface, and if l, m, n can be ex¬ 
pressed in terms of two parameters a and b , show that the 
normal attraction of the element on the origin is A dadbdk, 
where dk is the thickness of the element and A is the deter¬ 
minant in the margin. [Caius Coll.] 

28. The method explained in Art. 17 by which the attraction 
at the origin of one thin rod may be replaced by that of another 
of a more convenient form may be extended to surfaces. 

Let the law of attraction be the inverse /eth power of the 
distance. Eefer to the figure of Art. 17 and equate the attractions 

of the elementary areas QR, Q'R\ we have mt ^ <r m 


rpK. 


m 


By Art. 26 da cos yLr = r 2 do>, hence —--- =- —-w. 

J T r K ~ 2 cos \jr r K ~ 2 cos y 

It follows that, if two curvilinear laminae are so related that 
their masses per unit of area , at points on the same radius vector 
drawn from a point 0, are connected by the above equation , then the 
attractions at 0 of the portions included within any conical surface 
whose vertex is 0 are the same in direction and magnitude . 

For example, if the law of attraction be the inverse cube, the 
attraction at a point 0 of any portion of a thin plane area is the 
same in direction and magnitude as that of the corresponding 
portion of a spherical surface having its centre at 0, and touching 
.the plane, the masses per unit of area of the plane and sphere 
being equal. This corresponds to the theorem in Art. 12, which 
connects the attraction of a straight rod with that of a circle. 

29. If the plane area be bounded by an ellipse (the law of 
attraction being the inverse cube) the resultant attraction at any 
point 0 acts along the axis of the enveloping cone whose vertex is 0. 
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To prove this we notice that the enveloping cone is a quadric 
cone and tHat therefore the portion of the spherical surface (centre 
0) enclosed within it is symmetrical about the internal axis of the 
cone. The resultant attraction of the spherical surface at 0 must 
therefore act along that axis. By a known theorem in geometry 
this axis is normal to the ellipsoid which passes through 0 and has 
the given ellipse for a focal conic. 

30. Ex. 1. Show that the attraction at a point 0 of any portion of a thin 
plane disc is the same in direction and magnitude as that of the corresponding 
portion of a spherical surface having for a diameter the perpendicular ON drawn 
from 0 to the plane. The two attracting surfaces are supposed to be homogeneous 
and of equal mass per unit of area. 

Ex. 2. A tetrahedron is constructed of thin metal, the faces being of equal and 
uniform density. Prove that if the law of attraction were the inverse cube of the 
distance, a particle would be in equilibrium if placed at the centre of the inscribed 
sphere. See Art. 16, Ex. 2. 

^ . Ex. 8. Prove that the ratio of the attractions of a solid right cone at the centre 
1 of the base and at the vertex is , the angle at the vertex being a 

right angle. 

Ex. .4. An infinite lamina is bounded by two parallel straight lines. Prove 
that its component attractions X and Y respectively parallel and perpendicular to 
its plane are X—2m logr'/r and Y—2m.0 , where r', r are the distances of the 
attracted point P from the two edges, 0 the angle these distances make with each 
other and m the surface density. See Art. 14. 
t/" Ex. 5. Prove that the resultant attraction of a uniform rectangular plate at a 
point P on its axis is 4?/i sin -1 (sin a sin f$) where a, £ are the angles subtended at P 
by perpendiculars drawn from the centre on the sides and m is the surface density. 
Playfair, Edin. Trans. 1812. 

Ex. 6. Prove that the attraction of a uniform elliptic disc at the focus is 
{l-\/(l-c 2 )} where m is the surface density. 

The attraction is X=tfmrd9 dr cos 0/r 2 . Describe a circle of arbitrary radius c 
- with its centre at the focus: the attraction of the enclosed area is zero. Integrate 
from r=c to the elliptic rim and from 0 = 0 to r. In this way we avoid the 
infinite logr at the origin. 

, 31. The solid of greatest attraction. To find the solid of revolution of given 

mass which exerts the greatest attraction at a point 0 situated, on the axis. 

Let us trace the surface such that tho attraction at the given point 0, of a particle 
of given mass m placed at any point of the surface, when resolved along the given 
axis, is equal to a given constant C. Taking 0 for origin and the given axis as the 

axis of reference, the equation of that surface is clearly ^ cos 9 = 0. By giving G 

different values we obtain a system of surfaces. It is evident from the definition 
that the surface defined by any value of 0 lies outside that defined by a greater 
value of G . It follows that the resolved attraction of a particle lying on any one 
surface is greater than that of an equal particle situated on any external surface. 
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It is evident from the equation that all these surfaces are similar and similarly- 
situated, and that they all touch a plane drawn through 0 perpendicular to the 
given axis. 

Let us select that surface whose volume would just contain the given mass. 
The solid of greatest attraction must coincide with the surface thus selected; for if 
any portion lies outside the selected surface, the attraction would he increased by 
moving that portion into the vacant places within the selected surface and thus 
filling them up. 

The solid of greatest attraction has therefore such a form that the attraction at 
the given point of a given particle placed at any point of the surface when resolved 
along the given axis is always the same . 

The problem of finding the solid of greatest attraction was proposed and solved 
by Silvabelle. The principle used above, that the resolved attraction must be 
constant over the surface, is due to Playfair, Edin. Trans. 1812. The following 
example is also due to him. 


v/ 32. Ex. Supposing the law of attraction to be the inverse /cth power of the 
distance, find the form of an infinitely long cylinder so that the attraction may be a 
maximum at an external point. 

Take the point for origin; pass a plane through it perpendicular to the 
generating lines of the cylinder. Let r be the radius vector of any point on this 
section, 6 the angle made by r with the direction of the resultant attraction. The 
equation of the curve is included in cos d=Cr K ~ 1 . When the laio of attraction is 
the inverse square the required cylinder is light circular. 


33. Attraction of mountains. It is a matter of some 
importance to determine by direct experiment the effect of the 
attraction of a neighbouring mountain on the direction of the 
plumb line. This was attempted by Bouguer in Peru but without 
any great success. In 1772 Maskelyne, then Astronomer Royal, 
proposed to repeat the experiment. He pointed out a mountain 
in Yorkshire as suitable for the purpose. He suggested also that 
the defect of matter in the valley between Helvellyn and Saddleback 
might produce an effect of an opposite character which would be" 
sensible. The mountain Scheh allien in Scotland was finally chosen. 
It is a narrow ridge running east and west in a comparatively flat ; 
country and is about 2000 feet above the general level. 

Let f f be the horizontal attractions of the mountain at two 
stations north and south. The angular deviations of the plumb 
line from the direction of gravity will then be a — f/g , and a = f'/g . 
The meridional distance between the two stations was found by a 
survey over the mountain to be 4364*4 feet. By dividing this by 
the radius of the earth, the difference of latitude of the two stations 
was found to be 42"*9. By observing the zenith distance of the 
same star at both stations the difference of the angles which the 

9 


r. s. II. 
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direction of the star made with the directions of the plumb line 
at the two stations was found to be 54 ,, '6. The difference between 
these two angles, viz. ll"-7, is evidently equal to the sum of the 
angular deviations a, a' produced on the plumb lines by the 
attraction of the mountain. 


34 . To find the attraction / at a station A, a contour map of the country was 
made. This was divided into twenty rings by circles having A for a common 
centre, their radii being in arithmetical progression. These rings were subdivided 
into rectangular spaces by radii vectores drawn from A. The mountain was thus 
theoretically divided into elementary columns placed on these rectangular bases. 
Let GP be a vertical drawn through the centre of gravity G of any base cutting the 
surface of the mountain in P. Let 2 be the angle PAG subtended by PG at A. 
The attraction of this column is nearly equal to 2m Bin ^z/ AG and its direction 
bisects the angle PAG, where m is the line density of the column (Art. IB). 

Let r, 6 be the polar coordinates of G referred to A as origin and the meridian 
AM as axis of x. Let A r be the difference of two consecutive radii, and Ad the 
angle between two consecutive radii vectores. Then m = fxr.Ar.Ad nearly, where 
fx is the density of the column. The resolved attraction of the column along the 
meridian is therefore 


A = — sin ~ cos - cos <?=//. si nz. A r .A Bind 


nearly. The constant difference Ar was taken to be 0(>(“)- feet. The radii vectores 
were drawn according to the following law. The first being directed along the 
meridian, the others were drawn making with the meridian angles whoso sines were 
successively 1/12, 2/12, 3/12, <fec. There were therefore 48 columns over each ring. 
Also A sin 6 was constant and equal to 1/12. It is now evident that the attraction/ 
of the mountain may be found by forming the sum 


sin z 1 + sin z 2 + sin r a + ... 

for all the columns and multiplying the result by jVm • Ar. The twenty rings drawn 
round each station included 000 columns. This space was bounded by a circle of 
radius 2\ miles. It was assumed that the attraction of tho matter beyond this 
distance might he neglected. 


35. By such processes as these the sum of the two opposite 
attractions at the two stations was found as a known multiple of 
the density fx of the hill. If R be the radius of the earth, p its 
density, we have g = $ 7 rpR, Art. 77. We thus have a + a! expressed 
as a known multiple of fi/p. By equating this result to the 
circular measure of 11"*7, we find that the mean density of the 
hill is §ths of that of the earth. 

A geological survey was subsequently made by Playfair to 
discover the average density of the hill. After many corrections 
Hutton gave 4*95 as the mean density of the earth, that of water 
being unity. 





ART. 38] 


ATTRACTION OF MOUNTAINS. 


19 


Other mountains also have been used for this purpose. The 
observations of James and Clarke on Arthur’s Seat gave 5*316, 
while those of Mendenhall in Japan led to 5*77 as the mean 
density of the earth. 

36. There are two other methods of finding the mean density, 
one by observations in mines and the other by processes analogous 
to the Cavendish experiment. These have been used many times 
and lead to results which differ slightly, in excess or defect, 
from 5J. 

A short history of the older experiments may he found in Airy’s Figure of the 
Earth. Much however has been done since 1830, the date of this treatise. An 
account of the experiments up to the year 1894 is given in Poynting’s essay on the 
mean density of the Earth. 

37. At the end of a paper on the Schehallien experiment (Phil. Trans. 1821) 
Hutton suggested that one of the great pyramids of Egypt might be used instead of 
a mountain to find the mean density of the earth. He calls to mind the great size of 
one of these, its height being nearly double that of St Paul’s Cathedral. Its regular 
figure and known composition would, he says, yield facilities in the calculation of 
its attraction. Observations could then be made at four stations, one on each face, 
and these could be placed much nearer to the centre of gravity of the attracting 
mass than was possible in an irregular mountain. Such was his enthusiasm, that 
he declared that even his age of eighty years would hardly prevent him from joining 
an expedition for this purpose. 

38. Ex. 1. The tide in the Bay of Fundy rises 100 feet from low to high water 
mark. It has been proposed to find the density of the earth by determining the 
attraction of the tide-wave on a plumb-line at high and low tide on the same 
principle as Maskelyne’s experiment at Schehallien. Supposing the attraction of 
the tide-wave at a point O on the shore to be represented by that of the water 
within a cylinder whose axis is the vertical at 0, whose height l is 100 feet and 

3Z 2 r 

radius r, show that the deviation of the plumb-line is log — , where R is the 

radius of the earth, D its mean density, and r is large compared with l. 

Show that this expression increases slowly compared with r, and that if r be 
taken between 2 and 4 miles, the deviation to be observed will be about two-fifths of 
a second. This is much smaller than the deviation to be observed in Maskelyne’s 
experiment, which was about eleven seconds. On the other hand the attracting 
mass is a homogeneous body instead of a heterogeneous mountain. 

Ex. 2. The section of a long wedge-shaped mountain is an equilateral triangle 
having JBG for base. If P be the point on the face AB at which the horizontal 

attraction is greatest, prove that log — n /3 sin" 1 where x = BP , y = CP 

and a is the length of any side of the section. The equation is nearly satisfied 
by x-\a. 


2 —2 
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jf The Potential. 

39. Let A 1} A 2) &c. be the positions of any number of fixed 
attracting particles; m 1} m 2 , &c. their masses. The potential of 
these particles* at any proposed point P is defined to be 

T7 . in, m* , 0 

V = -i + —“ + &c. = 2—, 

n ?\ r 

where r l9 n, &c. are their distances from P regarded as positive 
quantities. For the sake of distinction this is sometimes called 
the Newtonian Potential. See Art. 9. 

This may be called the geometrical definition of the potential. 
Another definition founded on the principle of work will be given 
a little further on. In discussing the attractions of geometrical 
figures the former is the more convenient for use, but in many 
physical applications the latter will be found the more satisfactory. 

We may notice that as the point P moves in space the potential 
is, by the definition, a continuous function of the position of P. 
We must however except the case in which any one of the 
distances r lt r 2 , &c. vanishes or changes sign, for then the term 
m/r ceases to represent the potential of the particle from which r 
is measured. The potential is also a one-valued function of the 
coordinates of P. 

40. If m be the mass of any one of the attracting particles, 
A its position, r its distance from a point P, the potential of m at 
P is m/r. Let P' be any point adjacent to P, and let PP' = ds* 
The difference of the potentials of m at P and P' is then 

d fm\ 7 m dr , 

Sir * — 


* The function now called the Potential was used by Legendre in 1784 who- 
refers to it when discussing the attraction of a solid of revolution. Legendre 
however expressly ascribes the introduction of the function to Laplace and quotes 
from him the theorem connecting the components of attraction with the differential 
coefficients of the function. M. Bianco in the Rirista di Matemntica, 1893, gives 
quotations from Bist (Institut Paris , 180(1) and from Baltzcr (Geschichte des Po¬ 
tentials , 1878) showing that Lagrange used the same function in 1777 when 
discussing the motion of several bodies mutually attracting each other (Academy 
of Berlin , 1777). See also “ II problema Meccanico della figura della Terra ” 
(Torino, 1880) by M. Bianco. The name, Potential, was first used by Green in his 
Essay on the application of Mathematical Analysis to the theories of Electricity anil 
Magnetism , published in 1828. Green gave many of the theorems on this 
function now in continual use, which have been since associated with the 
names of others who have discovered them a second time. Gauss also uses the 
name in Art. 3 of his memoir on Eorces acting inversely as the square of the distance , 
Leipsic 1840, translated in the third volume of Taylor’s Scientific Memoirs. The- 
reader may also consult Todhunter’s History , Arts. 790, 1138, and Thomson and 
Tait’s Treatise on Natural Philosophy , Art. 483. 
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If </> be the angle AP'P, we have cos <f> = drjds. 
m at P acts in the direction 
PA, and is equal to ra/r 2 ; hence 
its resolved part in the direction 


The attraction 


PP' is ™ cos APP' 



m dr 

f z r 2 ds ’ 

Comparing this with the above 
result we see that' if P, P' be 
two adjacent points, the excess 

of the potential at P' over that at P, divided by the distance PP', 
is equal to the resolved attraction in the direction PP'. 

This, being true for every particle of an attracting system, is 
necessarily true for the whole. We have therefore the following 
‘ theorem. If V, V' be the potentials of a system at two neighbouring 
points P, P' } the attraction at P resolved in. the direction PP' in 

which s is measured is the limit of =vr. 

J PP t d$ 

So long as the point P is situated outside the attracting mass the potentials V 
and V' are both finite and this proof is free from ambiguity. The case in which P 
lies within the attracting mass will be considered a little further on. 


41 . By taking the displacement PP ; parallel to the axes of 
x, y, z in turn, we see that the components of the attraction in the 
positive directions of the axes are respectively 

Y _dV dV dV 
" Mx ’ dy 3 dz' 

In the same way the components of the attraction in polar 
coordinates may be expressed. Let r, 0 , cj> be the polar coordinates 
of any point P, let F, G, H be the components at P in the 
directions in which dr, rdd, r sin dd$ are drawn, then 

F = H jp dV 

Mr 3 J rdd 3 r sin 6d<fi * 

In the theory of gravitation the attraction of one particle on another is taken to 
be mm'/r 2 (Art. 3), and repulsion is then represented by supposing that the mass 
of one of the particles is negative. In other theories, for example in that of 
electricity, repulsion is taken as the standard ease and then attraction occurs when 
the masses have opposite signs. In both cases the geometrical definition of the 
potential is F=2??i/r (Art. 39). When therefore repulsion is taken as the standard ' 
the signs of the forces given above must be changed. Thus the force in the positive 
direction of the axis of x is X= -dV/dx, and so on. 

42 . It appears from this proposition that, when the potential j..- 
i V of a body fixed in space is given, its resolved attractions at any i 
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point P can be found by simply differentiating the potential with 
regard to the coordinates of that point. It follows that, if two 
different bodies have equal potentials throughout any space, they 
equally attract any particle placed in that space. Thus the at¬ 
traction of a body is determined by the single function V instead 
of the three components X, ¥, Z. 

One chief reason for the use of the potential is that a body, so 
far as its quality of attraction is concerned , is analytically given 
by a single function without the necessity of stating either the form 
or the structure of the attracting body. 

When the potential is used merely to find the forces, it is 
obvious that we may add an arbitrary constant to its value as 
defined in Art. 39. We then have F=2m/r + (J, where 0 is 
the constant added. When the attracting bodies are finite, it is 
convenient to choose 0 so that V is zero at an infinite distance; 
this assumption makes 0 = 0. When the attracting bodies extend 
to infinity, the potential, as defined in Art. 39, is sometimes found 
to contain an infinite constant. It may then be preferable to 
keep G arbitrary and to absorb into its value all constants not 
immediately required. There is a certain inconvenience in having 
different definitions of the potential for finite and infinite bodies, 
especially when we wish to proceed from one to the other as a 
limit. In stating the results therefore for the Newtonian law of 
force we shall adhere to the definition of Art. 39. In special cases 
such a constant may then be added as may most simplify the 
expression for V. 

43. Potential for other laws of force. When the law of 

' force is the inverse /eth power, the potential is V = 2 

We then find by the same reasoning as in Art. 40 that dV/ds is 
the resolved force at P in the direction in which ds is measured. 

When the law of force is the inverse distance, the potential is 
F= C — 2m log r. This is sometimes called the logarithmic potential. 

44. Work and potential. A definition of the potential may 
also be given founded on the principle of work. Referring to the 
figure of Art. 40, let a particle .of unit mass travel along the 
elementary arc PP'. It has been already shown that the resolved 
attraction in the direction PP' idj^Vfds. The work done by the 
attraction is therefore Vftls) ds. If the particle continue its 
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journey along any curve, starting from some point P and arriving 
at some other point Q, the work done by the attraction is 
JdV=V 2 - V lf where V 1 and V 2 are the potentials at P and Q. 
Thus the excess of the potential at Q over that at P is the work 
' done by the attraction on a particle of unit mass as it travels by 
any path from P to Q. 

If the attracting body is finite in all directions, the potential at 
* a point P infinitely distant is zero. It follows that, the potential at 
p any point Q is the work done by the attracting forces on a particle 
of unit mass, as it travels from an infinite distance along any path 
to the point Q. In the same way the potential at Q is the work 
■ which must be done against the attraction by some external cause 
to, move a unit particle from Q to an infinite distance. 

The several particles of the attracting mass are supposed to 
remain fixed in space while the attracted particle makes its 
journey from P to Q. 


45. Level surfaces. The locus of points at which the 
potential has any one given value is called a level surface . It 
is also called an equipotential surface. 

At anypoint of a level surface the resultant force acts along the 
normal to the surface. To show this, let P l be a point on a level 
surface, and let P 2 be any neighbouring point also on the surface. 
If V 1} V 2 be the potentials at these points, the component force 

F 2 -F x 


in the direction of any tangent PiP 2 will be the limit of 

This is zero since V 1 = V 2 . 
act along the normal at P ; 


P 1 P 2 • 

The resultant force must therefore 


46. Let two neighbouring level surfaces be drawn at which 
the potentials are respectively V 1 — c and V 2 = c + Sc. The normal 
attraction at any point P of either surface is inversely proportional 
to the length of the normal at that point intercepted between these 
< level surfaces. To prove this, let the normal at any point P, on 
the first surface intersect the second surface in P 2 . The normal 

Vo — V Sc 

force at P x is then ultimately F = p - p 1 = 1T ^. It is therefore 

PP2 3 

evident that F varies inversely as PiP 2 . 

If a rigid surface were constructed having the form of a level 
surface and coincident with it, it is clear that a particle, placed at 
any point of the surface, would be pulled by the attracting body 
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in a direction normal to the surface. The particle, if placed on 
the proper side, would therefore be in equilibrium. Level surfaces 
are therefore also called surfaces of equilibrium. 

47. A Line of force is a curve such that the direction of the 
resultant force at any point is a tangent to the curve. It is / 
| evident that the whole system of level surfaces is cut orthogonally’ 

!; by the system of lines of force. 

48 . Ex. 1. A free particle placed at rest at any point of a line of force will 
move along the curve in such a direction that the potential increases. 

Ex. 2. Show that, if attracting matter be arranged so that the direction of 
the resultant attraction at any external point P shall always pass through a fixed 
point 0, the magnitude of the resultant attraction will be a function only of the 
distance OP, and will not depend on the angular coordinates of OP. 

To prove this we notice that the level surfaces are spheres, because the normal 
at every point P passes through 0. Hence the potential is a function of r only, 
Art. 45. 


49. Potentials of rods- To find the level surfaces and the 
potential of a thin uniform straight rod AB at any point P. 

It has already been proved that the direction of the attraction 

of a rod AB at any point P ^- 

bisects the angle between the . 

distances PA, PB (Art. 18). 

It follows from Art. 45 that / ' // \ 

the level surfaces are prolate [ __:\1L „ . 

spheroids having their foci at 0 Q Q'A ^ 

the extremities of the rod. 

To find the potential we notice that at all points on the same 
level surface the potentials are equal. It is therefore sufficient to 
find the potential at some convenient point on each spheroid. 

Let C be the middle point of the rod, 21 its length, m the line 
density. Let r, r' be the distances of P from A, B. Let 2a and 
e be the major axis and eccentricity of the spheroid, then qe = l, 
2a, = -r 4- r'. The potential at the extremity of the major axis and 
therefore at any point on the spheroid is 

Tr f mdx , a l . r r 21 
mm J a-x b a — l * r + r - 2V 
the limits of the integral being x = — l to l. 


\ . „ 50 . When the rod is infinite in both directions the potential 

'■ is easily deduced from the attraction already found in Art. 14. 
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Since the magnitude of the attraction is 2 mjp and its direction is 
P2F. it is evident that the potential must be V = G — 2m\ogp, 
where C is a constant and p is the distance of P from the rod. 

We may also deduce this result from the expression for the 
potential of a finite rod. Suppose the point P to he situated in 
the straight line drawn through C perpendicular to the rod. 


Then 


r = ( l 2 -f p 2 ) h — l -f ^ and we have 


r +1 




V=m log -— -j, = 2m log 21 — 2m logp. ^ > # 

We thus see that the constant C is really infinite and equal to 
2m log 21 when we adhere to the definition of Art. 39. 

51. Ex. 1. Let the rod AB be produced both ways to infinite distances. Let 
the portion beyond A attract and that beyond B repel P, the part between A and B 
exerting no force. Prove that the level surfaces are hyperboloids having A and B for 

27-f-r' — f 

foci and that the potential at P is mlog g^_ r ' + r • ^ rove a ^ s0 that if the portion AB 

is evanescent the level surfaces are right cones and that the potential is 2m log cot 
where \j/ is the angle of the cone. 

nj Ex. 2. . Show that the potential of a thin rod AB at any point P is 
F=mlog (cot J PAP. cot iPPA). 

Ex. 3. A thin uniform rod AB is attracted by a body of any form : show that 
the component of the attraction along the length BA of the rod is m(V A —V B ), 
where V A and V B are the potentials of the body at A and P, and m is the mass of 
the rod per unit of length. 

By Art. 11 this theorem is true when the rod is attracted by a single particle; 
it is therefore true by summation when attracted by any body. 

Ex. 4. A uniform thin chain AB is enclosed in a smooth curvilinear tube 
which it just fits, and is attracted by a body of any form. Show that the force 
urging the chain to move in the tube is m(V A -V h ). Hence show that the 
position of equilibrium may be found by equating the potentials of the body at 
^^the extremities of the chain. 

That the force depends only on the positions of the extremities of the chain, 
and not on its length or form, may also be shown by another kind of reasoning. 
Let the chain be completed into a circuit by uniting two chains in different tubes 
at their extremities. If the forces were not equal the chain would begin to move 
round the circuit, and thus a perpetual motion would be caused by the mere 
presence of an attracting body. 

✓ Ex. 5. When the law of attraction is the inverse cube, the potential of a 
uniform thin rod AB at any point P is m 7 /2p, where y is the angle APB, p the 
perpendicular from P on the rod, and m is the line density. 

When the law is the inverse fourth power, the potential is m (sin /3 - sin a)/Sp* 
where /3, a are the angles p makes with PP and PA. 

/ Ex. 6. A plane lamina is bounded by two parallel straight lines whose distance 
apart is 27. The surface density at any point Q is /3(QM . QNfi where QM, QN are 
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the distances of Q from tlie bounding straight lines and 2\= K ~3. The law of 
attraction is the inverse *th power of the distance. Prove that the level surfaces 
are confocal elliptic cylinders having the foci on the bounding straight lines. Find 
also the potential for any cylinder. 

/* o • First find the attraction at P of an elementary strip Q whose breadth is dx. Put 
) %=p tan 6 where p=P0 is the perpendicular from P to the lamina. The attraction 



of the strip can then be put into the form ~ * sm d $ 

1 * p \sin OMP . sm ONP J \ p ) 

where A is a constant and p—k- 3-2A. If then k and X are so related that the 

exponent /t=0 the attraction of the elementary strip at Q is a symmetrical function 

of the angles PQ makes with PM, PN . The elements on each side of the bisector 

of the angle MPN will then equally attract P. The direction of the attraction 

therefore bisects the angle MPN. The magnitude of the attraction is found by 

resolving along the bisector and the potential by using the method of Art. 49. 

/In this proof the plane PMQN is taken to be perpendicular to the boundaries. 

/ 

52. Ex. A number of infinite straight attracting rods are arranged at equal 
. distances on the surface of a circular cylinder of radius a. If n be the number off 
Lrods, m the mass of each per unit of length, prove that their potential at any point 
nP is given by V= C - m log (r 2n - 2a n r n cos nO + a - n ), j 

' where r is the distance of P from the axis of the cylinder and 6 the angle r makes 
with a plane through the axis and one of the attracting rods. 

By making n infinite while the whole mass is given, show that the potential of 
a uniform thin cylindrical shell at the point P is G -47rad/ log a or G-iiraMlogr 
according as P is inside or outside the cylinder, the mass per unit of area being M. 

These expressions follow from Art. oO by using De Moivre’s property of the 
circle. 

These results are of considerable interest because they help us to understand 
how the potential of a thin cylindrical shell is a discontinuous function of the 
coordinates, being constant at all points within the cylinder and depending on 
the logarithm of the distance from the axis at points outside. Supposing the 
number of rods to be very great but not infinite, the potential at any point P is 
represented by a continuous function of the coordinates of P, i.e., as P travels from 
the interior to the exterior through the interstices between the rods the potential is 
always the same function of the coordinates. When P is inside the cylinder, r/a is 
less than unity, and by expanding the logarithm in powers of rja we see that 


- 2inn log a + 2ni ( - ) cos n 0 + Ax. 


It follows that when n is large the potential is sensibly constant throughout the 
interior except in the immediate neighbourhood of the surface of the cylinder on 
which the rods lie. When P is outside, a/r is less than unity and by expanding 

the logarithm in powers of a[r wo find V=C-2mn log?M-2m ^^cos M0 + &C. It 

appears that, except in the immediate neighbourhood of the surface of the cylinder, 
the potential when n is large does not sensibly differ from C - 2mn log r at any point 
outside. 

As n increases, t-he small space within which the potential differs from the first 
term of these series gets continually less, and in the limit is zero, so that we may 
say that the potential is constant throughout the interior of the cylinder and, except 
for 0, varies as the logarithm of the distance throughout external space. 
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‘ 'Potentials of discs and cylinders. To find the poten- 

'j0al of a circular disc at any point P situated in its axis . 
f Referring to the figure of Art. 21, the potential at P of the 
annulus QQ' is rmxdx/PQ, where x and x + dx are the radii of 
the annulus, and m the mass of the disc per unit of area. If p be 
the perpendicular from P on the disc and r the distance PQ , we 
have r 2 = x*+p 2 and rdr = xdx. Substituting, we find that the 
potential V of the disc is V = 27 rm J dr = 27rm (r x — p), where 
is the distance from P of any point on the perimeter. 

If a be the radius of the disc, we may also write this in the 
form V = 2irm {V a 2 + p 2 — p). 

When the^ radius a of the disc is infinite we expand the 
radical and retain only the lowest power of pja. We thus find 
V= A — 2nrmp where A is an infinite constant. 

^ 54. Ex. 1. The law of force being the inverse /cth power of the distance, 

prove that the potential of an infinite disc at a point distant p from its plane is 
2tt 

C - r where G is infinite or zero according as k< 3 or /c> 8. When 

(k - 1 ) (3 - k) 

k — 3 the potential is C -Trmlogp, where C is infinite. 

Ex. 2. Show that the potential of a circular cylinder of density p, radius a , 
and small thickness h at an external point P on the axis close to the cylinder is 
2rph(a-p), where p is the mean of the distances of P from the two plane faces of 
the cylinder. See Art. 9. 

** 55. Infinit e Cylinders. An indefinitely thin homogeneous 
layer of attracting matter of surface density m is placed on an 
infinitely long right circular cylinder. It is required to find the 
potential and the attraction at any internal or external point P. 

We replace the cylinder by a fine ring of line density m' = 2m 
which occupies the position of the cross section through P and 
attracts according to the law of the inverse distance, Art. 14. 



Let QR } Q'R' be two chords passing through P and making a 
small angle d8 with each other. Let PQ = u 1} PR = u>2? QQ' = g Si) 
RR' = ds 2 . Let </> be either of the equal angles OQR , ORQ . 
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The attractions at P of the elements QQ' ; RR' are respectively 
m'dsjih. and mdsfi 2 . But since u 1 dd/d$ 1 and u 2 d8/ds 2 are each 
equal to cos <£, we see that each of these attractions is equal to 
m'ddjc os 4 >. The attractions are therefore equal. 

If P is inside the circle, these attractions balance each other. 
The'Tes^tant attraction of the whole circle is zero . The 'potential 
is therefore constant and equal to that at the centre. 


56. If P is outside the circle as at P', let 8 = OP , Q ) r' = OP'; 
then r' sin 8 = a sin <£. The attraction of each of the elements at 
Q and R being m'dd/ cos <£, the resolved attraction at P' of the 
whole circle along P'0 is 


v a [m'dd * a ' f cos 

X = 2 - r cos 8 = 2m a - 77 - 1 — 

J cos 6 J v(a — 


cos 


2in'a 


1 sin 2 8) 


sir 


, r' sin 8' 


The limits of 8 are found by drawing two tangents from P' to the 
circle; the integral is to be taken from sin 8 = — a]r to + ajr\ 
We therefore find X = Mjr where M = 2iram'. 

The attraction therefore of the ring is the same as if its whole 
mass were collected into its centre. The attraction of the cylindrical 
layer at an external point is the same as if its whole mass were 
equally distributed along the axis. 

The potential is deduced from the attraction by integrating 
dV/dr = — Mjr. The potential at an external point is therefore 
V = C — M log r. We know by Art. 50 that the constant C is 
really infinite. 


57. The attraction of a solid, cylindrical shell bounded internally 
and externally by coaxal right circular cylinders may be deduced 
from the preceding results. 

By dividing the body into elementary cylindrical shells we see 
at once that the attraction and potential at an external point are 
the same as if the whole mass were equally distributed along the 
axis. 

At an internal point the attraction is zero and the potential is 
an infinite constant. 

Lastly, let P be any point in the substance of the shell, r its 
distance from the axis. Let us describe a coaxal cylinder passing 
through P and dividing the whole attracting body into two shells. 
The attraction at P of the outer shell is zero; the attraction of 
the inner is the same as if its mass were arranged along the axis. 
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The line density is pir (r 2 — a 2 ) where a is the radius of the 
inner boundary of the attracting cylinder and p the density. 
The attraction is by Art. 14 

27 rp (r 2 — a 2 ) Jr. 

Heterogeneous cylinder. An indefinitely thin layer of attracting matter 
% placed on an infinitely long cylinder of radius a, so that the surface density m is 
uniform almg any generating line but varies from one generating line to another. It 
is required to find the potential at any point P. 

We replace the cylinder" bya fine ring, of line density m' = 2m, which occupies 
the cross section through P, the law of attraction of the ring being the inverse 
distance, Art. 14. 

Let the plane of the circle be that of xy , the centre 0 being the origin. Let the 
polar coordinates of P be r, <p. Let QQ' be an element of the ring, the angle xOQ 
being q; let q ~ <p = ip. 

The line density m' at Q is some given function of q , this we expand (using 
Fourier’s rule if necessary) in a series of the form 

m' = 2 (A n cos nq + B n sin nq) .(1), 

where 2 implies summation for integral values of n from ?z = 0 to oo. We write 
this in the form 

m '=2 (E n cos n\J/ + F n sin np) .(2), 

where E n —A n cos n<J> + B n sin ncp , F n = ~A n sin up + B n cos n<p. 

The element of mass at Q being m'adf, and the distance PQ being u , the 
potential at P of the whole circle is 

V— - $ad\J/m' log u + C = - ^ \adpm f log (a- - 2ar cos \p + r 2 ) + (7, 
where the limits are ^ = 0 to 2 tt and O is a constant. 

By writing 2 cos ^=£+1 /£ where £ is an imaginary exponential we have 
log (1 - 2 h cos \p + A 2 ) = log (1 - A£) + log (1 - A/£) 

= -2 {Aeos xp+^h 2 coa 2p + JA 3 cos 3\p -f<ftc.}. 
This series is convergent when A is less than unity. 

To obtain a convergent series for V, we expand the logarithm in powers of rja 
or a Jr according as P is inside or outside the circle. We therefore write the 
potential in the forms 


- 2 - cos \f/ +1 


F= - Jo#. y log |: 

V= log jl-2^cos^+(^ 


- dp .—log a 2 +C, 


m' 


jad\f>. — log r 2 + C , 

<• / t “ 

according as P is inside or outside the circle. 

Suppose first that m f = E u coanp. Then by remembering that jooanxpcoampdp = 0 
or t r according as m and n are unequal or equal, the limits being 0 and 2tt, we 


easily find that V=E n - 


+ G or E„ 


outside, except when n = Q. 

Next suppose that m' = F n sin np, then since J cos npain inpdp^O, the limits 
being 0 and 2?r, we find by the same reasoning that the potential at P is constant, 
whether P is inside or outside. 

When n = 0, we have m'~E 0 and the potentials take the form 
or -E^ira log r 2 +C, according as the point P is inside or outside. 


+ G according as P is inside or 


• E (j7r a log a- -{■ C t 
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When the line density at Q is given by a single term of the series (1), it i s 
evident from (2) that E n represents the line density of the ring at the point ivhere the 
radius vector OP cuts the ring. 

Finally, the potential for the whole ring is found by adding together the 
potentials for the separate terms of the series (1). 

Ex. The density of a thin stratum, on a right circular cylinder of radius a, is 
proportional to the distance from a plane through the axis, and its greatest value is 
D. Prove that the potential at any point P is 2 t m 2 D£/r 2 or 2 ttD£ according as P 
is outside or inside, where | and r are the distances of P from the given plane and 
from the axis respectively. 


59. Systems of particles- If a particle of mass travel 
from a position at which the potential is zero along any path to 
any assigned position B l9 it is clear from what precedes that the 
work done by the attracting forces is T a m/, where V 1 is the 
potential at B x . If ai second particle 7ft/ travel from a position 
of zero potential to the position B 2y it is clear that the additional 
work is F 2 7ft 2 ', where F 2 is the potential at B 2 of the same 
attracting forces. 

Generalizing this, let there be two systems of particles; let the 
mas^fbftEe^rst^' , m 2 , & c., and let these be situated at the 
points A ly An, &c. Let the masses of the second be m/, 7ft/; &c. and 
let these be situated at the points B ly B 2y &c. Let V ly F, &c. be 
the potentials of the first system at B 1} B 2 , &c.; F/, F/, &c. the 
potentials of the second system at A ly A 2} &c. Let us also suppose 
that each particle of either system acts on all the particles of the 
other, but does not attract any particle of its own system. The 
work done by the attracting forces in moving the particles of the 
second system from positions of zero potential to their assigned 
positions is IF = F x ?ft/ 4- V 2 vi! 4-... 

In the same way the work of bringing the particles of the first 
system from positions of zero potential to the positions A 1} A 2) &c. 
under the influence of the attracting forces of the second system is. 


W = V 1 / m 1 + F/?//o + ... 

If r 12 be the distance between the pari-ides m l9 7ft/, and r 21 
that between the particles ?n 2 , ?ft/, and so on, the values of the 
potentials V ly F/ are 


n=—+ 

n i 


7 ft., n 1r/ 7 ft, VL> a 

“ 4- &c., F/ = — + — + &c. 

r lx r 12 


V'ii 

Substituting, we find that each of the expressions W 9 W' is 

.17- 


equal to 


-j-4- ———(- ... = Zf -. 

r 21 r 
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If the forces were repulsive instead of attractive this formula 
expresses the work the system would do if the particles (under the 
influence of their repulsions) retired to infinite distances. 

This symmetrical expression is called the mutual potential 
energy or the mutual work of the two systems according as the 
"standard of force is repulsion or attraction (Art. 41). 

The work done when either system moves from one given 
position to another under the influence of the attractions of the 
other system is the difference of their mutual works in the two 
positions. If both systems are moved , each from one given position 
to another , under the influence of their mutual attractions , it easily 
ffollows, by moving them one at a time, that the work done is the 
excess ^ of their mutual work in. their final positions over that in 
’ their initial positions . 

60. If the particles are elements of a solid body the argument 
is still the same. Let dv' be an element of the volume of any 
finite mass M' } f its density, V the potential of any fixed system 
of attracting bodies at the element dv'; the work of collecting 
together the mass IT is JVp'dv'. 

This formula may be put into the form of a rule. To find the 
mutual work of tivo^ attracting masses in assigned positions , we 
multiply the mass of each element of one body by the potential of the 
other at that element, and then integrate the result throughout the 
volume of the first body. 


; 61* Tile particles of a system mutually attract each other and 

are in assigned positions. Supposing them to have been originally 
at distances so far apart that their mutual attractions were zero , it 

^one by their attractions as they are 
together and brought each into its assigned position. 

Let us suppose that the particles m 1} m 2} ... have been 
brought into their proper places. We now bring m n from infinity 
into its place under the attraction of m^... m n —i. The work is 
fmx m 2 m n _i) 

m n <- P - b ... --f* Ttlus m n is taken once with each of 

Uift ' 2 n • n—i, n) 

the masses m 1) m 2 , ... m n __ lm When we bring in succession m n+l , 
m n+2 , &c. from infinity we obtain a similar series for each and 
therefore m n is taken once with each of these masses as it is 
brought in. Thus m n is taken once with every mass except itself. 
If m, m' are the masses of any two particles, r their distance apart 
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in the final arrangement, the work of the attractions when 

Olllllf 

collecting the system is W = 2-. / 

• » 

Let V 1 be the potential in the given final arrangement at the 
particle m j of all the particles except m,; F. the potential at m 2 
of all the particles except m 2 and so on. Then 


rr rru m 3 „ 

Fj = — + — + &c., 

* /Y» /V’ 


F a = — + — + &c. 


Let us consider how often the mass m n occurs in the expression 
Fim x +T r 2 m 2 +.... It occurs once in V^m-^ combined with m 1} 
once in V 2 m 2 combined with m 2 and so on. Again it occurs in 
V n m n combined with every other mass. Thus on the whole m n 
occurs twice combined with every other mass. It follows that the 
work of collecting the system is 

Tf' = £ ( V l m l + Vo nu + ...) = £ 2 Vm. 

We thus arrive at the following rule. To find the work done 
by the attractions of a system of particles brought from infinite 
distances to any assigned positions we multiply the mass of each 
element by th e potential at that element , integrate throughout the 
volume, and halve the result. 

This rule, when the final sign is reversed, also gives the work 
when the particles move from any assigned positions to infinite 
distances. To find the work when the particles move from one 
assigned arrangement to another, we add together the work 
when taken from the first arrangement to infinite distances and 
the work when brought from infinite distances to the second 
arrangement. If the system be moved, like a rigid body, from one 
place to another so that the relative positions of the particles in 
the two places are the same, it is clear that no work is done by the 
mutual attractions of the particles. 

62 . Ia this investigation we have treated the masses m lt w s , &c. as if their 
linear dimensions were infinitely small compared with their distances apart. In 
the case of a continuous body the portions of matter not in contact can be divided 
into elements so small that the above assumption is correct, but the argument 
might be supposed to fail for two elements which finally become contiguous. 

We notice however that in finding the potential of any solid mass at a point P 
we may omit the matter within any indefinitely small element of volume enclosing 
P if its density is finite. For since potential is “ mass divided by distance” and 
the mass varies as the cube of the linear dimensions, it follows that the potentials 
of similar bodies at points similarly situated must vary as the square of the linear 
dimensions. The potential must therefore vanish when the mass becomes ele- 
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mentary and the distance indefinitely small. In applying therefore the form 
W—h'ZVm to a solid body we write pdv for m and take V to be the potential of the 
whole mass at the element dv . 

In the same way, in finding the potential of a surface at a point P on the 
surface we may omit the element contiguous to P if the surface density is finite. 
For, the potentials of similar areas at similarly situated points vary as the linear 
dimensions, and are zero when the areas become elementary. 

63 . It appears from the definition of potential that its dimen¬ 
sions are not the same as those of work. The potential of a particle 
whose mass is m at a point P distant r is mjr. If a particle of 
mass m! is situated at the point P, the mutual potential energy 
or work of these two particles is mmjr . The dimensions of 
potential are therefore mass divided by distance , those of work are, 
mass squared divided by distance . 




Spherical Surface . 




64 . To find the potential of a thin uniform spherical shell at 
any point. 

Let 0 be the centre of the shell, a the radius of either bound¬ 
ing surface, m the mass per unit of area. Let P be the point at 
which the potential is required, OP = r. 

Taking on the surface of the shell an annulus QQ' whose axis 
is OP, let the angle 
POQ = 9 , and QP = u. 

Since the mass of the an¬ 
nulus is m. adO . 27 ra sin 9 
by Pappus’ theorem (Vbl. I. 

Art. 413), the potential at 
P of. the whole shell is 
r 27 rma 2 sin 6d9 


V 





Since u 2 = r 2 + a 2 — 2 ar cos 0 } we have udu = ar sin 9 dd . 
Substituting, we find V = Jdu. If the point P is exter nal 
to the surface as shown in the figure, the limits of u are u = PC to 


u = PC', i.e. u = r — a to r + a. In this case V- 


47 Tina- 


If the 


point P is inside the shell as at P', the limits' of u are u = P'C to 


u = P'C', i.e. u = a — r to a + r. In this case V = 


47 rmo? 
a 




R. S. IT. 


3 
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If M be the whole 


X 


mass of the shell, M = 47 rma?, and these 
according as the 


or 


r= K 

a 


I 



expressions take the form V= — 

attracted point P lies outside or inside the shell. 

When the point P is at the centre, u is constant and cannot be properly taken 
as the independent variable. But since every element of the attracting mass is 
equally distant from P, it is evident that the potential at the centre is equal to the 
mass divided by the radius, and this agrees with the above result. 

65 . Since the potential is the same at all points within the 
spherical shell, it follows that its differential coefficient with regard 
to each of the coordinates is zero. Thus the attraction of a thinli 
uniform spherical shell at an internal point is zero. 

Since a thick shell bounded by concentric spheres may be 
regarded as composed of a sufficient number of thin shells, it 
follows that the attraction of a thick shell hounded by concentric jl 
spheres at an internal point is zero. || 

This theorem is also true for a heterogeneous thick shell provided 
the strata of equal density are concentric spheres. For in this case 
each of the thin shells into which it is analysed is homogeneous. 

66. Since the potential at an external point of a uniform thin 
•shell is Mjr, we see that the force at an external point P resolved 
in the direction OP is equal to - M /r 2 . The attraction therefore 
ucts in the direction from P towards the centre, and is the same as if 
the whole mass were collected at its centre. 

As before, since a thick shell may be analysed into elementary 
thin shells, it follows that the attraction of a thick shell hounded by 
concentric spheres or of a solid sphere at any external point is the * 
same as if the whole mass were collected into its centre. Also this 
Us true for heterogeneous shells provided the strata of equal density 
are concentric spheres. 

These theorems on the attraction of a spherical shell as well as that of a 
spheroid at an internal point are due to Newton. 

67 . It remains to find the attraction of a thin uniform shell 
on an elementary area which is part of itself. Let the attracted 
point P be at 0, then CQ — u, r = a, and cos QGO = uJ2a. Pro¬ 
ceeding as before, we find the attraction X at C is 

v f 27r?/itt 2 sin Odd u irm r , 

z=j----2^ = —/^ 

1 m 

the limits of u being 0 and 2a. This gives X = 2i rrn = ; 
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The attraction of a thin uniform shell on an element of its surface 
is the same as if half the mass of the shell were collected at its 
centre. 


That the attraction of a thin uniform shell bounded by 
J^oncentric spheres at an internal point P is zero, may be shown by 
an elementary geometrical argument which applies also to the case 
of some ellipsoidal shells. 

With P as vertex describe an elementary cone cutting the 
surfaces of the shell in QQ'qq', RR'rr' respectively. Let PQ = r, 
Qq — dr; PR = r\ Rr = dr\ If dco be the solid angle of the 
elementary cone, the volumes of the elementary solids at Q and R 
will be respectively i^lfadr and r 2 dcodr'. Their attractions at P 

1 1 are therefore pda dr and pda dr' , where p is jfche density. These 
iattractions will balance each other whenever the form of the shell 
is such that the intercepted parts Qq , Rr of the chord qQRr are 
equal. This being true for all chords through P, the attraction of 



every element is balanced by that of the opposite element, and the 
resultant attraction on P is zero. 


When the shell is bounded by concentric spheres these in¬ 
tercepted parts are evidently equal. The resultant attraction on 
any internal point is therefore zero, 
y/when the shell is bounded by similar and similarly situated 
^ concentric ellipsoids the same is also true. To prove this we 
notice that, since the chords parallel to QR have m the two 
ellipsoids a common diametral plane, the chords QR and qr must 
have the same middle point. It follows that the intercepted parts 
Qq and Rr are equal. 

& —2 
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Since a thick shell may be analysed into elementary thin 
shells, it follows that the attraction of any homogeneous shell 
hounded ly similar and similarly situated concentric ellipsoids 
at any internal point is zero. ^ 

69. If jP is on the outside of a thin ellipsoidal shell, bounded 
by similar concentric ellipsoids, we may show by similar reasoning 
that the enveloping cone whose vertex is P divides the surface into 
two portions whose attractions at P are the same in direction and 
magnitude. 

When P is indefinitely close to the outer margin of the shell, 
the infinitely small portion on the nearer side of the polar plane 
exerts the same attraction at P as all the rest of the shell. If the 
thin shell is spherical, the resultant attraction is known to be the 
same as if the whole mass were collected at its centre. Putting m 
for the mass per unit of area, the attraction at P of each of the 
portions on the two sides of the polar plane is rm. 

70. We may apply these results to the solid bounded by two 
concentric similar and similarly situated hyperboloids. If one 
sheet attract and the other repel, the attraction on P is zero, 
provided both sheets are on the same side of P. 

Also a paraboloidal shell bounded by two equal paraboloids 
having their axes coincident but their vertices separate exerts no 
attraction at an internal point. 



71. If the thin shell is ellipsoidal and P is very close to the 
outer margin, the distance of P from the polar plane is infinitely 
smaller than the linear dimensions of the curve of contact. The 


attraction at P of the portion on the nearer side of the polar plane 
is therefore the same as that of an infinite plate of the same thick¬ 
ness, see Art. 22. The attraction at P of each of the portions on 
the two sides of the polar plane is therefore 27rm, where m is the 
mass of the shell in the neighbourhood of P per unit of area. The 
attraction of the whole shell at a point P, just outside the shell, is 
therefore twice that of an infinite plate of the same thickness as 
that of the shell at P, i.e. the attraction is 47 rm. It also follows 
that the direction of the attraction is the same as that of the 


infinite plate and is normal to the shell. This line of argument 
/ will be more fully considered further on. 

ft 4 - Let a , 6, c be the semi-axes of the inner boundary of the shell, 
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p a perpendicular drawn from the centre to the tangent plane, p 
the uniform density of the shell, then m = pdp. The volume v of 
the ellipsoid is |t ra s (be/a?), and the volume dv of the shell (being 
the differential obtained on the supposition that bja and cja are 
constants) is 47 rbcda and the mass M of the shell is pdv. Also 
since the bounding surfaces are similar daja=dpjp. The resultant 
attraction of a thin ellipsoidal shell bounded by similar ellipsoids 

. 7 Mp 

at an external point close to its surface is therefore equal to 
mid its direction is normal to the surface . ^ 

72. Cylindrical elliptic shell. By making one axis of t'Ke 
ellipsoidal shell infinite, we deduce that the attraction of any 
homogeneous shell bounded by similar and similarly situated con¬ 
centric elliptic cylinders at any internal point is zero. 

Let p! be the mass per unit of length of a thin cylindrical shell , 

. and let the infinite axis be c ; then the whole mass of the shell is 
pc. The resultant attraction at any point just outside is equal to 
p!p[ab and its direction is normal to the surface . ; : 

73. Ex. 1. Prove that, if the attraction of a shell is zero at all internal points 
and the inner surface is an ellipsoid, the outer surface is a similar and similarly 
situated concentric ellipsoid. 

If possible let the outer surface have some other form. Describe a similar 
ellipsoid to enclose and touch the outer surface at some point T. The difference 
between the ellipsoidal shell thus formed and the given, shell possesses also the 
property that the attraction is zero. This shell has no thickness at the point T of 
contact, and the surface density m at T is zero. 

Let P be a point inside this shell very near T, draw a plane through P parallel 
to the tangent plane at T. The attraction of the matter on one side of this plane 
balances that on the other. But the attraction of the matter on one side is 
ultimately zero (being in fact 27m), hence the attraction of the other is unbalanced 
and the particle P cannot be in equilibrium. [Todhunter’s History , t&c. Art. 1473.] 

Ex. 2. If the matter composing a thin shell bounded by concentric spheres 
attract according to the inverse /cth power of the distance, prove that the resultant 
force on an internal particle P acts towards or from the centre according as k is 
less or greater than 2. Cavendish, Phil. Trans. 1771. 

The plane section whose centre is P is such that the longer segment PQ of every 
chord QPR of the sphere is on the same side of the plane as the centre of the 
sphere. Since the masses of the elements Q , R are as PQ 2 to PP 2 , the attractions 
are as PQ 2 ~ K to PR 2 ~ K . The first is greater or less than the second according as 
k< 2 or >2. 

Ex. 3. If matter attracting according to the law of gravitation bo uniformly 
distributed upon the circumference of a circle, show that the chord of contact 
of tangents drawn to the circle from any external point divides the circle into 
two arcs, such that the potentials at the point due to each arc are the same. 

[Math. Tripos.] 
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/ 74. Potential of an annulus. We may use the method of 

Art. 64 to find the potential of an annulus of a thin uniform 
spherical shell at a point P on its axis. 

Let DD'EE ' be the annulus; let PD = Ux, PE — u 2 , OP = r. 

The potential of an elementary annulus QQ f being the same as 
before, the potential 7 of the 
whole annulus is 


7= 


2irma 


* 

du — 


2irma 


(>2-0> 


r J r 

since in our case the limits of 
integration are u — PD and 
u = PE. In the same way the 
mass M of the annulus is 




27 rma 


/- 


udu = 


7 rma 


(w 2 2 ~ ^i 2 )* 



The potential of the whole annulus is 7=-.—^-r. 

+ - ■ — ■ ■ - ‘ iClh+Uq) 

75 . If we suppose the annulus to form a complete sphere except for two 
holes DP', EE', we have an expression for the potential which applies equally to 
points inside and outside the shell, provided they lie on the axis. Let y be the 
radius of either hole. When P is inside the shell the sum of the distances and 
u 2 differs from the diameter only by small quantities of the order y 2 and the 
potential is therefore sensibly constant. When P passes through the hole DD' 
the distance % has a minimum value equal to y and then begins to increase 
without vanishing or changing sign. When P is outside the shell the sum of 
the distances u x and u 2 differs from twice the distance of P from the centre by 
quantities of the order y 2 , so that the potential sensibly follows the law of the 
inverse distance. See Art. 39. 



/ 


76 . Ex. 1. The internal and external radii of a thin spherical shell of density 
p are a-t and a. Prove that the difference of the potentials at two points, one 
inside and the other outside, both close to the surface, is 2irpt 2 . We notice that 
this difference is of the second order of the small quantity t. 

Ex. 2. A thin spherical shell of radius a attracts an internal particle P at a 
distance r from the centre. If the shell be divided into two parts by a plane 
through P perpendicular to the radius the resultant attraction of each part at P is 

^ 7r ^ La {a - {or - r 2 )^} where m is the surface density. [Todhunter’s History, 1615.] 


77. A solid sphere. To find the attraction of a solid uni¬ 
form sphere at an internal point P. 

Describe a sphere concentric with the given surface to pass 
through P. The attraction at P of the matter between this 
sphere and the given surface is zero; Art. 65. The attraction 
at P of the matter within this sphere is the same as if it were 
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collected at the centre, Art. G6. If r be the distance of P 
from the centre 0, the attraction is |7rpr 3 /V 2 , where p is the 
density. It follows that the attraction of a solid homogeneous 
sphere at an internal point distant r from the centre is ^n-pr. 

If (x } y } z) he the coordinates of P referred to the centre as 
origin, X , Y, Z the components of attraction, we have also 
X = -f7 rpx, Y=-i^py, Z=-%7rpz. 

These are obtained by resolving the resultant attraction, viz. |? rpr> 
parallel to the axes. 

r 78. To find, the ipotential of a solid sph e re at an id^ rp alpoint P . 
x and x + dx are the radii of an elementary shell, taken 
flwithin the sphere passing through P, its potential at P is 
47 Tpx a dxjr, Art. 64. In the same way, if y and y 4- dy are the 
radii of an elementary shell outside the same sphere, its potential 
at P is 47 rpy 2 di/ly. The potential at P of the whole sphere is 

jfeSSgfe*. 

y = r 4nrpa?dx | f°4 -nyfdy ft///.* 

Jo r Jr y ‘ • 

If the density p of the sphere is uniform, this integral becomes 

27r P , 


,, (3a 2 — r 2 ). 

O 

If the density is anyTunction of the distance from the centre, < 
the integration can be effected when the function is given. 

79 . Ex. 1 . A portion of a homogeneous spherical shell is cut off by a cone 
whose vertex is at the centre and whose solid angle is dw. Show that the 
attraction, per unit of mass, of the rest of the shell on this portion is 

i . & 2 + 2ab-f 3a' J 
^( & - a > -ifi + ab + a* ’ 

where a and b are the internal and external radii of the shell. Hence show that 
when the shell is indefinitely thin the attraction is half that just outside. 

Since the resultant attraction of a body on itself is zero, the attraction of the 
rest of the shell is the same as that of the whole shell. The attraction on the 

portion included is j — p 2 . - — a rhlrdu ; dividing this by the mass attracted, viz. 
ty (r 3 - a 3 ) dw, we have the result above given. 

Ex. 2. Prove that the pressure per unit of length, on any normal section of a 
spherical shell of mass M and radius a , due to the mutual gravitation of the particles 
tends to the limit ili 2 /167ra 3 , as the thickness of the shell is indefinitely diminished. 

* *' [Math. Tripos.] 

1 Ex. 3. A solid homogeneous sphere is divided by a plane through its centre 
into two hemispheres. These being placed with their plane faces coincident, show 
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that the force required to pull them apart is i%M*la 2 , where M is the mass of the 
sphere and a its radius. 

Ex. 4. The density of a solid sphere varies as the nth power of the distance 
from the centre. Show that the potential at an internal point is 

4arp t **+*1 


V= ; 


t r n+2) 

j|(n + 3)a 2 -— j- 


/ 




(n + 2) (n + 3) 

where p is the density at the surface and n + 2 is positive. 

Ex. 5. A homogeneous sphere is divided into two parts by a plane QNR 
bisecting OP at right angles, P being any point within the sphere and 0 the 
centre. If a be the radius of the sphere and c = OP, prove that the attraction 
at P of the larger part of the sphere cut off by the plane QNR is n times the 
attraction at P of the whole sphere, where n=(3a-c)/4c. 

Ex. 6. If I be an external point and G the centre of a sphere, prove that the 
sphere on IC as diameter, the sphere with centre I and radius 10 or the polar plane 
of I will divide the sphere into two parts exerting equal attractions at I, according 
as the law of attraction is the inverse square, the inverse cube, or the inverse fourth 
power of the distance. [St John’s Coll., 1885.] 

If the law be the inverse nth power, and a radius vector from I as origin cut the 
sphere in Q , R and the dividing surface in S, then 2 (I£) 3 ~ w =(I$) 3 - n + (IP) 3 -** 
except when n= S. The results given follow at once. 

Ex. 7. If a homogeneous solid hemisphere of radius a and density p be referred 
to the centre of the complete sphere as origin, the bounding plane circle as plane of 
xy and the radius of the hemisphere perpendicular to the plane of xy as axis of z, 
then the attraction at the origin is along the axis of z and is equal to tt pa. Further 
show that if V be the potential at a point xyz near the origin, then 

V=7rpa 2 + 7rpaz-%7rp {£ 2 +?/ 2 + 4;s 2 } (within the hemisphere), 
and V = 7rpa 2 + irpaz - \irp {a; 2 + y 2, - 2 z 2 } (without the hemisphere). 

[St John’s Coll., 1886.] 

y Ex. 8. The potential of a solid hemisphere of radius a and unit density, at an 
external point P situated on the axis at a distance £ from the centre, is 

V=if * % { «*+“*}* - ? - i 

the upper or lower sign being taken according as P is on the convex or plane side 
of the body. The potential at an internal point may be found by subtracting from 
the potential of the complete sphere, that of the missing half. 

Ex. 9. A point P is situated very near to the rim of a thin hemispherical shell 
on a prolongation of a radius of the rim. Prove that the component of attraction 
at P of the shell in a direction perpendicular to the plane of the rim is ultimately 
2m log 8 ajx, where a is the radius, x the infinitely small distance of P from the 
rim, and m the surface density. 

Ex. 10. Two mutually attracting spheres are placed at rest in a vacuum. The 
radius of each is one foot and the distance apart (surface to surface) is l/4th inch, 
the density the same as the mean density of the earth. Prove that they will 
^ meet in less than 250 seconds. This problem is due to Newton who gave a wrong 
numerical result. [Todhunter, History , &c. Art. 725.] 


(j Qt* 1 ©* laws of force. Ex. 1. Let the law of force be the inverse 

c power of the distance. Let the potential of a thin homogeneous spherical 


i 
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surface at a point P be TV or V K according as P is external or internal. Prove 

M 


the following results 

M (r-ar-*-( r+ay- K 
(w—l)(«r —3) * 2ar 


TV 


r K = 


(a-r) *- K -(a + r)»- K 
(k - 1 ) (k - 3) ’ 2 ar 


rTW=- 


i^RA { rV K '), 


K+1 k{k — 2) dr 

where M is the mass and a the radius. 

Ex. 2. Prove that the potential of a homogeneous solid sphere of unit density 
at an internal point P distant r from the centre is 
4 tt _ f(a-i’) 5 -*- 


V K = 7 


- (q + r) 5 "* (a - r) 4 ' 


4 -*+(a + r)4- K l 
2 (4 — /c) r 


>-1)(k- 8) l 2 (5 - /c) r 
To this we add an infinite constant when /c>4. The integral takes another form 
when /c=4. 

Ex. 3. Let the law of attraction be the inverse cube. Prove that the potential 
of a thin spherical shell at a point P distant r from the centre is V 8 ' or V s according 
as P is external or internal, where 


T _. M r + a 

F 3 '=— log-, 

6 4ar r-a 


^ M . a + r 

Fo=-r— log -. 

6 4 ar a — r 


Prove also that the potential of a solid sphere of unit density at an internal point is 

7r fu 2 -r 2 a + r , \ 

V= - 4—— log- +ar\. 

r [ 2 ° a - t J 

?'<! ’ * 

, Si. To find the ^ote^ial r 2 f,- 9 funded by any two non- 
intersecting spheres. 

Let A and B be the centres of the spheres, a and h their radii. 
Let p be the density of the attracting matter which fills the space 
between these spheres. 

The poten tiaL^La^^Mkif' P is evidently the difference of the 
potentials of the spheres each regarded as a solid sphere of density 
p. If r, r be the distances of P from A and B respectively, the 
potential at P is 

/V,3 A3\ 

■3& a -r* + r' s ), 


V=±Trp 


b*\ 2vp /0 „ 


cv 

f-p) or "3 

according as P is outside or inside both spheres. IfP lie between 
the spheres 

— ~ ‘ ' 2ZF 


F=§7rp^3a 2 -7- 2 -^r). 






82. We may use the same principle to find the attraction of a 
shell hounded by two non-intersecting spheres . 

Suppose, for example, that the attracted point lies within both 
spheres. The force at P is evidently the resultant of two forces, 
(1) an attraction equal to rp.PA acting along PA, and (2) a 
repulsion equal to f 7 rp. BP acting along BP. By the triangle of 
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forces, the resultant of these is equal to £ 7 rp . BA acting parallel 
to BA. Thus the attraction at all internal points is the same in 
direction and magnitude. The attraction at an external point may 
he found in the same way. 


83 . Ex. Two spheres touch at a point 0, and the space between is filled with 
homogeneous attracting matter. Show that, when the radii differ by an infinitely 
small quantity, the attractions at two external points, one at 0 and the other at the 
opposite extremity of the diameter through 0, are as 1: 5. What is the ratio if the 
points are inside both spheres ? 



r 


84. A theorem of Gauss. The mean value of the potential 
of any attracting system , taken for all points on any spherical sur¬ 
face, is equal to the potential at the centre due to that part of the 
attracting system which lies outside the sphere plus the quotient of 
the mass inside the sphere by the radius. 

Let dcr he any element of surface of the sphere, V the potential 
of all the attracting mass at this element. Let M be the mass 
inside the sphere and M' that outside, and let Fi be the potential 
of the latter at the centre G. Let a be the radius of the sphere, 

, , , , SVda T - M 

then we have to prove that —- = V 1 H-. 

.. . 47 ra z _ a 

Let m be the mass of any particle of the attracting system, and 
let it be situated at a point A. Its potential at any point Q of 
the sphere is therefore m/AQ. The part of the integral JVdcr due 
to this mass is therefore jmda/AQ. The integral fdcr/AQ is 
evidently the potential at A of a thin stratum placed on the 
sphere, of unit surface density, and is therefore equal to 4nra 2 /AG 
or 47m 2 / a acco rding as the point A is situated outside or inside the 
sphere. 

Taking all the particles of the attracting system, every particle; 
rn outside the sphere contributes a term 47m 2 . m/AG to the integral i 
/ Vda while every particle m' inside contributes a term 47 r<x 2 . m'fa. 


We therefore have 


fVda 

4ma 2 


^ m Ini 

Z AC + IT 


Since V 1 is the potential 


of the external mass at the centre of the sphere, the result follows 
at once. 


Ex. Prove that the mean value of the potential of a body, taken for all points 
equally distributed throughout the volume of a sphere which is external to the 
body, is equal to the potential of the body at the centre. This theorem was given 
by Poisson for the component of attraction on any given direction. Comptes liendus , 
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85. Heterogeneous spherical shells. The potential of a 
heterogeneous spherical shell may be found by the help of La¬ 
place’s functions more easily than by any other method. Although 
there are several cases of heterogeneous shells whose attractions 
may be found by special artifices, it does not seem useful to stop 
over these when they can all be treated by one comprehensive 
method. We must however postpone the discussion of this 
method until after we have reached Laplace’s equation. In the 
meantime there are some general theorems on heterogeneous 
shells which are independent of Laplace’s functions, and to these 
M^shall now turn our attention. 

Sjr 86. The potential of a thin heterogeneous spherical shell being 
' supposed known at all internal points , it is required to find the 
potential at all external points . 

Let 0 be the centre, a the radius of the sphere. Let P, P' be 

two points on the same radius, one inside_ 

and the other outside, such that 

OP . OP' = a\ \q 

The points P, P' are called inverse 

points. Let OP = r } OP' = r. 0~ : P ~~jA P f 

Let Q be any point on the surface, ^ 

then since OP.OP'=OQ 2 the triangles QOP, P'OQ are similar. 
It follows that the ratio QP/QP' is constant for all points on the 
sphere, and that this ratio is equal to ajr'. 

Let V, V be the potentials of the whole shell at P, P\ If m 
be an element of mass at Q, the potentials of m at P and P' are 
respectively m/QP and m/QP'. Since these have a constant ratio 
for all positions of Q and all values of m, the potentials V, V' must 


have the same ratio. 


We therefore have V = K ~. 


Ifjthe law of force d the inverse *th power of the distance, the potentials of 
'the mass m at P and P' respectively are in the ratio 1 l(QP) K ~~ 1 to l/(( t )I > ')' c " 1 . We 


therefore have V' 


If the law of force is the inverse distance ’ 


the same way that V' - V= d/log a/r' where M is the whole mass of the shell. 
r We notice that these theorems do not require the shell to be homofjetieous or the 
sphere to be complete. They apply to any distributions of attracting matter on the 
surface of the sphere. 

i/ Ex. The potential at an internal point of a thin homogeneous shell of radius a 
being V=M/a t prove that the potential V' at an external point distant r' from the 
centre is V' = Mjr'. • , A A/ „ 

^ /V 

















44 


ATTRACTIONS. 


[art. 89 


87. A theorem of Stokes. Let A, X' be the radial components of the attrac¬ 
tions at P, P', estimated positively when directed from the centre. Then since 
, 2 Y dV x ,_dV'_~Wtf a_ 

rr =« 2 , *’~W~ drr* r' a " r ' 8 r ' 3 ’ 

when the points P, P' approach indefinitely near to the surface r' = a, and this 
equation reduces to X' + A=-F/a. 

( We therefore have the following theorem. The sum of the inward normal attractions 
at tioo joints on the same radius , one just inside and the other just outside a thin 
heterogeneous spherical shell , is equal to the potential at either point divided by the 
radius . This theorem is given by Sir G. Stokes in his article on the Figure of the 
Earth , and is there proved by the use of Laplace’s functions. 

88 . Let Y, Y' be the components of the attraction at P, P' perpendicular to 
OPP'. Let the radius vector OPP' turn round 0 through an angle dd. Then 
v ,_dV' _ clV a _dV f a \ 3 _yf a \ s 
~r'dd ~~ d6 ’ r' 2 ~~ rdd \r') ~~ \r'J 

When the points P, P' approach indefinitely near to the surface we have F'=r. 

' 89. A converse problem. To determine the law of force when it is given that 

Mhe attraction of every thin uniform spherical shell at every external point is the same 
* as that of an equal particle placed at the centre. Laplace, Mec, Celeste, vol. i. p. 168. 

Let the potential of a particle m at a distance u be mf(u). The potential of the 

shell at a point P is — juf (u) du, the limits being r-ator+aora-rtoa+r 

according as P is external or internal, Art. 64. Since the attractions are equal, the 
potentials of the shell and the central point must differ by a quantity independent 

of r. Hence J uf (zi) du^^rrmoPf (r) + 2 mnaA .(1), 

where A may be a function of a but is independent of r. If the potentials of the 
shell and the central point are also to be equal we must have A = 0. 

Put uf(u)~F' (w), the equation (1) then becomes 

F (r + a) - F {r - a) = 2 aF' (r) + Ar .(2), 

where r>a. Since the equality is to hold for shells of all radii, we may differentiate 
this equation with regard to a. Differentiate twice with regard to r and twice with 

regard to a, we then have F iv (r + a) = F w ( r-a ).(3). 

Since r and a are independent variables this equation cannot hold unless each side 
is a constant, for if we write r=a, we have F iv (2a) = a constant. We therefore have 

F (r) = a + j3r + yr 1 + or 2 + e? A .(4)-, 

where a, /3, 7 , 8 , e are constants. Since ( 8 ) has been obtained from ( 2 ) by 
differentiation, this value of F(r) may not satisfy (2). Substitute in (2) and we 
find 5 = 0, A = 8a 3 e. We thus have 

f(v)=£ + 2v+4eu,* .(5). 

The only laws of force therefore which can maize the attraction of every shell equal 
'it to that of its central point are the inverse square , the direct distance and any com - 
If bination of these. It is unnecessary to include the case in which the potential is 
constant, since the attraction is then zero. If the potentials also are to be equal we 
must have A — Q and therefore e=0. The potential must then vary as the inverse,, 
distance. If the potential of m is - %mt? the force varies as the distance. It is 
easy to prove by direct integration that the potential of the shell cannot be equal to jay 
that of the central point, but exceeds it by -%Ma 2 . M' 
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90. We may also enquire the laic of force when it is given that the attraction of 
every thin spherical shell is zero at all internal points. We then find 

F(a + r)-F{a~r) = Ar .(6). 

Differentiate twice with respect to r, we find F" (a+ r) = F" (a ~r). Since both a 
and r are independent variables, this as before requires that each side should be 
equal to some constant /3. We then find 

/(»)=“,+/». 


where 2/3= A. The only law of force is therefore that of the inverse square. 

91. We have assumed in this investigation that the law of force is required to 
be independent of the radius of the spherical shell. If we remove this restriction , 
there may he other laics of force which make the attraction of a given shell at all 
external points equal to that of a central mass*. 

To determine these laws we must solve equation (2) without differentiating it 
with regard to a, because a is no longer arbitrary. Since (2) is linear, we follow 
the rule in differential equations and put F (r) = er 4 + Me pi \ where the first term 
represents a particular integral introduced to clear ( 2 ) of the term Ar. Substituting 
this value of F(r) in ( 2 ) we arrive at the equation e pa -e~ pa =.2pa. This equation 
gives all the possible values of p. 

This equation has three roots equal to zero and has no other real values of pa. 
These lead to the value of F(r) given in (4). To find the imaginary roots we put 
pa=a +/Si, we then have cos/3. sinha=a, sin/3.cosha=/3. 

By roughly tracing these curves (regarding a and /3 as coordinates) we find that 
there is an intersection between (3=2mr and (2n + £) r, where n is any integer 
except zero. There is therefore a possible law of potential which however is a 
function of the radius of the spherical surface. 

We may obtain a simpler result if we enquire when the potential of a thin shell 
can be equal to that of a central particle whose mass is p times that of the shell. 
The right-hand side of (2) must then be multiplied by p and we have A = 0. We 
then find e pa -e~ pa =2ypa. This equation determines p when p has any given real 
| value. The law of potential is/(?*) = {Be pr + Oe~ pr )jr. This law is the same for all \ 
£ spheres but the ratio of the central mass to that of the shell depends on the radius. 

/«. That this law of potential satisfies the conditions given above is easily verified by 
1 actual integration. 

92. Method of differentiation. Let the potential of a 
homogeneous body of density p at any point P, (£ r), £*), be 
V = <j> (£, r} } f). If we move the body a small distance the 
point P remaining fixed, the potential at P of the body in its new 
position is V—{dVjd^)d^. Let us now construct a composite 
body whose density at any point Q is the difference of the densities 
at Q of the given body in its two positions. Since the boundaries 
are not the same, the composite body consists solely of a thin layer 

• of matter placed on the boundary of the given body. The surface 

* It is stated in Nature , No. 1572, Dec. 1899, that Dr Bakker has written a 
paper on this subject in the Proceedings of the Royal Academy of Sciences of 
Amsterdam. The author has not been able to see this memoir. 
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density at any point R is p cos where cj> is the angle the 
outward normal at R makes with the axis of f. We therefore 
^arrive at the following rule; if V = </>(£, tj, £) is the potential at P 
of ajolid homogeneous, body , the potential at P of a layer on jits^ 
iboundary of surf ace density Ap cos <f> is — AdV/dor, which is th± 
l same thing, AX where X is the f component of attraction at P. 
Here A is a constant for all elements of the attracting body. 

If the body is heterogeneous, let its density be p = ^ (co', y', z'); 
the interior of the composite body is not now vacant, its density is 
Adpjdx ', while the surface density at R is, as before, Ap cos </>, 
where p is the density at R of the given body. We notice that 
when the density of the given body is zero along the bounding 
surface, the potential of a body of density dp jdx is dV/d%. d 

>/ 93. Ex. 1. As an example consider the case of a homogeneous solid sphere. 

The £ components of attraction at P are $ 7 ra 3 pZ/r $ or p£ according as P is external 
or internal. Hence these are also the potentials of a surface layer of density p cos <p, 
or px'/a if x' is measured from the centre. 

Ex. 2 . If V be the potential at P of a homogeneous body, prove that the 
potential at the same point of a thin layer on its surface of surface density 
/ d V d FX 

A(xp~y\) is Ayx-^-y-^J where X, p,, v are the direction cosines of the 
normal. [Turn the body round the axis of z through an angle < 5 <£.] 

, Ex. 3. The surface density at any point Q of an infinitely extended plane is m, 
E is a given point distant EO — z from the plane. The potential of the plane at 
any point P on the side of the plane opposite to E is V. Let EQ=r', EP—r and 
let 6 be the angle EG makes with EP. Assuming the first of the following theorems 
deduce the others. 


If 

m= V3 

then I= 2 -^, 

zr 



§ 

II 

27T> 

»> V - .1 

z-r 

|1 cos 0) 

fe + — f* 


3. o ix 
m = — 

F- — 

” z 3 r 

(3 3 cos d 

[z* zr 


Ax' + By' 

.p._ 2tt A% + Bt} 

” 3 zr 3 


8 cos 2 0-1 




■ To deduce the second result from the first we perform the operation on 

both m and V. The third is similarly deduced from the second and so on. To 
obtain the fourth we refer E to fixed coordinates x, y, z and operate on the first 
with djdx and d/dy. 

The first result for a point P on the axis EO produced is obtained by an easy 
integration. It follows by a theoiem of Legendre on the attraction of solids of 
revolution (to be proved presently) that this result being true for a point P on the 
axis is necessarily also true when P does not lie on the axis. 





ART. 95] ^ SIMILAR SOLIDS. 


47 


h ■/ 94. Similar solids. Let dv, dv' be the volumes of two 
jUrresponding elements Q, Q' ; p, p their densities; r, r their 
distances from two corresponding points P, P- The lines QP, 
Q'P' are parallel and the forces have the ratio pdv/r 2 to p'dv'/r' 2 , 
which is the same as the constant ratio pr to pY. The resultant 
at tract ions of similar and similarly situated solids at corresponding 
points are therefore parallel and have the ratio pr to pV. 

In the same way the attractions of similar surfaces at corre¬ 
sponding points are in the ratio of their surface densities. 

J Heterogeneous bodies . Let the density of a solid body at any 
pomtyoe p = yfr (pc, y, z), where f isa homogeneous function of 
the coordinates of s dimensions. Let the potential at a point P 
be V= 4> (£ oy, £). 

Increase the dimensions of the body and the distance of P 
from the origin 0 in any given ratio 1 :/3. We thus have two 
bodies bounded by similar surfaces 8, S' attracting two points 
P, P' similarly situated. Since the potentials at the points P, P' 
of corresponding elements at Q , Q are proportional to the masses 
divided by the distances, the potential at P' of the enlarged body 
is V' = /3«*<l>& v ,0- 

The potential at P' of a thin shell bounded by the surfaces p and p -Mp may be 
found by differentiating V' with regard to p on the supposition that the coordinates 
of P' (viz. <&c.) are constant. If we finally put p= 1, this shell will become a thin 
layer placed on the surface S. Since d£/£= - dp/p, &c. we have for the potential 


I. fc dr dV dV\ _ . 


where F= </>(£, tj, £). Since this shell is bounded by similar surfaces, and its 
density is (a*, y, z ), its surface density a at x, y, z, is cr=p\p (x, y, z) dp, where 2> 
is the perpendicular on the tangent plane. Also if 31, M' be the masses of the 
original body and the stratum, M' = M (s + 3) dp. We may substitute for d/3 one or 
other of these values according as we wish to express the potential in terms of the 
surface density or the mass. 


■’ Laplace's , Poissons and Gauss' theorems. 


p 95. J&ffl ace^s theoremf . Let (£, rj, f) bo the coordinates 
of any particle A of the attracting matter, and let m be the mass 
of that particle. Let (sc, y , z) be the coordinates of any point P. 


* This formula for the potential of a heterogeneous stratum placed on the 
surface of a known body was given by Ferrers in Q. J. vol. xiv. 1877. 
t 31ecanique Celeste, T. n. 
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Taking the particle m apart from the rest of the matter, its 
potential at P is V 1 = mjr, 

where r 2 = (x - |) 2 + (y - V ) 2 + 0 - D 2 .(1). 


Since 


we find 


Also, 


S*' / 5- 


yix 
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r 3 r 5 |fe 2 r z r 5 

Adding these three expressions and remembering equation (1) 

we find 


_2 + !!Zi + : ffi = o. 

1& 2 Pv 2 


Let now F be the potential of the whole attracting matter at P. 
Then, since F is the sum of the potentials of the several particles, 

t r> n & 2 F^ 2 F >F 

it immediately follows that = 0. 

In this investigation we have assumed that the point P does 
not coincide with any one of the attracting particles. If it did the 
meaning of the potential of that particle would require some 
further consideration. The theorem has therefore been proved to be \ 
true only for a point external to the attracting matter . It will be ] 
presently shown that the right-hand side is not zero when the 
attracted particle forms a part of the attracting mass. 

Laplace’s equation is a differential equation which must be 
satisfied by the potential of every body at all points not occupied 
by attracting matter. If a general solution of the equation could 
be found, that solution would comprise within its compass the 
potential and therefore the component attractions of all bodies. 

Laplace’s function -f is often written in the 

r ®x 2 ay 2 dz 2 

abbreviated form V 2 F 

06 . When the law of attraction is the inverse *th power of the distance we 
have V K = —~ 2 TL # (Art. 48). We may then prove that 

K — 1 1 


[ d 2 d? d- \ _. . n . . 

\d& + dif + dz*J Vk ~ 


- = (/c- 2 )(/c + 1 )F« +3 . 


When therefore the potentials of a body at an external point P are known 
functions of the coordinates of P for the laws of the inverse cube and the inverse 
fourth power, this theorem enables us to find by simple differentiation the potentials 
of the same body for any higher inverse power. [Jellett, Brit. Assoc., Dublin 1857.] 
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Ex. If the point P is internal and the body is homogeneous and of density p, 
prove that the left-hand side of Jellett’s equation should be increased by the 
constant 47 rp 0 2 ~*. [See Arts. 80, 105.] 

07 . When the attracting body is a heterogeneous spherical surface we find that 


- 




This 


+ l a 2 -r 2 |“' dr 

where a is the radius and r the distance of the point P from the centre, 
result holds whether P is external or internal. 

We have V K =-^-~ f u 2 =a 2 +r 2 -2apr, where d<r is an element of area at Q, 
ic - 1 J u K ~ 1 

u = QP and j?=cos QOP. To obtain the result, substitute this value of V K on the 
right-hand side and eliminate p. 

This theorem may be used to find the potential of a circular ring or of any curve 
which can be drawn on a sphere. 

08. When the attracting body is a lamina of finite extent, not necessarily 
homogeneous, and the potentials at points in the plane of the lamina only are 
required, the formula takes either of the forms 

* +2 * 2-1 \da? + dy*J K ~ K+l dz 2 

When the potential of the lamina is required at a point P not in its plane, we 
notice that the component of force at P normal to the plane due to any particle m 
of the attracting plane is - mz!r K+l where r is the distance of m from P. Summing 

up for all the particles we find JW-TTT [James Roberts, Quarterly 

/Ct*L zclz 

Journal , 1881.] 

89 . The potential V K of a body when the law of force is the inverse Kth power 
cannot be constant throughout any finite space unoccupied by matter unless the law of 
force is the inverse square. It is assumed that all the m’s have the same sign, that is 
every particle must attract or every particle must repel. For if T r K =0, we have by 
Jellett’s theorem either ^+2 =0 or k= 2. But F k+2 is by definition the sum of a 
number of terms all of which have the same sign, and therefore cannot vanish. In 
the same way the potential of a lamina cannot be constant throughout any finite area 
^ in its plane unless the law of force is the inverse distance. 

^5^' lOO. Another important theorem should be noticed. If we transform the 

coordinates from one system of rectangular Cartesian axes x, y, z 

to another x', y', z ' according to the scheme in the margin, it is 

well known that ^ 

. d d d d 

x'=a 1 x + a 2 y + a B z, 


-j —7 — a-i -7- 4 * ffo -y— + flo - . 

dx 1 dx dy 6 dz 
Thus x , y , z and djdx , d/dy, djdz are transformed by the same 
It immediately follows that since x 2 + y 2 + z 2 =x' 2 + y' 2 + z' 2 
d 2 V . d 2 V . d 2 V d 2 V d 2 V d 2 V 


_l 

X 

y 

z 

x' 

a l. 

</ 2 , 

*3 

y' 

h, 

b. 2 , 


z r 

c i> 

c a, 



rules. 


_ d?V d 2 V_ 

dx 2 dy 2 dz 2 


dx' 2 dy' 2 dz' 2 * 


Th is is an analytical proof of the invariant property of Laplace’s equation. The 
resuit follows more simply from Poisson’s theorem (Art. 105), for each side of the 
equation is there proved to be equal to - 47 rp. 

IOX. Potential at an internal point. The potential at a point P of any 
particles situated at the points u4 1? A 2 , &c. has already been defined in Art. 30 

R. S. II. 4 
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to be Sm/r. It is evident from this definition that, if a finite quantity of matter 
be situated at any one of the points ^ ^ condensed form, the potential 

at a point P in the immediate neighbourhood of that point is very great, and at 
that point itself this definition would mahe the potential infinite. But if the 
attracting matter is so distributed in space that the mass which occupies any 
I ■ elementary volume dv is pdv where p is finite, jve shall now show that the potential 
in this portion of space need not be infinite. 

;,^^®e*'potentiarat a point P in the interior of a body of finite density may be 
* found by taking P as the origin of polar coordinates and integrating all round 
throughout the body. In this icay we make r positive for every particle , Art. 39. 
Describe a small surface S enclosing P and let its equation be r=ef(8 , <p), where e 
is a small constant factor. An element dv of the volume distant r from P is equal 
to r 2 dudr, where du is the solid angle subtended at P. If then V 2 be the potential 

at P of the matter filling this surface, we have F 2 =J ~ =Jfpdurdr .( 1 ), 

where the limits of integration for r are 0 and ef(8, <f>). It is evident therefore that 
V 2 is of the order e 2 . 

It follows that when e is evanescent the value of V 2 is zero. Thus the matter 
filling the surface may be removed without altering the potential of the whole 
attracting mass. In finding therefore the potential of a body at any internal point 
P we may regard P as situated in an infinitely small cavity , and determine the 
potential as if P were an external point. 

Let us consider next the resolved attraction at the point P of the matter filling 
the small surface described above. Let X 2 be the component parallel to the axis of 

x , then cos 0=JJpcos ddudr .(2), 

where d is the angle the radius vector r makes with the axis of x. It is evident 
that Xj is at least of the order e of small quantities y and therefore vanishes when the 
size of the surface is evanescent. Since cos 6 is negative when 6 > 7r/2 the order of the 
term may be higher than e. 

Lastly let us find the order of dV 2 jdx. To simplify the integrations let us 
suppose that the surface is spherical, so that we may use the formula for the 
potential already obtained in Art. 78. Let the radius of the sphere be e, let the 
coordinates of its centre be ( a , b , c ) and those of P be (x, y , z). Then 


V. 2 = §tt P {3e* - (x - af - (y - bf - (s - c)*} .( 3 ). 

_, „ . _ , A1 A dV o 4 t rp. . d 2 V 0 4 rp 

It follows at once that — 3 ~ \ x ~ a )i —ft .(4). 


Since x-a is less than e, it is clear that dV 2 ldx is a small quantity of at least the 
order e, and vanishes when e is evanescent. In the same way the first differential 
coefficients of V 2 with regard to y and z are evanescent with e. The second 
differential coefficients of V 2 with regard to x, y or z are however not small. 

We have supposed the density of the matter within the evanescent sphere to be 
uniform. It is however clear that, if we substituted for p an expression of the form 

p=p 0 +A (x-a)-h& c. 

we should merely add to the expression for V 2 terms of the order e 3 . 

102 . Jpjproye that the relation X=dVjdx which has been established for an 
j^xtemal pomTuJso' holds for an internal point. Let F 1} V 2 and X ly X 2 be the 
^'^potentials and components of force at P due respectively to the matter outside and 
inside a small spherical surface S. Then V=.V 1 -\-V 2 and X=X 1 + X 2 . Since P is 
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external to that part of the body which is outside S, X^dVfdx. We have just 
proved that dVffdx and X 2 are each equal to zero when the size of the surface is 
evanescent. Hence X=dVldx. 

Ex. 1. Let the point P he situated at the middle point of the axis of a right 
circular cylindrical cavity of altitude 2 h, and let x he measured along the axis. 

Prove that < ^= -4=7 rp ^1 - where l is the distance of P from any point of either 

rim. Thence show that in a flat cylindrical cavity dXffdx is - iirp and in a long 
cylinder is zero. 


where l is the distance of P from any point of either 


Ex. 2. Let the law of force be the inverse /cth power of the distance. Prove 
that for a homogeneous body the relation X=dV/dx holds for an internal point P. 

It is sufficient to prove this for a sphere enclosing the point P. Take P for 
origin, we then find by an easy polar integration the value of X The value of V at 
the same point has been given in Art. 80. The integrations are shortened by taking 
P near the centre. 


/ 

Jfrbody 

W undt 


Jrl03. We shall now prove that, token a point P passes from the Ulterior of a 
%odxj of finite density into external space , both the potential and the attraction 
undergo no sudden change of magnitude , but the second differential coefficients of the 
potential are discontinuous in value . 

Describe round the point A of emergence a small surface S of any convenient 
form. Since both the potential and the attraction due to the matter within S are 
2ero, the points near A may be regarded as both external and internal. 

^ All that is meant is that there is a numerical continuity in the potential. The 
potentials of a solid sphere, for example, are represented by different analytical 
expressions at points inside and outside, but at the surface both these have the 
same numerical value, viz. Mja , Art. 78. 


104. When P traverses an infinitely thin stratum xohose surface density is finite 
the volume density is not finite. It will be shown further on that the potential is 
continuous, but that the attraction does undergo a sudden change of value, and an 
expression will be found for the change. 

It is at once evident from Arts. 15 &c. that token P arrives at an infinitely thin 
line of finite line density , both the attraction and the potential are infinite. 


v % 105. Poiss on's theoremIf V be the potential of a body 

an internal point P at which the density p is finite, then 

pV , d 2 V , d 2 V 

w w ^ = ~ p ' 

Describe a spherical surface of radius e enclosing the point P, 
let (a, b y c) be the coordinates of its centre, (x, y> z) those of P. 
Let the radius e be so small that the matter enclosed by the 
sphere may be regarded as of uniform density. 

Let V 2 be the potential at P of the matter within the sphere, 


This theorem is given by Poisson in the third volume, page 388, of the 
Nouveau Bulletin des Sciences par la Societe Philomathigue de Paris. 5° Annce 1812 
He proceeds very nearly as in Art. 105. 
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V 1 that of the rest of the body, then V— F x + V t 
Laplace’s theorem V 2 !^ = 0, hence 

Z ~ dX ' 

^y 2 " r dz- dx 


But by 


V2 7 = V 2 F, = — 2 + ^ + itE? 

2 $£ 2 C ^ 2 


dY 2 dZ 2 
dy <fz 3 


where X 2) F 2 , Z 2 are the resolved attractions at P of the matter 
within the sphere. But by Art. 77 

X 2 = - |7rp (a? - a), F 2 = — |7rp (y - 6), &c. 

It easily follows by substitution that V 2 F = — 47rp. Another 
proof of this theorem founded on Gauss’ theorem is given a 
little further on. 


We may notice that the centre of the sphere, though arbitrary in position, must 
not be taken coincident with P. The reason is that we differentiate V 2 with regard 
to the coordinates of P, i.e. we make P travel from the point ( x , y, z) to a neigh¬ 
bouring point (x + dscj &c.). But since the centre of the sphere is fixed, it cannot be 
made to coincide with both the positions of P. 

Ex. When the law of force is the inverse distance and the attracting body 


is a lamina attracting particles of its own substance prove that + ^2 = — 2 t/o. 

[Deduce this from the attraction of a cylinder (Art. 14) or from that of a circular 
area (Art. 57) by the method of Art. 105.] 


106. Gauss* theorem. Let S be any closed surface , and let 
M 1 be the sum of the attracting masses which lie within the surface , 



M 2 the sum of the masses outside. Let da be any element of area of 
this surface , F the normal resolute at this element of the attraction 
of the whole mass both internal and external. Then fFda = ± ^rrM l 
where the integration extends over the whole surface of S and the 
upper or lower sign is taken according as F is estimated positive or 
negative when the normal force acts inwards *. 

* This theorem was given by Gauss in 1839, his paper is translated in Vol. in. 
of Taylor’s Scientific Memoirs. It was also given by Sir W. Thomson in 1842 in 
his papers on Electrostatics and Magnetism. The demonstration given by Sir G. 
Stokes in 1849 has been followed here. He also deduces the Cartesian form of 
Poisson’s equation from Gauss’ theorem. See his Mathematical and Physical 
Payers. 
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Let m be the mass of any particle of the attracting system, and 
let it be situated at the point A. A straight line drawn through 
A to intersect the surface S in any point will also intersect it in 
some other point, but, if the surface is re-entrant, it may enter and 
issue from the surface any even number of times. Let the points 
of intersection, taken in order, be P ly P 2 , &c., and let the direction 
PjPa, &c. be called the positive direction of the straight line. 

Let 0 1} 0 %, &c. be the angles the positive direction of P X P 2 , &c. 
makes with the normals P x iVi, P 2 iV^ &c. drawn outwards. It is 
evident that where the line enters the surface cos 6 is negative, 
and where it issues from the surface cos# is positive, thus the 
angles 6 lj 0 2 , &c. are alternately obtuse and acute. 

With A for vertex describe about this straight line an elemen¬ 
tary cone whose solid angle is da, and let it intersect the surface S 
in the elementary areas dcr x , dcr 2 , &c. If the distances AP X — r x , 
AP 2 = r 2 , &c., these elementary areas by Art. 26 are 

Aa-L = r-fdco sec ( 7 r — 6 x ), dcr 2 = r 2 2 dco sec 0 2 , &c.(1). 

If the point A is external to the surface as in the upper part 
of the figure, the normal resolutes taken positively when acting 

outwards are = cos (77 ■ — 0 x ), F 2 = — cos 0 2 , &c.(2). 

r i r 2 

Since the signs of these terms are alternately positive and 
negative, it follows that when A is external 

Pidtfi + F 2 dcr 2 + &c. = 0.(3). 

If the point A is internal and lies between P x and P 2 , as 
represented in the lower part of the figure, the sign of the force 
F 1 must be changed. We therefore have 

PiCfo*! + F 2 d<r 2 4 - &c. = - 2mdco .(4). 

If the point A lie between P 2 and P 3 , the signs of the first two 
terms in the series (2) are changed, and the equation (4) resumes 
the form (3), and so on. 

If we now let the straight line AP 1 P 2 &c. revolve round A into 
all positions, all the elements of the surface will be included in the 
integration. We therefore find for an external point JFdcr = 0 (5). 

For an internal point the integration of the right-hand side of 
(4) is limited to a hemisphere of the unit sphere, Art. 26. We 
therefore have JFda = - 4?rw.(G). 

Let now the system consist of any number of particles m 2 , 
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&c. inside, and m/, m 2 ', &c. outside the surface S. The particles 
outside contribute nothing to the integral JFdcr, while the particles 
inside contribute respectively — 4nrm ly — 47rm 2 , &c. On the whole, 
when F is measured positively outwards, we have 

JFda = — 47 rM x .( 7 ), 

where M 1 stands for the sum of the internal particles m l3 m 2 , &c. 

The truth of the theorem is not effected if some of the matter , 
instead of being attractive , be repulsive. Such matter must however 
be regarded as having a negative mass. 

107. The product Fdcr represents the product of the normal ' 
resolute of the attraction at an element multiplied by the area of 
the element across which it is supposed to act. This product is 
sometimes called the flux or flow of the attraction across the 
elementary area dor in the direction in which the component F is 
measured. When the particles of the body attract, the proposition 
asserts that the whole inward flux across any closed surface is equal 
to 47 t multiplied by the mass inside. The pr oduct Fdcr is also 
called the induction through the element; see Maxwells Electricity. 

We sometimes require the flux or induction across a portion only of the surface 
S instead of across the whole. Let this portion subtend a finite solid angle &> at 
any one attracting point m. Then by what precedes^ the flux or induction across 
this portion due to the attraction of m is mu. If there are several attracting points 
we may find the flux due to each and add the results together. 

^ 108 . To^deduce Laplace's and Poisson's theorems from Gauss' theorem. To 
"effect this we take as the closed space to which we apply Gauss’ theorem the 
element suited to the coordinates we intend to use. Let P be any point of space 
and let drj, df be the lengths of the three edges which intersect at P. 

In Cartesian coordinates the element has its edges parallel to the coordinate 
axes and therefore d£=dx, dvj = dy, d£=dz. The sides of the polar element are 
d^—dr, drj = rdd , df= min 6d<p, while those for cylindrical coordinates are d% = dP } 
d7)=Pd(p, d£=dz. 

It should be noticed that in all these cases the three edges which meet at any 
corner of the element are at right angles. The mass inside the element is 
M=pd£d7)df in every case. 

Let V be the potential at P. Consider first the two faces perpendicular to the 
edge at d £; the inward flux for the one and the outward flux for the other are 

4 r « 


-F~ d-. 


The total outward flux for these two is therefore Treat the two other pairs 

of faces in the same way and equate the whole flux to - 47riU. We then have 

d7, + Tj;(jt didv ) d ? = -*rP*(*l*i- 
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If we now substitute for dq, df their values iu Cartesian coordinates and 
divide by the product dxdydz, this becomes 


d 2 V d 2 V d 2 V 

da 2 dy 2 + dz 2 T9 ' 


If we substitute the polar values of dy, and divide by r 2 dr sin dd$d<j> we 


find 


1 d (, in e dV \- 

r 2 dr V dr / + r 2 sin 0 dd \ d8 ) 
If we substitute the cylindrical values we have 


r 2 sin 2 & d(j>- 


d 2 V . 

-2=-4t rp. x 


1 d fr,dV\ 1 d 2 V ,d?V_ 
EdR\ dp) + E 2 d<p 2 + dz 2 ~ 9 ' 


Poisson’s equation in oblique Cartesian coordinates takes the following form. 
Let a, /S, y be the sines of the angles between the .axes; A, B, G the angles between 
the coordinate planes, then 


V 2 7=L 2 


( dx 2 




dy 2 


dz 3 dxdy 

where D = a£sin C=j3y sinA = ya sinP. 

^ 109. Orthogonal and elliptic coordinates. Let the equations of three 

surfaces which intersect at right angles be 

<*=/i (*. y, *)> P=fs (®, y, «), 7=/a («> y> *).(i). 

where a, /3, 7 are three parameters whose values determine which surface of each 
system is taken. These parameters may be regarded as the coordinates of the point 
P of intersection of the three surfaces. 

Let P£, Py, P£ be normals to the surfaces a, f3, 7 at the point P of intersection. 
Let the direction cosines of these normals be (X x fi x * 7 ), (X 2 yu 2 ^ 2)1 (X 3 P 3 ^)* We 


therefore have X x =- 


_ a y 

"V ' 1- V 

partial differential coefficients. 

Let PQ = d% be an element of the normal P£ and let (xyz), (x + dx, &c.) be the 
coordinates of the extremities of d£. Then 

~ = ^-(a x dx + aydy + a 2 dz) = \ dx + ^dy + Vj dz. 

% “1 

The right-hand side represents the sum of the projections of dx, dy, dz on the 
normal and this is d|. Hence 


hi 2 = a. x 2 +a.y 2 + a 2 where suffixes denote 


da 

^ t= v 


dr) = 


lu ’ 


J'r d, y 

^=i:- 


The general equation of flux for the orthogonal element d%dyd£ is by Art. 108 

^ (^ d7}d ty d * +&G - = -kTrpd%d7)d{. 

Substitute the values of d??, d£, and we find after division by dadpdy 
d f 7q dF\ ^ / 7 ? 3 dF\ d / dV\ __ — 47rp 
da \h 2 h 9 da) ^ d(3 \hJT 3 d(3 ) + dy \ lijZ dy ) = hjijff 
The quantities 7q h., h s are given by 

V = a a6 2 + °ty 2 + “* 2 » 1 h 2 = fix lj rfiy 2j rfif, V = 7^ + 7//“ + 7_>7 

and are supposed to be expressed in terms of the orthogonal coordinates a/ 3 y, the 
Cartesian coordinates xyz being eliminated by using the equations of the orthogonal 
surfaces. This equation is sometimes called L ame 's transformation of Poisson's 
equation . 
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HO. Since V is regarded as a function of a, p, y, we have 
dV dV dV„■ dV 

da. a * + dp? x+ dy y *’ 

with similar expressions for dV/dy and dVjdz. These we differentiate again and 
substitute in Poisson’s equation. Since the surfaces a, /S, 7 are orthogonal the 
coefficients of d^VIdadp &c . are zero. We therefore have 

- 4tt/0 = [ a x + «y 2 + a z) + ( a xx + a VU + a zs) + & 0 * 

Let the arbitrary functions a, /3, 7 be so chosen that they satisfy Laplace’s 
equation. The Poisson equation then becomes’ 

, n d 2 V , M 2 V . 7 MW 


-4?rp = V —+ ^ 


1 dp* + h s* di* ‘ 


Let a be the potential of a thin ellipsoidal shell of unit mass, such as that 
described in Art. 68 . Let ( abc) be its semiaxes. It will be shown in the chapter 
on the attraction of ellipsoids that the level surfaces of the shell are the confocal 
ellipsoids. Let {a'b'c’), ( a" Ac.), (a'" &c.) be the semiaxes of the three confoeals 
which pass through any external point P. 

Since h^^a^+af + a 2 , it is evident that 7z 2 is the component of force at P due 
to the shell in a direction normal to the ellipsoid (a'b'c'). It will also be shown 

that this force is 7 ^= — = where p' is the perpendicular from the centre 

up a 0 c 

on the tangent plane. Similar expressions must hold for the hyperbolic confoeals 
by the principle of continuity. 

If D l9 D 2 , are the semi-diameters of the confocal ellipsoid respectively parallel 
to the normals at P to the confocal hyperboloids we know that p'D x D^ a'b'c' by 
the properties of conjugate diameters. Also by the properties of confocal quadrics 
- a " 2 , Z) 2 2 =a ' 2 - a'" 2 and p'dp'=a!da'. By using these expressions, we put 
the equation ( 1 ) into the form 


(a ." 2 - a'" 2 ) ~ + (a!"* - a' 2 ) |^ + («' 2 - a" 2 ) (a" 2 - a'" 2 ) (a" 1 * - a' 2 ) (a ' 2 - a"*). 

Sine ep'dp'=a'da' the potentials a, /3, 7 are to be found from 

= 1 

da'~~ b'c'* dab"c ,n da'" b’"c'"' 

This form of Poisson’s equation agrees with that given by Lam 6 . 


• l Theorems on the Potential. 

/ 

^ 111. The potential of any attracting system cannot he an absolute 

maximum or minimum at any point unoccupied by matter *. 

If V be the value of the potential at any point P whose 


* The theorems in this section may for the most part be found in Gauss’ 
memoir on Forces varying inversely as the square of the distance , 1840. In the 
Cambridge and Dublin Mathematical Journal , Yol. iv. 1849, there is an interesting 
collection of theorems on the potential by Sir G. Stokes. Most of these were already 
known, but the proofs were much improved and put into new and better forms. 
This paper is reprinted in his collected works Yol. 1 . p. 104. The reader may also 
refer to papers by Lord Kelvin in various volumes of the Cambridge and Dublin 
Mathematical Journal , 1842 and 1848, reprinted in his Electricity and Magnetism. 
There is also a memoir by Chasles in the additions to the Connaissances des Temps 
for 1845. 
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coordinates are x, y, z, the value V' of the potential at any 
neighbouring point P' whose coordinates are x + y + rj , 

will be given by 

r=:V+v^+r yV +v^ 

+ i ( V<J? + + 2 V xy %r) + 2 + 2 F*££) + &c., 

where partial differential coefficients are represented as usual by 
suffixes. 

If V were a maximum or minimum at the point x, y, z, the 
first differential coefficients V x , V y> V z would each be zero, and the 
three second differential coefficients V xx , V yy> V zz (besides fulfilling 
some other .conditions) woul d have the same sign. But since the 
point P is unoccupied by matter they must satisfy Laplace’s 

3 equations, Art. 95. Their sum must therefore be zero. It is 
therefore impossible that all three should have the same sign. 

It has not been assumed that the masses of all the particles 
have the same sign. The theorem is still true if the forces due to 
some particles are attractive, and those due to others are repulsive 

When th e law of force is the inverse distance and the attracting "body is a 
lamina , we have at all points in that plane V xx + V yy -0, Art. 105. It follows that 
in this case also the potential cannot be an absolute maximum or minimum at any 
point in the plane of the lamina unoccupied by matter. For other laws of force in 
which the sum of V xx> V yy , V zz is not zero, the argument does not apply. 

We have here assumed that we may apply Taylor’s theorem to the potential. 
That we may do so follows from the definition given in Art. 39. It is clear that 
the potential at P of a single particle and therefore of a system of particles whose 
total mass is finite is a function of the coordinates of P which is continuous and 
finite as long as P does not traverse any attracting matter. We may however put 
the argument into another form which has the advantage of avoiding the use of 
series. 

' 112- Another proof. With P as centre describe a sphere of 
^small radius. If the potential V were an absolute maximum at 
P, the potential at any point Q of the sphere must be less than 
that at P. Thus V is decreasing for a displacement along every 
radius of the sphere. It follows from Art. 41 that the outward 
normal force F at Q is negative at every point of the sphere. But 
by Gauss’ theorem JFda = 0 (Art. 106), which requires that F 
should be positive for some elements of the sphere and negative for 
others. In the same way it may be shown that the potential 
cannot be an absolute minimum at P. 

'Z 113. If the point P be situated within the substance of a continuous attracting 
body of finite positive density p, the potential may be a maximum but cannot be a 
minimum at P . 
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To prove this we observe that the potential function V here satisfies Poisson’s 
equsSionlnsfea^ of Laplace’s. Since the sum of the three differential coefficients 
V xx> v y}J , Vgg is negative, it is possible that each may be negative. In that case V 
is in general a maximum. 

If we adopt the second proof, we notice that Gauss’ theorem requires jFdcr to be 
equal to - 47rilf, where M is the mass inside the sphere of small radius. It follows 
that F may be negative, and therefore V be decreasing, for a displacement along 
every radius. The quantity V may therefore be a maximum at P. 

114. If any arbitrary curve is drawn in space not intersecting 
any portion of the attracting matter, the potential may vary from 
point to point of the curve. At some points the potential may be 
a maximum and at others a minimum for displacements restricted] 
to that curve. For example, if the curve touch a level surface the 1 
space differential coefficient of the potential is zero at the point 
of contact and the potential may be either a maximum or a 
minimum. What we have proved in Art. Ill is that the potential 
cannot be a maximum or minimum at any point for displacements 
in every direction. 

If the curve is a line of force, it cuts the level surfaces at right 
angles and the space differential coefficient of the potential cannot 
vanish unless the resultant force is zero, (Art. 47). The potential 
at a point P which travels along a line of force always in the 
same direction must therefore continually increase or continually 
decrease until P arrives at a point of equilibrium. 

At a point of equilibrium there are some directions in which 
the potential increases and others in which it decreases (see 
Art. 120). The point P may therefore resume its journey (though 
not necessarily in the same direction as before) so that the 
potential at P continues to increase or decrease. The journey 
can he continued to an infinite distance unless stopped by arrival at 
a point of the attracting mass. 

115. If the potential is equal to any given constant quantity A 
at all points of a closed surface S which does not contain any portion 
of the attracting mass, it must be constant and equal to A at all 
points of the space contained within the surface S. 

For if it were not constant, there would be some point at which 
either it is greater than at all the other points or less than at all 
other points. But this has just been proved to be impossible. 

116 . Ex. 1. As an example of this theorem consider the case of a spherical 
shell of uniform thickness and density. Describe a concentric sphere within the 
shell. By symmetry the potential must be the same at all points of its surface. 
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Since there is no attracting matter within this sphere, it follows that the potential 
is constant throughout its interior. 

Ex. 2. If the potential is not constant throughout the superficies of any closed 
surface S, let A be the greatest and B the least value. Prove that the potential at 
all points within S lies between A and B. [Stokes.] 

Ex. 3. A level surface S completely encloses all the attracting matter of a 
system. If the consecutive level surfaces extending from 8 to infinity be drawn, 
prove that the potential continually decreases outwards from each to the next until 
it vanishes at an infinite distance. 

117. If the potential is constant throughout any finite space , it 
is also constant throughout all external space which can he reached 
without passing through any portion of the attracting mass. [S t ok es.] 

The external boundary of the space is necessarily a level surface. If possible 
let A^^a lJoinr outside" the space at winch' the ’ pbTditiaT is"' a ‘little greater than 
within the space. Since the level surface through A cannot cut the boundary, the 
potential at all points in the neighbourhood of A is greater than within the space. 
We can therefore describe an indefinitely small sphere, passing through A and 
having its centre 0 within the space, such that the potential is increasing outwards 
along every radius drawn from 0 to any point on the sphere outside the space and 
is constant along every radius which lies wholly within the space. It follows that 
the normal force has the same sign at every element of this sphere. This however 
by Gauss’ theorem is impossible. In the same way it may be shown that no point 
A can exist in the neighbourhood of the space at which the potential is less than 
within the space. 

Another Proof. It has already been pointed out in Art. 39 that the potential at 
P is a continuous function of the coordinates of P. It follows that when an 
expression has been found which represents the potential throughout any finite 
empty space that expression must also represent the potential throughout all 
external space which can be reached without passing through any portion of the 
attracting mass. 

118. Points of equilibrium. If an isolated particle placed 
at any point P be in equilibrium under the attraction of any 
system, that point is called a point of equilibrium. When every 
point of a curve is a point of equilibrium, the curve is called a line 
or curve of equilibrium. 

When the potential of the attracting mass is known, the 
positions of the points of equilibrium are found by equating the 
first differential coefficients of the potential to zero, viz. dV/dx 3 
dVjdy , &c.; for these represent the resolved parts of the forces 
parallel to the axes. 

119. The equilibrium of a free isolated particle attracted by 
' fixed bodies cannot be stable for all displacements or unstable for 

all displacements, but must be stable with reference to some 
displacements and unstable with reference to others. Earnshaw’s 
theorem. Gamb. Transac., 1839. ’ 
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[art. 121 

If the equilibrium were stable when the particle occupied a 
position 1\ the potential must decrease in all directions from P 
i.e. the potential would be an absolute maximum at P, which has 
been proved impossible. In the same way the equilibrium could 
not be unstable for all displacements. 

120. A particle is in equilibrium (ft a point P. It is required 
to find the equation of the cone which, having its vertex at P, 
separates the displacements for which the equilibrium is stable from 

those for which it is unstable . 

The level surface which passes through any given point has in 
general a tangent plane at that point, but when the given point is 
a point of equilibrium, such as P, the first differential coefficients 
V x , V y and V z are zero, and the equation of the plane is nugatory. 

Resuming the expression for the potential V' at any point 
(a; 4* f, Sec.) neighbouring to y, z), we have, (Art. Ill) 

V 9 — V = A F.cx|f + + Vjcyi; 1 ! + + cubes.(1). 

For any small displacement, from P which makes V' greater 
than V, the force on the particle will act from P, and the equili¬ 
brium will t here fore be unstable (Art. 41). For any displacement 
from P which malms V' less than F, the equilibrium at P will be 
stable. To^ find the directions which separate the stable and 
unstable displacements, wo put V = F The equation of the j 
separating cone is therefore found by equating to zero the terms 4|| 
of the lowest order on the right side of equation (1). ■|| 

The separating com* is therefore a, quadric cone, unless all the 
differential coefficients of tin* second order are also zero. It is a 
real cone, since by Laplace's theorem V xx , V vy and V zz cannot all, 
have the. same sign whato\er rectangular axes it is referred to. 

The level surfaees in the immediate neighbourhood of a point 
P unorcupied by mat t« r are in general planes, but if P be a 
position of equilibrium, they are hyperboloids with the separating 
cone for a common asymptotic corn*. If PQ be any radius vector 
of one of these hvperboloids, the force of restitution for a given 
small displacement along PQ varies inversely as PQ. M 


121 . Ex. 1. Show that ihov Hraight lines at right angles can always be - 
drawn through the vortex on tin* nirfact: of tlie separating cone. There is an 
infinite number of such s-y. tuns of straight lines. 

./ Ex. 2. If the attracting body m u*iu metrical about an axis and the point of 
equilibrium lie on the axis, prove that the separating cone is a right circular cone 
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of semi-vertical angle tan”V 2 - [ This follows at once from Laplace’s theorem, 
Art. 95.] 

Ex. 8 . The lines of force in the immediate neighbourhood of a point of equili¬ 
brium, when referred to the principal diameters of the separating cone as axes, are 
z e =Mx a =Ny b t where a, 6 , c are the reciprocals of V xx , V yy , V Z3 at the point of 
equilibrium, and AT, N are two arbitrary constants. 

Ex. 4. If a number of mutually repelling particles are enclosed in a rigid 
boundary, show that when in stable equilibrium they all reside on the surface. 
[If any one were not on the surface, that particle would be in unstable equilibrium, 
the remaining particles being held at rest.] Kelvin, see Papers on Electrostatics , 
&c., p. 100 . 

Ex. 5. Three uniform thin rods AB, BG, GA , which form a triangle, attract a 
particle P placed at the centre of the inscribed circle. The particle is therefore in 
equilibrium. Show that the equilibrium is unstable for all displacements in the 
plane of the triangle. 


> 122. If two sheets, of a level surface intersect along a line, 
every point of that line is a point of equilibrium. 

Let P be such a point, then at least three tangents can be 
drawn to the sheets of the level surface not all lying in one plane 
and making finite angles with each other. Since the force along 
each of these is zero, it follows that the particle is in equilibrium. 


123. At every point of the curve of intersection of two sheets 
of a level surface, the tangent cone becomes two planes which are 
fhe tangent planes to the two sheets. The tangent cone may 
-therefore be written in the form 


/ (af + b V + cO Vi + b'v + c'O = 0. 

Comparing this with the form already found (Art. 120), we have 

CtCt' ■+ Ub' + CC' = Vxx H" ~^yy H" Vzz* 

This is zero by Laplaces theorem; the tangent planes are therefore 
at right angles. We therefore infer that,j^ two sheets of a level 
surface intersect, they intersect at right angles. 

s' 124. Ex. 1. The tangent cone becomes two planes whenever its discriminant 
is zero. Prove that in a level surface these planes cannot be imaginary. [If it were 
possible, the cone could be reduced to the form (&£ + & 7 ? + cf) 2 -f (<x^ -h 6^77 + — 0 . 

This would make a 2 + a / 2 -i- 6 2 + &c. = 0, by Laplace’s theorem, which is impossible.] 
Ex. 2 . Show that an isolated line in free space cannot form part of a level surface. 
If the potential at a point P were greater than that at some neighbouring point 
Q and less than that at P, it would follow from the principle of continuity that there 
must be some point between Q and R on every path from one to the other at which 
the potential is equal to that at P. If then an isolated line form part of a level 
surface, the potential must be either greater than at all neighbouring points not on 
the line or less than at all such points. On either alternative the second proof, by 
which it is shown that the potential cannot be an absolute maximum or minimum, 
is contradicted, Art. 112. 
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125. Rankine's theorem. If at any point of a level surface all the differential 
coefficients of V up to the ?ith inclusive with regard to x, y and 2 are zero, we know 
from solid geometry that there is a tangent cone of the (?i + l)th order at that point. 
If ( 7 H- 1 ) sheets intersect along a line, the same thing will he true at every point of 
that line, and the tangent cone will he the product of the (?i + l) tangent planes. 

Let us suppose that the level surface is such that at two consecutive points P, P' 
all the differential coefficients of V up to the ?ith are zero ; let us examine the form 
of the surface in the immediate neighbourhood of those two points. 

Taking P for origin and PP' for the axis of z, we have at the origin all the 
following differential coefficients equal to zero: 

d n V d ny d n V d n V d n V d n V 

dx ni dx n ~ 1 dy ’**' dy n * dx n ~ l dz’ dy n-1 dz 9 dx n ~ 2 dz iy C . 

These are also zero when z receives an increment dz ; hence their differential coeffi¬ 
cients with regard to z are all zero. It therefore follows that every differential 
coefficient of V of the (?i+l)th order which has dz, dz 2 , &c. in the denominator is 
zero at the origin. If therefore V' be the value of the potential at a point |, 97 , £ 
we find on making the expansion by Taylor’s theorem 

V'-V=A 0 ^ + A 1 ?' v + ...+A n _, lV ^) 

+powers of £, 77, £of (n + 2 )th order ) .^ '* 

where A 0 , A lt &c. are constants. It follows that the terms of the lowest order in 
the expansion do not contain 

The level surface which passes through the origin is given by F'- F=0, This 
level surface has therefore (w + 1 ) tangent planes at the origin given by 

U=A 0 Z n + 1 + A^y +... + A n+lV *+i = 0.(3). 

All these tangent planes pass through the two given consecutive points P, P'. 

We shall noio prove that all these tangent planes are real, and that each makes the 
same angle with the next in order. The expression for V' given in ( 2 ) must satisfy 
Laplace’s equation, hence the expression for U given in ( 8 ) must also satisfy that 
equation. Transforming to cylindrical coordinates, U becomes U=Pr n + 1 } where P 
is some function of <j>. By Art. 108, since z is absent from XJ, we have 
d 2 U IdU 1 d 2 U A 


Substitute, and we find 


dHJ 1 dU 1 d 2 U_ 0 
dr 2 + r dr + r 2 d<p 2 ~ 

{{n + l)n + n + l} P + j^==0. 


/ .\ P=A cos {(ft + 1) 0 + a}. 

f The equation (3) therefore reduces to cos {(n +1) <j> + a} = 0, which gives n +1 planes, 
making equal angles, each with the next in order. 

126. Tubes of force- If we draw a line of force through 
/ every point of a closed curve, we construct a tube which is called 
* / a tube of force. By choosing the closed curve properly we can 
* make the section of the tube indefinitely small; it is then called a 

/ >■ J&QMxmt is evident that the resultant attraction at any point 
P of a filament acts in the direction of the tangent to the length 
of the filament. 

> E . : y 127. The magnitude of the attractive force at any point of the 
J same filament is inversely proportional to the area of the normal 
section of the filament at that point 
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Let cr, <r be the areas of the normal sections of the filament at 
any two points JP, JP'. Let F, F' be the attractive forces at the 
same points. These forces act along the tangents at P, P to the 
length of the filament and are supposed to be measured positively 
m the same direction along the arc. 

Let us apply Gauss’ theorem to the space enclosed by the 
filament and the two normal sections. Since the filament contains 
no attracting matter the total Jlow of the attraction across the 
whole surface is zero. The" "3ow“ across the sides of the tube is 
zero, because at each point the resultant force acts along the 
length of the tube. The flow across the two normal sections must 
therefore be zero, hence Fa - F'a = 0, that is Fa is constant for 
the same tube. 


“V. 

y 


/ 128 . Ex. 1. Let the attracting body he a sphere. The lines of force are by 
symmetry normals to the surface; the filaments are therefore conical surfaces of 
small angle. If r he the distance of P from the centre, (r=r 2 du; hence Pr 2 is 
constant along any line of force. Thus it follows at once that the force of attraction 
at any external point varies inversely as the square of its distance from the centre. 

* /Ex. 2. If Pbe the normal force at any point P of a level surface; p, p' the radii 
'of curvature of the principal sections and ds an element of the arc of a line of force 


at the same point P, then will 


d log P 1 1 


ds 


_j-j—-=0. 

P P 


Construct on the level surface an elementary rectangle PQSR such that the sides 
PQ , PR are elements of the lines of curvature at P. Let the tube of force having 
this rectangle as base intersect a neighbouring level surface in P'Q'S'R'. If <r, cr' 
are the areas of these rectangles and ds=PP\ we have by the properties of similar 


figures 


. (/)+&•) ( p '+^) _ 1 ] A + 1 
pp’ \P p' 


ds. 


If P, F+dF be the forces at P, P', we know that F<r = (F+dF) cr', Art. 127. 
This immediately reduces to the required result. See Bertrand on isothermal 
surfaces , Liouville’s J. 1844, vol. ix. 


129. If two different bodies have equal potentials over the 
surface of any space not including any attracting matter , they 
have equal potentials throughout that space , and also at all external 
space which can be reached without passing through any of the 
attracting matter of either body. 

For let the attraction of one of the bodies be changed into 
repulsion. Then the potential due to both bodies is zero over 
the surface of the given space. That is, the united potential 
is constant over the surface; it is therefore also constant and zero 
throughout the enclosed space, and at all points of external space 
which can be reached without crossing any attracting matter; 
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Arts. 115 and 117. Returning then to the original supposition 
that both the bodies attract, it easily follows that their potentials 
are equal. 

130. If two different bodies have equal potentials over the whole 
i/ boundary of any surface enclosing both, they have equal potentials 

throughout all external space. 

As before, changing the attraction of one body into repulsion, 
let us consider the potential of both bodies regarded as one system. 
Their united potential is therefore zero over the whole boundary of 
the surface. It is also zero over the boundary of an infinite sphere. 
Since the space between the surface and the sphere contains no 
attracting matter, the potential is also zero throughout that space, 
Art. 115. Returning to the original supposition, that both bodies 
attract, we see that their potentials must be equal. 

Ex. An unknown body is surrounded by a sphere of radius a. The direction 
of the attraction at all points of this sphere is normal to the sphere and its 
magnitude is equal to a given constant F. Prove that the attraction at any 
external point is Fa 2 Jr 2 . 

The sphere is a level surface because the force is normal. The potential of the 
body at any point of the sphere is therefore equal to that of a particle whose mass 
is Fa 2 placed at the centre. 

131 . If two different bodies have the same level surfaces throughout any empty 
efface, their potentials throughout that space are connected by a linear relation . 

Let V and V' be the two potentials. Since when V is constant, V' is also 
constant, it follows that V ' is some function of T r , say F'=/(7). Then bydifferen- 
tiation we easily find 

d^ + d,f + As 3 ~dV (dx- + dy- + As*} + dV- (VA* / + \dy ) + AzJ 
Since the space is external to both bodies, this, by Laplace’s equation, reduces to 
d 2 f 

0 = , unless V is constant throughout the space considered. If V is constant, the 

dV“ 

level surfaces for both bodies are indeterminate and therefore V' also is constant. 
We therefore have in both cases V' = AV+B, where A and B are two constants. 
Suppose the space considered includes the points at infinity, then when the 
attracting masses are finite in size and density both V and V' vanish at such 
points. We then have B — Q. Again V and V' must vanish at infinity in the ratio 
of the attracting masses; we therefore find V'/V-M'/M if M, M' be the masses of 
the attracting systems. We thus have the theorem; if two finite bodies have the 
v, same external level surfaces and have equal masses, their attractions at all external 
points are the same in magnitude and direction. Quarterly Journal of Mathematics, 
1867. j. 

When the space in which the two bodies have the same level surfaces encloses 
both bodies, this theorem follows at once from that proved in Art. ISO. Since the 
two bodies have the innermost level surface common, we can by altering the mass 
of one of them make their potentials equal over that surface. The potentials of the 
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changed bodies are then equal over all external space and the potentials of the ori- 
ginal bodies have a constant ratio. 

132 . As an example of this theorem, consider the case of a spherical shell. 
The external level surfaces of such a shell and those of an equal mass placed at its 
centre are both spheres. Hence the attraction of a spherical shell at any external 
point is the same as that of an equal mass placed at its centre. 

Again, the level surfaces of two equal and parallel infinite plates are both planes. 
Hence their attractions at any point are in a constant ratio. But at an infinite 
distance the attractions of two such plates when separated by a finite interval tend 
to equality, hence the ratio of the attractions is unity. It follows that the attraction 
of an infinite plate at an external point is independent of its distance. In the same 
way the attraction of an infinite circular cylinder is the same as if the whole mass 
were uniformly distributed along the axis. 

133 . The theorems in this section have been enunciated with 
" special reference to the potential of an attracting system, but a 
little consideration will show that they have a more extended 
application. 

If V be any continuous one-valued function which satisfies 
Laplace’s equation and is not infinite within any given space, it 
follows from the argument in Art. Ill that V cannot be an 
absolute maximum or minimum at any point within that space. 

Most of the other theorems are simple corollaries from this one 
general principle, and apply therefore to any finite continuous 
function which satisfies Laplace’s equation. 

For example, if such a function be constant over the boundary 
of any space and not infinite within that space, it must be constant 
throughout that space. 

To take another example, let Fbe a finite continuous function 
which satisfies Laplace’s equation, then V = c is a system of 
I surfaces. If any member of this system intersects itself in a? 
I singular line, the two sheets are at right angles. If several sheets ' 
intersect in a singular line, each tangent plane makes the same 
angle with the next in order. 

Let F, V' be two continuous solutions which are both finite 
and one-valued at all points of space bounded by a surface S and 
are equal at every point of that surface, then they are equal 
throughout that space. The space considered may be external 
to S provided the functions are also equal at all points on the 
surface of some sphere of infinite radius enclosing S. This 
theorem shows that when the values of a function F are known at 
all points of the boundary of a space, it is determinate throughout 

5 


r. s. II. 





















ATTRACTIONS. 


66 


[art. 135 


that space, provided it is known to satisfy Laplaces equation and to J 
he finite throughout that space . J/ 

134 . To trace level curves and lines of force. Ex. 1 . Three equal 
particles are placed at the corners ABC of an equilateral triangle. Trace the level 
curves and lines of force in the plan^ of the triangle. 

Wefirst searchjor the joints of equilibrium. The centre of gravity G is evidently 
one such point. The level curves near G are conics 
(Art. 120) which must have GA, GB , GG for three 
principal diameters. The conics are therefore 
circles. The equilibrium is clearly stable for a 
displacement perpendicular to the plane and is 
therefore unstable for some (and therefore also for 
all) displacements in the plane (Art. 111). The 
potential is therefore a minimum at G for displace¬ 
ments in the plane ABC. 

Let D, E, F be the feet of the perpendiculars from 
the corners. Since the force at F tends towards G and G is a point of minimum 
potential, there must be a point of equilibrium between G and F. There are 
therefore three points of equilibrium which are H, K, L. The level curve which 
passes through these points governs the whole sketch and is exhibited in the figure. 
Some of the other level curves fill up the four vacant areas and others surround the 
three loops. 

To sketch the lines of force. It will be found convenient to mark the level 
curves^or "surfaces with small arrows to indicate the direction of the normal 
force. We then have the following rule ; no line of force can pass from a point A 
on one level surface to a point B on another unless either the arrows at both A and 
B tend in the same direction along the line of force or the line of force passes 
through a point of equilibrium which lies between A and B. 

The arrows on the sides of the curvilinear triangle HKL all tend outwards from 
G, while those on the three curvilinear triangles which surround A, B, C tend 
inwards towards those points. Hence a line of force beginning at A must either 
proceed to an infinite distance or cross KL. If it enter the triangle HKL it cannot 
emerge without passing through G. It must then proceed onwards to either B or C. 

JThere are conical points at H, K and L. The level surfaces near G are not 
closed lift bend over A, B, C, and surround the conical points. 

Ex. 2. Two particles whose masses are m, m' are placed at A and B, both being 
attractive. Trace their level surfaces. 

Ex. 3. Three equal particles are placed at three points A, B, C in a straight 
line. The particles A and C attract while B repels. Trace the level surfaces. 

135. Potential at a distant point. To find the potential of 
a body finite in all directions at any distant external point*. 

Let the origin 0 be a point not far from the body. Let Q be 

* The expansion of the potential at a distant point is originally due to Poisson, 
but was put into a convenient form by MacCullagh, B. Irish Trans . 1855. Some 
of the following theorems were given by the author in the Quarterly J. 1857. The 
name centrobaric is due to Lord Kelvin, who gave several theorems on these bodies 
in the Proc. R. S. E. 1864. The results in Arts. 140, 141 are taken from Thomson 
and Tait, 1883. 
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the position of any particle of the body, m its mass, (x, y, z) its 
coordinates, r its distance from the origin. Let (£, rj , £) be the 
coordinates of the point P, OP = /, and the angle POQ = 6 . 

To generalize the investigation we shall assume that the law of 
attraction is the inverse /eth power of the distance. "We then have 



K — 1 

(r ' 2 — 2rr' cos 0 + ?’ 2 ) 2 

1 rcos# (/e 4-1) cos 2 6 — 1 
~ T d 17 1 



The first term of the series is - 7 . Hence the attraction at 

r * _1 rc — 1 

a very distant point is ultimately the same as if the whole mass 
were collected into a single 'particle and placed at 0. 

To find a closer approximation to the true attraction, let 
the point 0 be such that the second term of the series vanishes. 
This requires that 2mr cos 0 = 0 . Since rr' cos 6 = + yrj + 

this gives f %mx -f rjXmy + ZfLmz = 0 for all values of 97 , £ The 

point 0 will therefore he the centre of gravity of the body. 

We have now to consider the ^lird term of the series. Let 
A, Atnjelhe moments of inertia of the body about any three 
straight lines at right angles meeting in 0, I the moment of 
inertia about the straight line OP, then 

2S«ir 2 = A + B+ C, I = %m (r sin 6f. 

Writing l-sin 2 0 for cos 2 6 and making these substitutions we 
find for the third term 


K (A+B + C)-2( K + 1)I 1 

4 t 'k+i .(/)• 

When the law of force is the inverse square and the centre of ' 

gravity is the origin we arrive at Mac CulIagh’s expression for the ? 

... , • Tr M A + B + G-^l" " 

potential, viz. F= y + - — -+.(3), 

where M is the mass of the body. ^ 

W When the law of attraction is the inverse distance, the potential of a 

single particle takes the form C-mlogr'. Prove that the potential of a body at a 

distant point is V=G-M log?•' + "LtP+SLz 41 + .^ 


136. If two bodies have equal potentials at all external points, 
their centres of gravity must coincide and their masses must be 
equal. If the law of force is the inverse nth poiver the bodies are 


5—2 
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equimomental, unless k — — 1. If the law is the inverse square, the 
difference of their moments of inertia about every straight line must 
be constant. 

The potential of each body can be represented by the series 
described in Art. 135 and these series must be equal, term to 
term. The equality of the first terms requires that the masses 
should be equal. Taking the origin 0 at the centre of gravity of 
one body, the second term must be missing for both series and 
therefore the centre of gravity of the second body must also be at 
the origin. 

Comparing the third terms of the series we have 
/c (A+B+C)-2( K + l)I=K(A' + B' + C / )-2(« + l)r...(5) ) 
where unaccented and accented letters refer to corresponding 
quantities in the two bodies. It follows that (unless /c = — 1 ) 
/—/'is the same for all axes passing through the common centre 
of gravity. The axes of maximum and minimum moments of 
inertia in the two bodies are therefore the same. Since these 
are the principal axes of inertia, the two bodies must have the 
directions of their principal axes coincident . Since / — T is the 
same for every axis, it follows that the four differences A — A\ 

B — B', C — C', and / — T are equal. The equation (5) then 
becomes (/c— 2 ) (/ — /') = 0 .( 6 ). 

Unless /c = 2, we have / = T and therefore the moments of 
inertia of the two bodies about every axis are equal , each to each. 
If however /c = — 1 these conditions are not necessary. When 
k has this value the law of attraction is the direct distance. In 
this case it has already been proved that a body, whatever be its 
form, attracts any particle as if it were collected into its centre of 
gravity (Art. 8 ). 

These are necessary conditions that two bodies should be 
equipotential (unless *; = — 1 ), but they are not sufficient. It is 
falso necessary that all the subsequent terms of the potential series 
'should be equal, each to each. 4 

We have assumed here that the law of attraction is some one integral inverse 
power of the distance. If the law be represented by a series of inverse powers such 
as plr K +fi'lr K+1 + & c., it is evident that so far as the series (1) in Art. 135 is 
concerned we need only consider the three lowest powers of r in the law of 
attraction. The remaining powers enter only into the terms of that series not 
included in our approximation. Proceeding in the same way we again arrive at the 
results stated in the enunciation. 
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137. Centrobaric bodies. When a body is such that its 
potential at every point is equal to that of a particle of mass M 
situated at some fixed point 0, the body is said to be centvgbQ/j^Cu 
In other words, the body is equipotential to a particle. We infer 
Immediately from Art. 136 ' that' M is equafiotKe mass of the body 
and that 0 is its centre of gravity. Since for a particle T = 0, it 
follows that the moment of inertia I of the body about every axis 
is the same. The body therefore cannot be centrobaric unless everyI 
axis at the centre of gravity is a principal axis. I 

The condition ( 6 ) now becomes (k — 2) I = 0. It appears 
therefore that the series (1) of Art. 135 cannot reduce to its 
first term unless k = 2 or 7=0. The latter condition cannot be 
satisfied unless the masses of some of the particles are negative, 
that is unless some of the particles attract and others repel P. 
Assuming that all the particles attract P, according to some inverse 
power of the distance, we see that the attraction of a body cannot 
be the same as if the whole mass were collected into its centre of 
gravity unless the law of force be either the direct distance or the 
inverse square of the distance. 


138 . Ex. If the law of force be the inverse square, the potential of a body at 
all external points cannot be the same as that of two masses and M 2 placed at 
two points A, B fixed in the body unless (1) the body and masses have their centres 
-.of gravity coincident, (2) the moments of inertia of the body about every axis 
-through the centre of gravity perpendicular to AB are equal. 

139. Potential constant in a cavity. In a similar manner, 
when a body has a cavity within its substance we may determine the 
necessary conditions that the potential should be constant throughout 
the cavity. Taking the origin within the cavity, we have at all 
points close to the origin 

tt—. v m f f T> CQS A (/g + 1) cos 2 0 — 1 /rV 
r K ”" 1 {*; — 1 r 2 \ r J 

the expansion is in powers of r'jr because r' is less than r. 

This cannot be independent of r’ unless the coefficient of each 
power of r' is zero. Equating the coefficient of r /2 to zero, we have 

2^{(* + l)cos»0-l} = O. 

Writing a, 0, y for 2^, 1,~ 3 and putting the point P 

in succession on the axes of x, y, z we have /ca = /3 + 7 , k/3 = 7 4 - a, 
icy = a 4* j8. These give k = 2, or k = — 1 and a + ft + 7 = 0, or 











70 


ATTRACTIONS. 


[ART. 142 


a, ft, 7 each zero. The two latter alternatives require that all the 
m’s should not have the same sign. Hence if ever;/ ;utrfirle of the 
body be attractive, the potential cannot be constant throur/hont an;/ 
cavity unless the law of attraction is the inverse square, (Art. !>!)). / f 

f -■ 

140 . Assuming that a body attracts all points in external space as if the who If* 
mass were collected into its centre of gravity, prove that (1) the centre of gravity is 
inside the external boundary, (2) the external boundary is a single closed surface. 

If the centre of gravity 0 were in the same external space as the attracted point 
P, we could surround it by a small sphere, centre O, radius e, which does not enclose 
any particle of the attracting mass. The flux across this sphere is therefore zero, 
Art. 106. But since the force on P tends always to <), the flux is also -iirM. These 
results contradict each other unless the whole mass is equal to zero. 

Again, if the attracting system consist of two separate portions, the centre of 
gravity 0 must lie inside one of them. Enclosing the other portion in a sphere, the 
flux across the surface is if U' be the mass of this portion. But since n lies 
outside the sphere, it is also zero. These results cannot coexist unless the mas * of 
that portion is zero. 

141 . A body B is such that the resultant attraction between it and a given 
body A is a force which always passes through the centre of gravity o of //, in 
whatever position A is placed. Prove that the resultant attraction between H and 
every body is a force which passes through the centre of gravity of //, 

Let the body A be turned about a fixed point P sufficiently distant from /,*, that 
the body A in its motion never meets the fixed body It. In all these p«* irbum the 
resultant attraction of A on Ii is a force which passes through the centie of gravity 
of B. Hence if every particle of the mass of A he uniformly distributed over the 
surface of the sphere which that particle describes in it. motion., the resultant 
attraction of the mass thus obtained is also a force which passes through tie* r.mtie 
of gravity of B. The mass thus obtained is a spherical shell wlm,,.* le uih.int at t met ion 
at any point of B is the same as if it were collected at the centre P. The re .uitaut 
action between the body B and a particle placed at P is a force which pas «•;, both 
through P and the centre of gravity of Ii. The body It h therefore (vntrobaiir for 
all points P beyond a certain distance and therefore fur all points of ; quiv whu h »• ut 
be reached from P without passing over any of the attract in:' ma. : s Art, 1 29 . 



Attraction of a thin strutnui. 

142. A theorem due to Green*. Let a thin hi-fi-ntg.-iipou, 
'stratum of attracting matter be placed on a siufan- which ha- no 

0f KlVttt ill the tin orv of attt.-o'lii.ii, 

Ihe principle of the demonstration given in Art. M2 was u .«*d fur a j»h> lie.d h.gi 

by Lagrange m 1759 and was afterwards applied i)v Couloinli to the ea *•* «.f a d im 

electneal film of any form (Pom Mhnohrs, 17Ksf. Pois-mi give 4 a p ,», ralizatmn 

lLq h< T» th ?7 l ^ m r ^ ( Memm f/r, l<„ t p f„ r 

1829 p. 37o). Cauchy deduces the same result for any film from flm g/n.-iat 

formulae of attractions {BuiIrtin...Sac. Philomathiquv, p. r»:q. Tb** fluoirm \ 

commonly called Green’s theorem (Emuj...on Elirtricitij and Maunrh ,m 1 U 

^, a fl f erw . ar s re-discovered by Gauss, 1810. A proof on the same gem lal pnii'e.pV 
as that m Art. 142 was given by Kelvin in 1842, sec tin* reprint of his mlnm »m 
Electrostatics and Magnetism, 1842, and Thomson and Tait, Art. 17H l * 
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conical points or other singularities. Let p be the density and t 
the thickness at any point A of the surface, and let m = pt, so that 
m is the surface density at the point A. In what follows we shall 
regard m as finite and t as indefinitely small, so that p is very 
large. 

Let P, P' be two points situated on the normal at A, one 
inside the surface and the other outside, 
both close to the stratum; JA :) is^i^uii^d ; | 
to find the attractions at P and P'. f 

With centre A, and a small geodesic" 
radius a, describe on the surface a circle 
whose circumference is DE, and let DN 
be a perpendicular on the normal at A 
drawn from any point D. The radius a 
of this circle is infinitely greater than 
either AN or the thickness t but in¬ 
finitely less than either radius of curva¬ 
ture of the surface. 

This circle divides the whole attract¬ 
ing stratum into two parts whose attractions at P and P' will be 
separately considered. Let us first find the attraction of the 
small portion LAE which we may suppose to lie in the tangent 
plane at A. 

We take the attracted point P for origin and the normal PA 
for the axis of x, let PA =p. By Arts. 21, 22, the attraction is 

2t rpfda:(l - yfj) = 27r P P ~ {«“ + (P + 0“}* ~ +P 2 f]> 



the limits being p to p + t. Now ultimately p/a and tja are zero, 
while pt = m. We have therefore for the attraction 


2rrpt 


1 


2 p +1 
2 a 


= 27rm. 


The attractions at P, P' are therefore each equal to 27rm. They 
are directed along the normal in opposite directions, and their 
difference is 47 mi. 


We have supposed the stratum DAK to lie in the tangent plane at A. But the 
effect of the curvature would be simply to change the attraction 2mn of a plane disc 
into 2mn (l-pfr), where p is a quantity of the order a or p. These additional 
terms are zero because both a and p are infinitely smaller than r. That this is so 
may be made clearer by considering the case in which the surface is spherical. The 
disc DAK is then bounded by a right cone whose vertex is at the centre and whose 
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semi-angle is a/r. By using Art. 74 and retaining the first powers of p/a, tja and 
a/r we find + 

Consider next the attraction of the portion of the stratum 
remote from A. Let F, F' be the ^-components of attraction at 
P, P'. Since these depend on the attracting mass, each (‘ontains 
the factor pt or m. Also, since the distance PP' is infinitely 
smaller than the distance of either P or P' from tin* nearest 
attracting element, F f differs from F by (dFjdx)t The difference 
is therefore of the order pt or ml We may therefore regard 
P, F' as equal. 

Taking both portions of the attracting stratum into tin* account 
and representing by X , X f the normal attractions of tin* whole 
system at P, P' we have 

X = F — 27 rm, X' = F' ■+■ ~7rm . ( I), 

where X, X are measured positively from P' to P. Since F, F' 
are ultimately equal, these give 

X' — X = 4f7nn, P=£(A" + JY).......(2). 

The equation X'~ X = imn shows that when attraction is taken 
as the standard case, 47 rm is equal to tin* sum of tin* normal 
attractions at each side of the stratum, the attractions being 
measured towards the stratum. When repulsion is the .standard 
case, 47rm is equal to the sum of tin* normal repulsions, tin* 
repulsion being measured on each side from the stratum. 

If there are any other attracting bodies in the firld which are 
at finite distances from the points P and P\ their attractions at, 
these points are ultimately equal. It follows that in both the 
formulae (2) we may suppose A r , X\ and F to mean the normal 
components due to all causes. 

143. The equation P= 1 (X •+• X) enables n< to find the 
normal attraction of a thin heterogeneous stratum on an elemen¬ 
tary portion of itself. 

Let the element be a small cylinder whose ba^e is the ar«*a 
da situated at A and whose altitude is the thickness t of the 
stratum. The normal attraction of tin* adjacent, portion PA K on 
the cylindrical element is ultimately zero because it, is the ^am»* as 
the normal attraction of an infinite plate on a portion of itself. 
The attraction of the remote portion of the stratum is Find a. It, 
follows therefore from (2) that the 'whole nor mu l force per unit t,f 
mass acting on the element is the arithmetic mean of the mu mat 
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attractions just inside and just outside the stratum. The normal 
force on the matter mdcr which covers an element of area da is 

2 _ J £'2 

Frnda and is therefore equal to —-- do-, where X, X r are the 

07 T 

normal forces at each side of the element. 

144. We may also show that the parallel tangential compo¬ 
nents of attraction just inside and just outside the stratum are 
equal. Let the axis of y be parallel to a tangent at A to either 
boundary of the stratum. Let F, F' be the components of attrac¬ 
tion at P, P'. Considering first the adjacent portion BE of the 
stratum, it has already been shown that the resultant attractions 
at P, P' are each directed along the normal PP'; hence this 
portion contributes nothing to Y or Y\ Considering next the 
remote portion of the stratum, it may be shown as in Art. 14*2 
that the components F, Y' differ by terms of the order mt. In 
the limit therefore when t is very thin, we have Y' = F. 

145. We shall now shoiv that the potentials at P, P' are also 
equal. The potentials due to the remote portion of the stratum 
for the same reasons as before can differ only by terms of the 
order mt. Consider next the portion of the stratum adjacent to A; 
the potentials at two points equally distant from the two faces of 
the stratum evidently differ by terms of an order higher than mt. 
See also Art. 7(1, Ex. 1. Taking both portions of the stratum, we 
see that the potentials at P and P' are ultimately equal. 

146. It follows from this proposition that if a point travel 
from a position P just within a thin stratum to another P' just 
outside, both on the same normal , the normal component of the 
attraction is increased by the quantity kirni, where m is the surface 
density. At the same time the tangential components of the attrac¬ 
tion and the potential are unaltered. 

yrj 147. We may a,Iso deduce Green’s theorem from the propo¬ 
sition, duoTo Gauss, that the flux of the attraction over a closed 
surface is 47r multiplied by the mass inside. See Art. 106. 

Let the axis of x bo a normal to the stratum, measured 
positively inwards, and le.t it cut the boundaries in the points 

jY Let us consider the flux of the attraction across an 
element of volume whose edges parallel to the axes x, y, z aie 
respectively A A' = t y dy and dz. 
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Proceeding a? in Art. 108 we have 

(X' - X) dydz + ^ tdydz + ^ tdydz = 4t rptdydz, 

where X’- X has not been equated to (dX/dx) dx because there 
is attracting matter on one side only of each of the two faces 
perpendicular to the axis of x. Substituting m-pt in the equation, 
dividing by dydz and taking the limit, we find A 7 ■— A =47 mi. j 

148 . Ex. 1. A thin layer of heterogeneous attracting matter is placed oim, 
sphere of radius a. If V be the potential and m the surface density at any point A , 
show that the normal attractions on each side of the stratum are Vj%i ± 2irm. Art. 87. 

Ex. 2. Prove that, if matter attracting according to the law of the inverse 
square be so distributed over a closed surface that the resultant attraction on every 
external particle in the immediate neighbourhood is in the direction of the normal, 
the resultant attraction on every internal point is zero. 

The outer boundary of the stratum is by definition a level surface. The inner 
boundary is therefore also a level surface. The result then follows from Art. lir> 
because there isjao attracting matter within that surface. 


c \ 

x 


? Green's Theorem. 


^ 149. Let a portion of space be enclosed by a surface which 

we shall call S. Let V, P, Q, R be any one-valued finite functions 
of x } y, z 3 and let dv = dxdydz. Let us integrate 

Hffi 

throughout the given space S. The first term bccnim-s by an 
integration by parts 

, r dl> 


^dV 7> rfl^ . . . 

F dx + Q di, + K dz) <Lnl;l ' h . ( ' l K 




V V- d:rd,,d; . (2). 


We have here integrated all tin* elements which lie in a column 
parallel to the axis of x. Let AB be one of t columns and 
let it intersect the surface B at A and B in tin* elementary areas 
da, da. If (Xffjfv) be the direction cosines of the out ward normal 
at the upper limit B we have dydz-X da. In the same wav if 
(Xfiv) be the direction cosines of the outward normal at the limit A, 
we have dydz = — Xda, since X f is positiw and A negative. The 
quantity in the square brackets in tin* first term of (2) is to be 
taken between the limits A and B and is therefore 


(P V ) J{ X'da — (P V ) A ( — Xda ).(:>) 

where the suffix indicates the place at which the value of the 
quantity in brackets is to be taken. The two terms in {A) have 
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now to be integrated, the first for all elements such as B on the 
right-hand side of the bounding curve CD and the second for all 



elements such as A on the left. These together are the same as 
fPVXdcr taken for all elements of the surface, where X now stands 
for the cosine of the angle the outward normal at da makes with 
the axis of x. 


Treating the other terms of ( 1 ) in the same way we have 

IT./V(PX + «, + &) *r -JV(g + f) *...w 

Let P, Q, 11 be the components of a vector I and let / cos i be 
the normal component at the element da. The equation (4) then 
becomes 

+ .<«>■ 

In this way the volume integral (1) has been replaced by a 
surface integral, when the vector is such that 

cWdqdli 

dx + dt, + dz 

Let this vector be the attractive force of some system whose 
potential is V'. To be more general, let P — d V'jdx, Q = d, V'jdy, 
R = d V'jdz, then 

rr ffffdVdV' , d.VdV r dV <71 r/ \ 7 7 7 

U ~J]JU x- + d,j HJ+ A . (c) ’ 

where V, V' are two arbitrary functions of x\jz. Let dn bo an 
element of the outward normal at da, then 

dV\ dV' dV' dV' 

1J X+ dy ^ ~dz V ~ ~dn . (7) ' 

Also let p, p' be such functions of xyz that 

— 47 Tp = V“ V, — 477// = V- V 
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Then Toy (4) the symmetrical expression U takes either of the 


forms U=jv^-da + 4,7rJ Vp'dv .(9) 

= fv' t ^da + 4<Trjv'pdo . ( 10 ). 


The equality of the expressions (6), (9) and (10) is usually called 
Green’s theorem. 

150. If the functions V } V' satisfy Laplace s equation we 
have p = 0, p —0, the equality then becomes 



151 . Let V, V' be the potentials of two attracting .systems. Let W lx* the 
mutual work of the first and that portion of the second system which is internal to 
S; let W' be the mutual work of the second and that portion of the first which is 
internal to S. Then, by Art. 59, Green’s equation becomes 

ff=/FFd<r + 4*Jr= IV'Fthr + lvW* .(13), 

where F, F' are the outward normal components of force at the element d<r. 

The expression for U admits also of interpretation. Let (XYZ), (X'Y'Z') be the 
components of force due to the two systems at any point (xyz) within tt. Let 
R, R‘ be the resultant forces, <p the angle between the directions of R, R\ Then, 
by (1), U=j(XX t +YY' + ZZ , )dc = jl{R'coH4><In .(Lf). 

If the two systems are the same, i.e. if the particles occupy the same positions 
in the two systems and have equal masses, Green's equation becomes 
U=jE-dv=j VFdff + ivjVpdo, 
where F is the outward normal force at the element da. 


152 . Instead of considering the space internal to S ire may in try rate through 
the space between S and a sphere of infinite radius endosiny S and bunny its mitre 
at a finite distance from S. We must then of course include this ,‘plu re in the 
surface integration over S . Let V, V r he the potentials of some mas e. ,!/, \R respec¬ 
tively, then for points on the surface of the sphere V= M a and dVfdn- M'Jn* 
also d<r=a 2 da, where a is the radius and da is the elementary solid angle subtended 
at the centre by d<r. We therefore have for the sphere 


/er*-™'/£--*• “; ,r . 


and this is zero when a is infinite. We may therefore in this ca?e apply the equality 
(9) and (10) without further chanye to the space outside ,<?. We notice that .in 
is always to be measured outwards from the space over which the integral urn 
extends. 


153. To deduce Gauss’ theorem. Let us put, unity for V. 
Since this value satisfies Laplace’s equation, we haw p — 0. The 
equality (9) aud (10) takes the form 


dV 

dn 


da = 



(.15). 
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Let the space of integration be the finite space enclosed by a 
surface S. We thus avoid the integration over the surface of a 
sphere of infinite radius. Supposing V to be the potential of any 
attracting mass, the function of x , y, z represented by p becomes, 
by Poisson's theorem, the density of the mass at the element dv. 
The right-hand side of this equation is therefore — 4i7rM, where 
M is that portion of the mass which is inside S. Also dV/dn 
represents the outward normal force. The equation therefore 
asserts that the whole outward flux across any surface S is 
— 47 tM. This is Gauss' theorem. 


154. Green’s equivalent layer. Let V' — ljr f where r' is 
the distance of any point within the space of integration from some 
given point P. Let the integration extend throughout the space 
internal or external to S according as P is external or internal 
In this way we make 1 jr finite throughout the integration. 

Since kirp' = — V- V\ p is now zero, and Green's equation 

becomes fv ± (£) da-f^ = W f& .(1C). 

Here the r' on the right-hand side is the distance of P from dv 
and on the left-hand side r is the distance of the same point 
from the element da of the surface. 

We shall now suppose that V is the potential of some 
attracting system, part of which may be inside H and part outside. 
The right-hand side of the equation is evidently 4nrV x where is 
the potential at P of that part of the attracting mass which is on 
the side of S opposite to P. 


The equation asserts that the potential at i > of that part of tho system on the 
opposite side in equal to that of a thin layer placed on the Hurfuco whose surface 
density I) at any point Q, {PQ = r') is given hy 


4jrI> = r'V 


(VS), 


d)i \ r'j (In, r' (In 
where V is the potential at Q of the whole system. To make D independent of the. 
position of P we Hhall get rid of the terms which contain r'. 


155. Let the surface $ be such that the potential V of the 
whole attracting system is constant and equal to over its area. 
Then S is a level surface, or a closed portion of a level surface, of 
the whole system. Since \jr is the potential at da of a unit 
placed at P, we have hy Gauss’ theorem 


mass 
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according as P is within or without the finite' space enclosed by 
the surface 8. The plus sign is given to 4nrV 8 because we are 
integrating throughout the space on the side *of 8 opposite to P, 
and dn is therefore measured towards P. 

Lastly let us place on the surface S a thin layer of matter 

1 dV 

whose surface density p" is given by p" = - ^ where dn' is 

measured outwards from the finite space enclosed by S. Let V" 
be the potential of this layer at P, then 

y„__ f p" da _1 ^ f dV da- 

J r' 4 Trjdn' r' * 

In the equation (16), when P is internal dn is measured inwards 
and therefore dn — ~dn!\ when P is external dn = dn'. That 
equation therefore becomes 

V S -V" = V 19 or V'^V, .(17), 

according as P is internal or external. We deduce the three 
theorems enunciated in the next article. 

156. Let S be a level surface of an attracting system. Let a 
thin layer of attracting matter be placed on the surface S such 
that its surface density p" at any point Q is given by the equation 

4 ir p" = ~^ . (18)> 

where V is the potential at Q due to the attracting system, and 
dn' is measured positively outwards from the finite enclosed space. 

( 1 ) The potential of the layer at any point P, external to the 
level surface S, is equal to the potential at the same point of that 
portion of the attracting system which is within S. 

( 2 ) The potential of the layer at any point P internal to S } 
increased by the potential at the same point of that portion of the 
attracting system which is external to S, is constant for all 
positions of P, and is equal to the potential V 8 of the whole 
attracting system at the level surface S. 

(3) The whole mass of the stratum is Jp"da, and by Gauss’ 
theorem, this is equal to the mass of that portion of the attracting 
system which is inside S. 

If the surface S encloses all the attracting system, the second 
theorem asserts that the potential of the layer at all internal 
points is constant and equal to that of the' attracting system at 
the level surface S. 
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This form of the theorem will enable us to find the law of 
distribution of a charge of electricity, given to any solid insulated 
conductor whose boundary is a level surface of some known 
attracting system. 

157 . Ex. It is known that a prolate spheroid is a level surface of a uniform thin 
attracting rod whose extremities are at the foci S, H of the spheroid, Art. 49. Find 
the surface density of the thin stratum which, when placed on the spheroid, has 
the same attraction at all external points as the rod. 

The surface density p" at any point Q of the spheroid is given by 47 rp”~F, 
where F is the resultant attraction at Q. Also F=2msm^SFHIy, where y is the 
distance of Q from the rod. By using some geometrical properties of conics this 
leads to the result that p" is proportional to the perpendicular p from the centre on 
the tangent plane at Q. The whole mass of the stratum is equal to that of the rod. 

158. Points at which V is infinite. If P be any arbitrary 
point taken in the interior of the space bounded by the surface 8, 
it is evident that one of the columns of integration parallel to each 
coordinate axis will pass through P. It is necessary that in each 
of these three columns the subject of integration should be finite. 
We have therefore assumed in the proof given in Art. 149 that 
(1) both the functions V } V' are finite and continuous, (2) that 
their first and second differential coefficients with regard to oc, y , # 
are each finite throughout the space considered. If any of the 
functions be infinite at some point A within S, we must sur¬ 
round that point by an infinitesimal sphere, and integrate only 
over the space between the sphere and the surface S . 

159 . Green’s equation is 

/ v ~SK dlT+iv J V p' dv =J v 'jr l t!<r+4T [ V 'p dv .(i). 

Let us suppose that one term of V f is 1/r', where r' is a distance measured 
from P. We shall substitute this term in Green’s equation, and the space of 
integration shall be that between a small sphere, centre P, radius e, and the 
surface S. 

Consider first the integrals taken over the surface of the sphere. Since 
da=e-da, we have by changing to polar coordinates 
fl dV _ fldV 01 „ 

]pdTi dlT= l7dr t eda=0 ’ 

J r £{?) dirmVr /(?) Af "= 4Tr '> 

where dn has been measured from the space of integration, that is inwards on the 
sphere, and V P has been written for the value of V at P. 

Consider next the volume integrals. Since r' is finite throughout the space of 
integration, p' = 0 and the term jVp'dv disappears. The integral jpdv/r' is to be 
taken only for the space outside the sphere, but since dv = r f ’ 2 dca if we include the 
integral for the space within the sphere we have only added zero (see Art. 101). 
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Green’s equation for the term V' — 1/r' takes the form 

/ v L^) d '-] d i d i +i * v ^ j P f .( n ->- 

where the surface integrals are taken only over the surface S and the volume 
integrals throughout the space S, ignoring the sphere altogether. 

Since V P is the potential at an internal point P of the whole mass and jpdv/r' 
the potential of the mass inside S, this equation becomes identical with (16) of 
Art. 154 when we change the sign of dn . 

Let F be the potential of some attracting system, part of which may be 
inside S and part outside. Also let 


4 tD^V-^ 
dn 





give the surface density D at any point Q of a thin layer placed on S , where r f =PQ 
and V is the potential at Q of the whole mass. The equation (II.) then asserts that 
the potential, at a point P inside S , of that part of the attracting system which is 
also inside S , exceeds the potential of the stratum by the potential V P of the whole 
mass at P. 


160 . We may notice that if F or F' be the potential of a system of bodies of 
finite density, neither F nor its first differential coefficients are infinite at any point 
of the mass, see Art. 101. 

If one term of V ' were m/r' we may regard the particle m as the limit of a small 
sphere of radius e and density p 0 , where %Trp Q e s =m. The integrations in (I.) can 
then be made throughout the space enclosed by S without reference to the sphere. 
The integral 47 t jVp'dv will supply an additional term equal to 4^7rV P m. In this 
way we arrive at once at the final equation (II.). 

161 . Multiple-valued functions. It has been supposed in these theorems 
that the functions F, V' have only one value at the same point of space. If they 
are potentials of attracting masses, they are each of the form 2m/? 1 and can have 
only one value. But if they are obtained as solutions of Laplace’s equations, as in 
hydrodynamics, they may be many-valued functions. Thus let a fluid be running 
round in a ring-like vessel. If F be the velocity potential at any point P, we know 
by the principles of hydrodynamics that dF/ds = w, where s is the arc described, 
and u is the velocity at P. Since the velocity is always positive, the velocity 
potential F must always increase as P travels round the ring. When P has made 
a complete turn, it comes to the point it started from, and F has a different value. 
If we put Laplace’s equation into cylindrical coordinates (Art. 108), we easily see 
that F=ta n~ 1 %yjx = (f> satisfies the equation and represents such a motion. 


162 . In order to apply Green’s equation to a multiple-valued function by 
integrating throughout the space enclosed in a ring-shaped surface we must deprive 
the function of its multiple values by placing a barrier at any point and including 
this barrier as one of the boundaries. In this way the point P is prevented from 
making a complete circuit and the function is reduced to a single-valued form. It 
may be that the surface has several ring-like passages interlacing, and it may then 
be necessary to insert several barriers before the function is reduced to a single¬ 
valued form. 

Taking the simpler case of a single ring-like surface, let us suppose that the 
potential F is always increased by the same quantity c when the point P starting 
from any position has made a complete cirouit and has returned to the same position 
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again. Similarly let V' be increased by c'. Let da be an element of tbe area of a 
barrier placed anywhere across the ring-like cavity. Let s be an arc measured from 
the barrier round the ring to the barrier again, say from s=0 to s = l. Consider the 
part of the boundary formed by the two sides of the barrier; remembering that dn is 
measured outwards, we have dn= -ds for the side defined by s=0, and dn-ds 
for the side s = l. We thus have, when we integrate over both sides of the barrier, 


Supposing F and V' to be solutions of Laplace’s equation, Green’s theorem becomes 


where along the surface S, dn is measured outwards, and across the barrier ds is 
measured in the positive direction round the ring. 


163 . Ex. 1. Let F, V' represent as before any two functions of (x, y, z), and 
let a be a third finite function of the same variables. Beginning with 




dVdV' 


d^ + dV_djrWdV)d x d ydZi 

dx dy dy dz dz J 


^ JjJ a \dx dx 1 dy dy 

show, by the same succession of integrations as in Art. 149, that 

JJ=j a 2 F'^Ar+4ir Jv P dv = j a?V ~ da+in j Vp’dv, 

, , d f .dV\ , d f , dF\ d I dV\ 

where ~^P=^ ( a li) + Ty Ibj) + Tz dlj ’ 

and — lx/)' represents a similar expression with V‘ written for F. This is Kelvin’s 
extension of Green’s theorem. See Thomson and Tait, Part i., p. 167. 


Ex. 2. If F, V' be two solutions of the differential equation 



and if also F= V at all points of a closed surface S , prove that V=V' throughout 
the enclosed space. 

Let u—V- F', then u also is a solution of the differential equation. Writing u 
for both F, V in the general theorem of Ex. 1, we have 

The right-hand side is zero since u vanishes at all points of the surface 8. But the 
left-hand side is the sum of a number of positive quantities and cannot be zero 
unless each vanishes. Thus dujdx } dn/dy , dujdz are each zero at all points inside 
S , i.e. the function u is a constant. Since it is given equal to zero at the surface S r 
it must be zero at all points within S. Lejeune Dirichlet uses a similar argument 
in Crelle , xxxn. 1844. 

This differential equation is of great importance in the analytical theory 
of heat. 


Ex. 3. Show in the same way that if dVldn = dV'lchi at all points of the surface 
S, then F=F' throughout the space enclosed. [Here dujdn — 0.] 

Ex. 4. If both F and F', besides being solutions of the differential equation, 
also satisfy the equation dV/dn= -kV at all points of S, where k is a function of 
the coordinates which is always positive , prove that F=F'. [Here the right-hand 
side of Ex. 2 would otherwise be negative.] 


R. S. II. 


6 
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Ex. 5. If V be one solution of the differential equation in Ex. 2 such that 
dVjdn = -kV at all points of a surface S , where k is always positive, prove that 
there is no other solution of that differential equation which satisfies this condition. 
[Use a proof similar to that in Art. 133.] 


Given the potential , find the body. 


164. Poisson's equation 4<irp = — V 2 V supplies a partial solution 
to this question. The potential V being given throughout all 
space we find p by differentiation. This value of p, if finite 
throughout space, determines the only body which could have the 
given potential. If the potential is given as a discontinuous 
function of the coordinates difficulties may arise in applying 
Poisson’s equation at the points or surfaces of discontinuity. The 
follow ing theorem will therefore be necessary. 

165. Let the potential V throughout a given space S be the 
given function <£ (x, y, z) 9 throughout a neighbouring space S', let 
the potential be ^ (x, y, z), and so on. In this way we regard all 
,-space as divided into compartments within each of which the 
potential is a different function of the coordinates. We suppose 
"in the first instance that the given potentials are nowhere infinite. 

As a point P moves in space, passing from one compartment 
to the next, we know by Art. 145 that there should be no sudden 
change in the numerical value of the potential. We therefore 
suppose that the given potentials cf>, have equal values at all 
points of the common boundary. This implies that the space rates 
of the potential tangential to the common boundary are equal. 
The tangential components of force must therefore be equal. 

If the normal forces at the boundary are not also equal, there 
I will be a film of attracting matter at the boundary (Art. 146) - 
* whose surface density a is given by Gree n’s equation 

47TCT = 


__ d(j> d^r 
dn ^ dn' 


where dn, dn' are measured in directions outwards from the spaces 
S 9 S', and therefore, at points inside each space, towards the 
boundary. 

We have now proved that the only arrangement of matter 
which could produce the given system of potential values is one 
consisting partly of solid matter given by Poisson’s equation filling 
the compartments and partly of films on the boundaries. It 
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remains to prove by integration that this arrangement does 
•, actually fulfil the given conditions. The results of these inte¬ 
grations are supplied by Green's theorem. 

]//'' 166 . Let us -write <f> for the arbitrary function V in Green’s theorem and let 
D=-i- as ^ e ^ ne< ^ * n Aits. 154 and 159. Then the potential at 

P when P is outside S is equal to that of a stratum of surface density D placed on 
S, and when P is inside S, the potential at P exceeds that of the stratum by 
<f>(x, y , z ). Let this stratum be included (with the sign of D changed) as part of 
the attracting system, the potential at a point outside S is then zero and at a point 
inside 8 the potential is <p. The proposed conditions are satisfied for the space S. 

Treating the neighbouring space S' in the same way, we obtain an internal 
density determined as before by Poisson’s equation and a superficial density which, 
when its sign is changed, is the same as that given by D except that the function <p 
is replaced by \p and the element dn of the normal is measured in the opposite 
direction. 

Adding together the two superficial densities and remembering that <p and xp are 
equal at those points of the boundary which are common to S and S', we observe 
that the first terms of each destroy each other. We therefore find for the density 
of the superficial stratum 



where dn and dn' inside each compartment are measured towards the boundary, so 
that dn~ - dn'. We notice that this law of density is independent of the position 
ofP. 


If the given potential <f> is infinite at any point A within the space S we must 
suppose that a finite quantity Q of attracting matter is situated at A (Art. 101). 
The quantity Q may be found by enclosing A within a small sphere and using 
Gauss’theorem, 4:TrQ=jFd<T. If the potential is infinite along a curve, the line 
density may be found by enclosing an elementary arc within the sphere. 


f 167 . Ex. 1. The potential at a point Q is <P—2tt (b 2 - a 2 ), = (3 b 2 - r 2 - 2a 3 /r) 
or x=l 7r (b s ~a s )(r, according as the distance r oi Q from the origin is less than a, 
lies between a and b, or is greater than b. Find the attracting system. 

Considering the space in which r is less than a , we see that both the volume 
density and the part of the surface density dcpjkirdn are zero. 

Considering the space in which r lies between a and b, the volume density is 

found by substituting in />= ~ Art. 108, and is equal to unity. The 


part of the superficial density found by substituting in dipl^irdn is zero at the inner 
boundary and - (6 3 - a 3 ){Sb 2 at the outer. 

Lastly in the space in which r is greater than b , the volume density is zero and 
the part of the superficial density dxl4ardn= (b 3 - a 3 )/Bb 2 . 

Joining these together, we find that each of the two surface densities is zero and 
that the attracting body is a spherical shell of radii a and b and unit density. 

I Ex. 2. Find the attracting system whose potential V is equal to 
/u (1 - Lx- - My 2 - Nz 2 ) 

at all points within the ellipsoid Lx 2 + My- + Nz 2 -1 and zero at all external points. 
The system is a homogeneous ellipsoid whose density is p. (L + M+N)I2 tt, 


6—2 
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together with a superficial stratum whose surface density at Q is - where p 

is the perpendicular on the tangent plane at Q. 

Since this stratum is equivalent to a thin homogeneous confocal shell (see Vol. i. 
Art. 4B0), this result supplies a simple relation between the potential of a homo¬ 
geneous solid ellipsoid and that of a homogeneous confocal shell. See Art. 224, 

f 




168. Inversion from a point*. Let 0 be any assumed 
origin, and let Q be a point moving in any given manner. If on 
the radius vector OQ we take a point Q' so that OQ.OQ' = k\ 
then Q and Q' are called inverse points. If Q trace out a curve, 
Q f traces out the inverse curve; if Q trace out a surface or solid, 
Q traces out the inverse surface or solid. The points Q, Q f are 
sometimes said to be inverse with regard to a sphere whose centre 
is 0 and radius k. 

Let P', Q' be the inverse points of P, Q , then since the products 
OP. OP', OQ. OQ' are equal and the 
angles POQyP'OQ' are the same, the 
triangles POQ , P'OQ' are similar. 

We therefore have 

l J 0(] 

P'Q' ~~ PQ * OP' 


.(l). 



Let m,‘m' be the masses of two particles placed respectively at| 

1c ; 1 ; 

Q, Q\ and let the densities be such that m' = m ^.(2). • j 

Multiplying equations (1) and (2) togeffiSff^e see that the 
potential at P' of m r is equal to that at P of m, after multiplication 
by a quantity k/OP' which is independent of the position of Q. 

■ Let any number of particles of given masses m 1} m 2} &c. be 
placed at different points Q 1} Q 2) &c., and let the corresponding 
masses m/, m 2} &c., be placed at the inverse points Q/, Q./, &c. 
Then since an equation similar to (2) holds for each pair of masses, 
we have by addition 

( Potential at P' \ _ ( Potential at P ^ k ^ 

\of the inverse system/ \of the given system/ OP' .^ 

k 


which may be compendiously written V'=V 


OP’* 


/ 

* The Method of Inversion is due to Sir W. Th^rnioif^ow Lord Kelvin. In a 
letter addressed to M. Liouville and published in Liouville's Journal, 1845, a short 
history and a brief account of some of its applications are given. This letter may 
also be found in the Reprint of papers on Electrostatics and Magneton. 
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169. If the given masses m l} m 2 , &c. are arranged so as to 
form an arc, surface or solid, the inverse masses will also be 
arranged in the same way. It will therefore be necessary to | 
discover some rule by which wT"can compare the density at any |j 
poini of the given system with that at the corresponding point of | 

, the inverse system. | 

;‘‘~*nDsmg"' J £Ee same figure as before but changing the meaning of 
P, let PQ now represent any elementary arc of the locus of Q, 
then P'Q' represents the corresponding inverse arc. If the locus 
of Q is a curve, we infer from the similarity of the triangles POQ, 
P'OQ' that the lengths of the elementary arcs P'Q', PQ are in the 
ratio OQ'/OP , i.e. QQ'/OQ ultimately. Hence by (2) the ratio of 
the line densities of the arcs P'Q', PQ is equal to k/OQ'. 

If the locus of Q is a surface, the elementary areas P'Q', PQ are 
in the ratio of the squares of the homologous sides, i.e. as OQ' 2 to 
OQ 2 . Hence by (2) the ratio of the surface densities at Q' and Q 
is equal to ( k/OQ'Y . 

If Q travel over all points of space enclosed by a surface, the 
elementary volumes at Q', Q are ultimately in the ratio OQ' 2 
dco.d(OQ') to OQ 2 dco ,d(OQ). Since OQ.OQ' = k 2 , this ratio is 
equal to OQ' 3 JOQ\ Hence by (2) the ratio of the densities at Q' 
and Q is equal to (k/OQ') 5 . 

Summing these results, we see that 
/ density at Q' \ _ / density at Q \ / k V^’ 1 
\of the inverse system/ Vof the given system/ * \OQ'J 
where d represents the dimensions of the system, i.e. d— 1 , 2, or 3 
according as the system is an arc, a surface or a volume. When 
the system is a point, d — 0; the equation (4) then agrees with (2) ^ 
and gives the relation between m and m'. 


••( 4 ), 


170. The mass of any portion of the inverse body is equal to 
the potential at the centre of inversion of the corresponding portion 
of the primitive'body multiplied by the radius k of inversion. By 
Art. 168, we have m =mk/0Q, i.e. mi is equal to the potential of 
m at 0, multiplied by k. The theorem being true for each ele¬ 
ment of mass is necessarily true for any finite portion of the body. 
171 . Ex. If the law of force be the inverse nth power of the distance, the 

potential of a particle m takes the form ——• -Pf . Prove that the equations 

n — 1 r n ~ l x 

corresponding to (2), (B), and (4) become 




M 1 - 

OQ'J 


P =P 


k \2d+i-» 

OQ'J 


'-'fay 
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When the law of force is the inverse distance n=l, and the potential of th 
attracting mass takes a different form. In this case the quantity here called V 
becomes 2m/(re-l), and is therefore proportional to the mats of the body Th 
theorems therefore of inversion, though they no longer apply to the attractions of 
bodies, will still enable us to find their masses when their densities vary as some 
power of the distance from a point. See Quarterly J., 1857. 


172. Some Geometrical properties. 

points P, Q invert into P', Q', then = 

FQ 


• It is convenient to notice that if the 
OP. OQ ’ w ^ ere P< 2’ F 'Q' are the linear 


distances between P, Q and P\ Q’ respectively. For example the ratio ' ES • 

Qlt ~SP 

unaltered by inversion; because each letter occurs the same number of times in the 
numerator and denominator. 


„ 17 f 1 inverse jf “ W h ?re- Let Q describe a sphere whose centre is 

- and 0< 2* 0< 5 / 7 &2 * ^ et OQQ' cut the primitive sphere in P, then since 
f OQ. OP is constant, it follows that OQ'/OR is constant. The locus of Q' is there¬ 
fore similar to that of R, that is, the inverse is a sphere and 0 is a centre of 
similitude, * 



. ^ he f ntre D of the inverse s P here « OC produced, and by the properties of 

0070R 8 Th 3 ’ 18 1 f T &DCe fr ° m ° tha * 0I>I0C iS 6(1Ual t0 the constant ratio 
0<3 1 OB. The centre <7 of the pnmitive sphere does not invert into the centre D of 

the inverse sphere, but into some point C such that OG. OC'=b? It ; s easv to ... 

lZ^ SlBS ’ C ' UeS ° a &e POlal line 0f the centre of irrversio 
regard to the inverse sphere. 

A sphere inverts into a plane when the centre of inversion 0 is on the surface of 
the primitive sphere The inverse of a plane with regard to any centre 0 oftvef 
y sion is a sphere which passes through 0. 

A circle is the intersection of two spheres and in general inverts into a circle '■ 
-but when the centre of inversion lies on the circle, the inverse is a straight line. ’ !! 

Ex. Let P, P' be two inverse points with regard to a sphere S; prove that 
every sphere passing through P, P' cuts S orthogonally. Conversely if a sphere 
8 ° UtS S orau V^ “d GPP’ & any chord through the centre of 8, then P P' 

are inverse points with regard to S. See figure of Art. 86. 

tvrA 74 " ^ V t U U Mt altered by inversion - Lei PQ, PR be elementary ares of 

1 !Tntre o eS f WllICl1 ^ ? ^ “ 0t necessari! y “ the same plane with the 

centre 0 of inversion. Let P'Q’, P'R’ be the inverse arcs, we have to move that 

mintsp 6 ’'oT " U ™ ately 6,1Ual - Descr:be a ^re through the four 

eoual the tlf i 5 ““ * he Pr ° du ° ts 0P ’ 0P ’’ • °Q' and OR. OR' are 

equal, the sphere also passes through Q', R'. The planes OPQP’Q' and OPRP'R' 

C QPR OP'P' 6 “ T° 7t S ?° Se Plan<3S intersect in °PP'- The opposite angles 
svmmef P ' R n ° Ilt i med b7 * he tangents t0 these “reles are evidently equal by ■ 
“ ! s 0180 eVldent that of the angle and its inverse, vis. QPR 

Q PR, make equal angles with the opposite directions of OFP\ ^ 
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' , 175. It follows at once, from the theorem, that two given orthogonal spheres 

invert into orthogonal spheres. 

^ i76. Ex. 1. The potential of a homogeneous spherical surface at a point P 

, f is 4arap or AiratpICP according as P is inside or outside the surface, where G is the 
^ * centre and a is equal to the radius. It is required to invert this theorem with regard 
to an external point 0. 

" Since the product of the segments OQ.OQ' is constant in a sphere, it is clear 
that if we take k equal to the length of the tangent Of, the sphere will be its own 
inverse. When only one sphere occurs in the system this choice of the value of Tc 
will simplify the process, but when there are several spheres it will be more- 
convenient to keep the value of k indeterminate. 



If P is within the spher e, the inverse point P' is also within the sphere. By (4) 
•the density of the inverse sphere at Q f is equal to pik/OQ')*, and its potential at P 
is 4 rrapkfOP 

If Pis without the sphere, P' is also without. The density at Q' of the inverse 

• O "lc 

system is the same as before, but the potential at P' is - . Let C' be the 

point on the straight line OG such that G and G' are inverse points. Then by the 
similar triangles GOP , G'OP' we have CP. OP'=OG. G'P f . The potential at P' is 

, 4?ra 2 p k 
therefore 

If If is the mass of the inverse system, the relation between M f and p may be 
easily deduced from either of these expressions for the potential. Take th e first, 
where P' is inside the sphere, we notice that since every element of the sphere is 
equally distant from the centre, the potential at the centre is M'/a. Hence putting 
P' at the centre and comparing the two values of the potential, we have 
M'=4tTrpa-klOC. Take the_ second case, when P' is without the sphere, we notice 
that the potential at"a very distant point mustloetmdss divided by distance. By 
equating these two values of the potential, we arrive at the same value of If as 
before. This value of M' may also be easily deduced from Art. 170. ^ 

Taking both these results, we arrive at the following inverse theorem. 

Let a mass M' be distributed over a spherical surface, centre C, so that its 
density at any point Q’ is p(k/OQ ') s , ivliere 0 is an external point , and k is the 
length of the tangent from 0. Then p = M f cjiTra 2 k, where c = OG; and the potential 

at any point P is M' - ~ - t or -^4/ > according as P' lies within or without the 
a UJr C Jr 

sphere. The points C' and G are inverse points with regard to 0, and it is easy to 
see that G f lies on the polar line of 0. 

The potential of this heterogeneous spherical stratum at all external points is the 
same as if its whole mass M' were collected at C, and at all internal points is the 
same as if a mass M'cja were collected at 0. > 
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It follows from Art. 136 that the centre of gravity of the heterogeneous stratum 
is at G' and that every straight line through C is a principal axis. 

Ex. 2. If the density of a spherical surface vary as the inverse cube of its 
distance from an internal point 0, find its potential at any point. 

If the centre of inversion 0 is inside the primitive sphere we can still make 
the sphere its own inverse by drawing 0Q r from 0 in the direction opposite to OQ , 
and taking k 2 equal to the product of the segments of all chords through 0. With 
these changes we may show that the potential at all external points is the same as 
if its whole mass M! were collected at 0, and at all internal points is the same as if 
the mass M'cja were collected at C'. 

Ex. 3. The potential of a homogeneous solid sphere at an external point P is 
%irpa?ICP, where C is the centre and a the radius. Invert this theorem with regard 
to an external point 0. 

The result is that the potential at an external point of a heterogeneous sphere, 
whose density at any point Q' is p(k/OQ') 5 , is the same as if its whole mass M' were 
collected into a fixed point C'. This point C' is the inverse of the centre with regard to 
0 and is also the centre of gravity of the sphere. The constant p may be found from 
■ the relation M'c—^Tpa^k, where c = OG, and k is the length of the tangent from 0. 


/ Ex. 4. A heterogeneous spherical shell is bounded by eccentric spheres whose 
radii are a, b , and its density at any point Q is mjOQ r) , where m is a constant and 
O a given external point. Show that its potential at any internal point P is 


§7 Tin 
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where A and B are the points whore the polar planes of 0 intersect the diameters 
drawn through 0, and/, g are the tangents from 0. 


Ex. 5. An infinitely thin layer of matter is placed on the surface of elasticity 
,e 2 r 4 =:a 2 a; 2 -l-6“?/“ + c% 2 , so that the surface density at any point distant r from the 
centre varies as pjr 5 , where p is the perpendicular from the origin on the tangent 
plane. Show that the potential at any external point is the same as if the whole, 
mass were collected at its centre of gravity. A 

177. If S is a level surface of any attracting points, the 
inverse of S is not in general a level surface of the inverse of the 
attracting points, because the ratio of the potentials (being given 
by V'^Vkjr') is not constant. But if S is a level surface of zero 
; potential , the inverse of S is also a level surface of zero potential of 
the inverse attracting points . 


178. Let P, P' be inverse points with regard to a sphere S. 
If Q be any point on the surface, the ratio PQ/P'Q is constant by 
the similar triangles OPQ , OP’Q, (Art. 86). Let this ratio be 
ajl3, then a/PQ — fi/P'Q = 0 , that is the sphere is a level surface 
of zero potential of two particles placed at P } P', whose masses are 
measured by a and — fi. 


179. Two points P, P' are inverse to each other with regard 
to a sphere S. Let the inverse of this system, taken with regard 
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to a new origin 0, be the points Q , Q and the sphere S'. Then 
the points Q } Q' are inverse points with regard to the sphere S'. 

By putting particles of proper masses at P, P\ the sphere can 
be made a level surface of zero potential. The inverse of S with 
regard to the new origin 0 is therefore also a level surface of zero 
potential of the inverse masses at Q , Q'. Hence Q , Q' are inverse 
points with regard to S'. 

A purely geometrical proof of this theorem is given in Lachlan’s Modern 
Geometry. 

180 . If a particle of finite mass m is at the centre of inversion 0, the inverse 
is a distribution of matter at infinitely great distances from 0. The theory of 
inversion gives the potential of the whole inverse system including the infinitely 
distant matter. If we wish to remove the latter from the field under consideration 
we must subtract its potential. Now by equation (3) of Art. 168 its potential at any 

point F is V' = V = ~oW~OF~^ ’ ma y ^erefore disregard this infinitely 

distant matter if we subtract from the potential of the inverse body as given by the 
theory, the constant mjk. 

If the mass at 0 merely forms part of a stratum passing through 0, the mass 
actually at 0 is zero and the constant to be subtracted is also zero. 

181. Inversion from a line. Instead of inverting the 
attracting system with regard to a point 0 we may invert it 
with regard to some straight line Oz. Let a point Q move in any 
manner, and let QN be a perpendicular on the axis Oz. If on NQ 
we take a point Q' so that NQ . NQ' = Jc\ where h is a given 
constant, then Q' is the inverse of Q with regard to the axis of z. 

With this definition it is clear that any cylindrical surface 
with its generators parallel to Oz inverts into another cylindrical 
surface also having its generators parallel to that axis. This 
method of inversion will therefore help us to deduce the potential 
of one cylindrical surface or solid from that of its inverse. We 
shall sujopose that the density of the cylindrical body is uniform 
along any generating line but varies from one generator to 
another. 

182 . If an infinite rod is parallel £o the axis of z 9 its attraction at any point P 
on the plane of xy is known to be 2m/QP, where Q is the intersection of the rod 
with the plane of xy and m is the line density. The potential of such a rod at P is 
therefore V= G - 2m log QP, where C is some constant, Art. 50 Let us invert 
this rod with regard to the axis of « into a parallel rod, and P into another point 
P\ Supposing the inverse rod to have the same line density as the primitive rod, its 

potential at F is V'=C~ 2mlog Q'F. But by Art. 168 FQ r = PQ °PL 

c ' 00 

V' + 2m log OP' = V + 2m log 0 Q . 


Hence 
.( 1 ). 


















90 


ATTRACTIONS. 


[art.. 184 

Let there be a system of rods intersecting the plane of xy in the points Q 
Q 2i &q., and let the inverse rods intersect the same plane in Qf, Q 2 ', & c . Let m/ 
m 2 , &c. be the line densities of the several pairs. Then for each pair we have an 
equation similar to (1); adding all these together we find 
(Potential at P' of inverse system) 

~ (Potential at P' of the whole mass collected at the axis) 
= (Potential at P of given system) - (Potential at 0 of given system). 

183. If the primitive system of rods intersect the plane of xy in an arc or an 
area, the inverse system will also be arranged in the same way. To compare the 
densities we observe that the masses of the given system and the inverse are the same 
hut differently distributed . If the locus of Q is an arc, the ratio of the elementary 
arcs at Q\ Q is equal to OQ'/OQ, and the ratio of the line densities is therefore 
equal to OQ/OQ\ i.e. ( kjOQ'f . If the locus of Q is an area, the ratio of the surface 
densities is equal to (kjOQ') 4 . 

We should notice that m is the mass per unit of length of a rod. Hence when 
the attracting rods form a cylindrical surface whose surface density is p , we have 
m=pds , where ds is an element of arc of the section of the cylinder by a plane 
perpendicular to the axis. Eor example, in the case of a right circular cylinder of 
radius a we have Zm=2trap. If the rods form a cylindrical volume of density p, we 
have m—pdA, where dA is an element of area of the curve of section. 

Ex. 1 . A heterogeneous stratum is placed on a right circular cylinder , the density 
being uniform along any generator. It is required to compare the potentials at an 
internal and an external inverse point. If we invert the system with regard to the 
axis and the radius k of inversion be the radius of the cylinder, the stratum inverts 
into itself. If P, P' be the internal and external points, V, V' the potentials, we 
have by Art. 182 V - ( C' - 22??i log OP') = V-V 0 . Collecting all the constant terms 
into one, we have V'- V=A -2Zm log OP'. The corresponding proposition for a 
sphere is given in Art. 86. 

Ex. 2. Invert the following theorem with regard to an eccentric internal 
straight line. The potential of a homogeneous right circular cylindrical surface at 
any internal point is constant and equal to that along the axis. 

The resulting theorem is as follows. If matter be distributed in a thin stratum 
over a right circular cylinder so that the surface density at any point Q' is 
proportional to the inverse square of the distance of Q' from an internal straight 
line OZ parallel to the generators, the potential at any external point is the same 
as if the whole mass were evenly distributed over the straight line OZ. 

184. Extended theory- Let ^ 2 )-Qu> be n points arranged at equal 
distances on the circumference of a circle of radius p. Taking the centre 0 as 
origin, let the polar coordinates of these points be (p, <p), (p, <p + a), (p, 0 + 2a) &c., 
where na = 2 tt. Let P be any point and let (r, 6) be its coordinates. By Be 
Moivre’s property of the circle we have 

r 2n _ 2 r n p n cos n (6- 0) + p 2n = PQf . PQ./.. .PQ n 2 .(1). 

Let us now take two other points Q', P' whose coordinates (p', 0') and {r', 6') are 
such that p' = c(pjc ) n , <p' = ?Kp; i' r =c (rjcy i , 0 r =7iO, where c is any constant. It 
immediately follows that the left side of (1) is equal to c 2 ( n_1 ). (P'Q') 2 . Taking the 
logarithm of both sides, we find 

log P'Q' + (w -1) log c = log PQj -l- log PQ 2 + &c. + log PQ n .(2). 

Let us now suppose that two infinite thin rods, each of uniform line density m, 
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are placed perpendicularly to the plane of the circle at P and P' respectively. It 
follows at once from equation (2) that the potential of®the second rod at Q' differs 
by a constant from the sum of the potentials of the first rod at the points Q v Q 2 , &c. 

In the same way, by properly placing pairs of corresponding rods we may build 
up two corresponding cylindrical bodies, which have the property that the potential 
of the second body at Q' differs by a constant from the sum of the potentials of the 
first at Q v ..Q n . 

We may express this result in the form of a theorem. An infinitely long 
cylindrical body has its density uniform along any generating line and attracts 
according to the law of nature . The body , being referred to cylindrical coordinates 
with the axis of z parallel to the generators, is transformed into another cylindrical 
body by moving each cylindrical element (r, 6) into the position (r r , 0'), where 
r r =c(rjc) n , 0'=n6, without altering the mass of element . If the potentials of the 
original body at the n points (p , <j>), (p , <£ + a), (p, <£ + 2a) dtc. be V l9 V 2 , V z dtc. then 
the potential of the transformed body at (//, <p'), where p'—c (p/c) w , <p'=n<p, differs by 
a constant from the sum V 1 + V 2 +dtc. + V n . 

If one be a continuous cylindrical solid, the other body may be made also 
continuous by altering the areas of the sections of the transformed elements, 
keeping the mass unchanged. Since the elementary areas at P, P' are respectively 
rdQdr and r'd&dri we easily see that the volume densities at P, P' must be in the 
ratio of (nr') 2 to r 2 . 

If one body be a continuous surface, the other may be made also a continuous 

surface. Since the masses on the corresponding arcs ds, ds' are equal, the surface 

densities <r, cr', must be such that crds=<r'ds\ This ratio may be put into other 

forms. Let f, \p' be the angles these arcs make with their respective radii 

vectores, then since r'=r n jc n - 1 , 0'—n0, 

, ,d& dd A . 

tan \b =r ——=taniA 
T dr' dr r 

It appears that the radial angle \p is unaltered by the transformation. Since 
sin ^=rd0/ds, sin xp'^r'dd'Jds', we see that ds/ds^r/nr', and therefore r<r = ?&rV. 

Since the coordinates of the corresponding points of the two figures are connected 
by the relations r'=r tt /c n “ 1 , 0' = nd, it is clear that when 6 ' has increased from 0 to 
2t, 6 has varied from 0 to 2 irjn, and thus an arc only and not a closed curve is 
obtained. If P' travel n times round its curve, the curve traced out by P will 
consist of n equal and similar arcs, fitting together and forming a closed curve. 
Since ct = 27r [n, it is also evident that these n arcs are similarly placed with regard 
to the n points Qj, Q 2 , &g., and that therefore the potential of the whole closed 
curve at each of these points is the same. 

The potential therefore at Q' of the n coincident cylindrical strata generated by 
the rod F in n revolutions (which of course is n times that of the cylinder taken 
once) is equal to n times the potential of the complete cylindrical stratum 
generated by the rod P at any one of the points Q l9 Q 2 , &c. It follows that the 
potentials of the two closed cylinders (each taken once) are equal at the corresponding 
points Q x and Q f . If one stratum (like an electrical stratum) is equipotential 
throughout all space on one side of the surface, the other is also equipotemial on 
the corresponding side. 

Ex. Thin layers of attracting matter are placed on the cylinders 
A (£ 4 +p 4 ) + 2Rrik/ 2 =l, 

Ax*+S(ZB-2A)xY+S{3A-2£)x n -i/ i +Bi/ = l; 
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if the surface densities are proportional respectively to r 2 p and r% where r is the 
distance from the axis and p is the perpendicular on the tangent plane, prove that 
the potentials are constant at all internal points. 

If a thin stratum is placed on the cylinder Lx' 2 + My' 2 =l whose surface density 
is (r'=Kp', the potential inside is constant, Art. 72. Transform this theorem by 
writing r'=r 2 /c, 0'=20. The elliptic cylinder becomes the first of the two cylinders 
in the example. The surface density <r follows at once from <rr=-n<r f r' t if we 
remember that plr^p'jr' at corresponding points. 


y 


Circular rings and anchor rings. 


185. When the potential of a thin heterogeneous circular 
ring for any law of attraction is known at all points in its plane 
within the circle, the potential at every point of space may be 
deduced by inversion. 

Let the plane of the circle be the plane of xy , the centre 0 
being the origin. Let the 
plane of xz contain the G_’ 

point R at which the 
potential is required and 
let it cut the circle in 
A', A. In the figure the 
attracting circle is repre¬ 
sented by the dotted line. 

Describe a circle through 
the points A, A' and R , 
then 

CP.CR = CO.CC' = CA\ 



The points P and R are therefore inverse with regard to C. If 
then V, V" are the potentials of the ring at P and R, when the 


law of force is the inverse /cth power, we have F" = F 



K—1 


where c = CA and r” = CR. 

When the law of attraction is the inverse distance, the 
potential takes a logarithmic form, Art. 43. Let m be the mass 
of a particle of the ring situated at Q. Its potentials at P and R 
are C — m log QP and C — m log QR. But since the triangles QCP , 
QCR are similar (Art. 1G8) QP/QR = c/CR. If then F and F" 
are the potentials of the whole ring at P and R, we have 
c 

V"= V + i)/log -p- n where M is the mass of the heterogeneous ring. 
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186. The geometrical relations between the positions of P and R 
are most easily obtained by describing an ellipse or hyperbola 
whose foci are A, A! and which passes through R. 

Since the angles ARC, A'RC stand on equal arcs, these angles 
are equal and RPC is therefore a normal to the ellipse . We thus 
have r = e 2 x where r = OP, x is the distance of R from the axis Oz 
of the ring, and e is the eccentricity. We also have CA/CR or 
cjr" = e. If p, p' are the least and greatest distances of R from 
the ring, the focal distances AR = p, A'R = p. Hence, a being the 
radius of the ring, ex = \ (p — p) and a/e = (p' + p). 

The semi-major axis of the ellipse is a' = a/e. 

187 . The result may be stated as follows.. Let the potential 
at an internal point P in the plane of the ring be V = f(r). Then , 
if the law of force is the inverse icth power of the distance, the 
potential at R is V" = e K ~ 1 f(e 2 x). If the law of force is the 
inverse distance V"—V + If log e. We may use any of the preceding 
geometrical results to express e in terms of the coordinates of R. 

The points R and P' are inverse points with regard to a sphere whose centre is 
C' and radius C'A. These may be used to deduce by the same rule the potential at 
R from that at the external point P'. Instead of the ellipse we then use the 
hyperbola which has its foci at A', A and which passes through R. 

188 . Ex. Prove that the component forces at R along the tangents to the 
ellipse and hyperbola are e K+1 F sin JRPA and e' K+l F' sin RP'A, where F, F' are the 
forces at P and P' resolved in the directions OP, OP' respectively ; and e, c' aro the 
eccentricities of the ellipse and hyperbola. Prove also that ee' = a/x 9 and that 
P, P' are inverse points with regard to the ring. 

189 . Ex. The potential of a uniform circular ring, when the law of force is 
the inverse distance, is known to be constant at all points within the circle 
and in its plane, Art. 55. The potential at any point R of space is therefore 
V"=C + M loge. It follows that the level surfaces are oblate spheroids having the 
circle for a focal conic. 

Prove that the resultant force at R takes either of the forms 
F=M .n/pp' = M . (l-e 2 )//i, 

where p, p' are the focal distances and n is the length of the normal RP. 

If the ring is heterogeneous, let its law of density be given as described in 

Art. 58. The potential at any point R of space is then V" = 2F n — f IZiV+c' 
(except when n = 0), where a is the radius of the ring. ^ ^ <l ' 

190. To find the potential of a thin uniform circular mncj of 
line density m, the law of attraction being the inverse fdh power of 
the distance . 

First, let the point P at which the potential is required be in 
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the plane of the circle. Taking the figure of Art. 55, let OA = a , 
OP = r, we then have 

a sin <£ = r sin 0 , u 2 — 2 wr cos 0 + r 2 — <z 2 = 0 .( 1 ) ; 

where 0 = OPP, ^ = Pi?. When P is outside the circle both the 
values of u given by the quadratic are positive and represent 
geometrically the distances PQ, PR; these we distinguish as 
u 1} u 2 . When P is inside the circle the geometrical distances are 
— and u 2 . 

The elementary masses at Q, R being mu x d0jcoB <jf> and 

muodO/eos^ the potential V of the whole ring at an external- 

t r m [ d0 a 0 1 , 1 

point is V=—+— .( 2 ); 

when P is inside we write — u x for u x ; we notice that when k 
is an even integer, the same formula represents the potential 
whether P is internal or external. The value of S K ^ may be 
deduced from the quadratic, thus S 0 = 2, S x = 2r cos ^/(r 5 — a 2 ). 

The limits of the integral are different according as P is 
outside or inside the circle. When P is outside, cj> varies from 
0 to \nr and sin 6 from 0 to ajr , the final result being doubled. 
When P is inside, 6 varies from 0 to ^ 7 r and sin </> from 0 to r/a, 
the final result being doubled. To simplify the limits we express 
the integral V in terms of cf) or 0 according as P is outside or 
inside. 

Representing these potentials by V K ' and V K , we have after 
using ( 1 ) 

y , __ 2m C S K - 2 adcj) y _ 2 m f S K - 2 add 

K — k — 1 J (r 2 — a 2 sin 2 <£)* ’ K k — 1 J (a 2 — r 2 sin 2 0 )% J 

the limits in both integrals being 0 to r. When the law of force 
is the inverse square, 

y,_[ 4 made/) y — f ^wiadO 

2 J (r 2 — a? sin 2 </>)*’ 2 ~~ J (a 2 — r 2 sin 2 0)b # 


When the law of force is the inverse cube we find for an external 
point (using ( 1 )) 

y f _ f mad(j> 2r cos 0 __ 

3 J r cos 0 r 2 — a? ” : 


mira 


The potential at an internal point may be deduced from the 
general expression for V K , if we remember to write — 24 for u 1 . 
It follows however at once from the expression for V s ' by using 
the rule of inversion (Art. 171). We write a 2 /r x for r and 
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multiply by (a/n)*- 1 , where n=OP and k = 3. We thus find 
Tr rmra 

'3 == a 2 _ ^2 * 

The attraction of the ring at any external point P 'm the plane 
of the ring is the sum of resolved attractions of the elements at Q 

and B. In this way we find = <8U<ty. where the limits are 


0 to hir. 

The potentials for these two laws of force being known, the 
corresponding potentials for any other inverse law may be deduced 
from the theorem (Art. 97) 


V. 


*+2 


_1 _ 1 _ 

st +1 a- — r 3 



+ (k 



The potentials at points in the plane of the ring being known, 
the potential at any point B of space may he found by the rule 
of Art. 187. If (*, z) be the coordinates of B, we write e 2 x for r 
and multiply by e" -1 . 

For example, when the law of force is the inverse square, the 

potential at ii is j «» 

0 to -J- 7 T. 

Instead of using the angles OPP=0, ORP=$, we may use the third angle 
POR = f of the triangle OPR, or the angle % subtended by OR at A, so that 

7t— xf/=2x- 

Supposing the law of force to he that of the inverse square of the distance , the 
potential at P is then 

y _[ m ^ s _ f _ 2 madf __ f _ 4 madx _ 

2 J PR J (a 2 +r 2 ~2ar cos J {{a + r) 2 - ±ar sin 2 % ’ 
where the limits are ^=0 to i r, and %=0 to Itt, and ds is an element of arc. Those 
results hold whether P is internal or external, provided it is in the plane of the circle. 


191. Ex. 1. Investigate Plana’s theorem that the attraction of a uniform 
circular ring at an external point in the plane of the ring is 
m 1 /V, a 2 . 0 u 

d *• 

the limits being 0 to \tt. [Turin Memoirs, 1R20.] 

Ex. 2. Prove that the potential of a thin uniform attracting ring at an internal 
point P in its plane very close to the circumference is ultimately 2m log 8a/£, where 
£ is the distance of P from the ring. 

We take the general expression for the potential given as an elliptic integral in 
Art. 190 and put rja — h, where k is to be ultimately put equal to unity. We have 


H = f - 2 — = f^Jflr. 7c i ing y + __, A si ^ t 

4 m J (1 - k' 1 sin 2 d)* J 1\1 + k sin 0/ (1 ~k 2 sin 2 0)i) 

The last integral can be found, and is equal to -log{(l~/c 2 )i/(l + 7c)J-. The other 
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integral presents no singularities and we may put Te =1 before integration; its 
value is then log 2. 

This value of the potential agrees with that given by H. Poincar6 in his Theorie 
du Potentiel Newtonien , 1899, p. 132. The use of the first integral on the right- 
hand side of (1) to find the elliptic integral K when 1 was suggested in a College 
examination paper, Dec. 1896. 

A plane drawn through the axis of the ring will cut the level surfaces in a series 
of curves. By using the theorem V" = eV of Art. 187 we may prove that these are 
circles in the immediate neighbourhood of the ring. 

Ex. 3. Prove that the level surfaces of a thin circular ring, when the law of 
attraction is the inverse cube, are given by pp' = p 2 , where p , p' are the greatest and 
least distances of any point JR from the ring, and the constant p is given by 2 p 2 =MjV", 

192. Anchor rings. An anchor ring is generated by the revolution of a circle 
of radius a about an axis Oz in the plane of the circle, the centre C describing a 
circle of radius c. A thin homogeneous layer is placed on its surface. Prove that 
the potential of the layer at any point P of the axis is 

sin 2 <p) d<p, >p=0 to 

where E=CP, and M is the whole superficial mass. If m be the surface density, 
M=2Tra . 27rc. m by G-uldin’s theorem. 

Let QQ' be an arc of the generating 
outward normal CQ to the anchor ring. 

Let the angles GPQ = 8, CPO^p, and 
PQ=p. Since the arc QQ'=pd0 sec 0, 
the potential at P of the annulus gene¬ 
rated by the revolution of QQ' about 
Oz is 

V = m j sec (f>dd . 2xp sin (0 + (3) 

= 2irmf sec cf>ddp (cos Q sin /3 + sin 6 cos /3). 

Since the integration extends over the 
whole circumference of the generating 
circle, the last term is zero. Also 
sin 0 = sin 0 (a/P), 

.*. cos 0d0 = cos <pd(p (alE). 

.*. V — 27T7?i sin /3 (a/P) { pd<f>. 

The limits are 0 to x if we double the result. Produce PQ to cut the circle again 
in P and let PR = p f . Then 

F= 47 rm ~ \{p + p') d<p, 0 = 0 to £ 7 r. 

Since p + p' = 2 .PN=2^(R 2 -a 2 sin 2 0) this reduces to the result given above 
without difficulty. 


circle; let PQ make an angle 0 with the 



193. Ex. 1. The potential of a solid homogeneous anchor ring at any point P 
of the axis may be expressed in either of the following forms 


V: 


. 4 1 J 

7tR‘ 


;/■ 


cos- 0 N /(P 2 - a 2 sin 2 0) d(p 




sin 2 \pd\J> 


,J (P 2 + a 2 - 2aR cos 0) 


The limits for 0 are 0 to and for 0, 0 to it. If p be the density the whole mass 
M = ira 2 . 2tc . p. 


ELLIPSOIDS. 
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Let r, 6 be the polar coordinates of an element of area at 8 of the generating 
circle referred to P as origin and PC as axis of x. The potential is then 

v= jj . 2x/ir sin (0 + p) = 2rrp. sin /3 $jrd0dr cos 0, 

since, as in the last example, one term of the integral is zero. Let us integrate thU 
first with regard to r. Then using the geometrical relations connecting 0, <p, p, p' 
given in the last article, we find 

m p -^= 2 /V ^- a i sin2 *) “ 2 cos ' 2 +*+■ 

The limits of sin 6 are - a/R to a/R and those of <p are - Jw to £ 7 r. 

Let us integrate the double integral first with regard to 6. Let the circle whose 
centre is P and radius r=PS cut the generating circle in T, T f . Let the angles. 
GPT=8 1 , PCT~\p. Then 

sin = sin f ( a/r ), r 2 =B 2 + a?-2aR cos 0. 

We now find H = J rdr . 2 sin ^=jaR sin 0cZ0. 2 sin 0 ^ , 
lirjj, sm • 

the limits of 0 are evidently 0 to tt. This is equivalent to the second expression’ 

given above. The second expression for V agrees with that given by Dyson, Phil. 

Trans. 1898, p. 55. 

/. Ex. 2. Express the potential of a solid anchor ring in elliptic functions. Let 
J2=l-A; 2 s i n 2 0, k = aJR } then 

1= J cos 2 <f>Xd(p=.jX cos <pd sin cj> 

=J sin 2 (f>Xd<p + Jc 2 j sin 2 0 cos 2 0 (<20/X) 
by integrating by parts. The integrated part is zero at each limit. 

1= jXd<p -1+J(1 - X 2 ) cos 2 0 (d0/Z) 

=jXd<p - 21+ J(1 - sin 2 0) (d<p/X). 

Substituting for sin 2 <p its value in terms of X, we find 

where the limits throughout are 0=0 to \tt. 


x; 


Attraction of Ellipsoids. 


194. For the sake of brevity we shall adopt in this section two 
new terms taken from Thomson and Tait’s Natural Philosophy. 

A homoeoid is a shell bounded by two surfaces similar and 
similarly situated with regard to each other. In what follows we 
shall somewhat restrict this definition and use the term only 
when the shell is bounded by concentric ellipsoids. 

A foca loid is a shell bounded by two confocal ellipsoids. 

Thomson and Tait restrict these terms to infinitely thin shells, 
but it will be convenient for us to use them in a more general 
sense, distinguishing the shells as thick or thin according as the 
thickness is finite or infinitely small. 

A shell bounded by two similar and similarly situated surfaces 

7 
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has been called a homothetic shell by Chasles in the Jour. Pol., 
Tome xv., 1837. "ThiTis a convenient term when the surfaces are 
either not concentric or not ellipsoids. 

/V 195* Let ( a , b } c) be the semi-axes of the internal surface of a 
thin ellipsoidal shell, (a + da, &c.) those of the external surface. 
Let OPQ be any radius vector drawn from the common centre 0 
cutting the ellipsoids in P and Q, let OP = r. Let p be the 
perpendicular from 0 on the tangent plane at P , p + dp the 
perpendicular on a parallel tangent plane to the outer ellipsoid. 
Then dp is equal to the thickness at P. 

When the thin shell is a homoeoid we have by the properties 

< „ da db do dp dr _ Jlm 

of similar figures — = y = 

Since the volume of a solid ellipsoid is f irabc, we find by differen¬ 
tiation that the volume v of the shell is v = 4? rabcdh Two thin 
homoeoids are said to be confocal when their inner boundaries are 
confocal conicoids. 

When the shell ^s a focaloid, we have a' 2 = a 2 4- X, V 2 — b 2 + A, 
'&c., where (a', b', c') are the semi-axes of the external surface. 
v These give for a thin shell ada = bdb = cdc - pdp = \d\. The 
wolume v of the shell may be shown by differentiation to be 
_ 47 r b 2 c 2 4 - c 2 a 2 + a 2 b 2 dX 
V ~~ 3 abc 2 

'If we regard either shell as a thin stratum placed on an 
ellipsoidal surface the mass on any elementary area dA is pdp. dA 
where p is the density. The surface density is therefore pdp and 
it varies directly or inversely as p according as the stratum is the 
limit of a homoeoid or a focaloid. 

196. Thick homoeoid, internal point- To find the poten¬ 
tial of a thick homogeneous homoeoid at an internal point 

It has been shown in Art. 68 that the attraction of such a shell 
at all internal points is zero. The potential is therefore constant 
throughout the interior, and it will be sufficient to find the potential 
at the centre. 

Taking polar coordinates with the centre as origin, the mass of 
any element is pr 2 drda >, where p is the density of the element. 
The potential V of the whole solid at the centre is therefore 
V=pjfrdrda). If r l} r s be the radii vectores of the two surfaces 
of the shell, we have V— ^pfr 2 2 dco — ^pfr^dco. 
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The determination of the potential at the centre of a thick 
shell, bounded by any concentric ellipsoids, depends therefore on 
the evaluation of the integral Jf-dco taken over the superficies of 
an ellipsoidal surface. 

When the shell is a homoeoid these surfaces are similar. Let 
(a, b, c), ( ma , mb, me) be the semi-axes of the external and 
internal surfaces. We then find V— £p (1 — m 2 ) Jr 2 dco, where r is 
the radius vector of the externaTEoundary. 

When the shell is a thin homoeoid m is nearly equal to unity. 

The surface density is pdk.p and the potential is pdkjr 2 dco where 
dk= 1 — m. When the surface density is pup the potential is fifr-dm 
and the whole mass is 47ra6c^t. ^ 

It easily follows that the potential of a thin homoeoid is two- 
thirds of the potential at the centre of. a solid homogeneous 
ellipsoid of equal mass and having the same external boundarv^^ 

> 197. To find the integral fi^deo we write dm = sin 6d6d<b. 
Substituting for r 2 its value found from the equation to the 

ellipsoid, we have 

. „ 7 ff sin 6ddd<b 


I cos 2 6 


+ sin 2 9 


f cos 2 </> sin 2 <f> 


r 


where the integration extends over the whole surface of the 
ellipsoid. Taking only an octant, the limits are 8 = 0 to 6 = r, 
<£ = 0 to cj> = \n r. The order of integration is immaterial. 

Let us integrate first with regard to </>. Dividing 
numerator and denominator by cos 2 </>, we find 

sin Oddd tan <f> 


both 


r d o>=Jf- 


cos 2 6 sin 2 6 
+ — t- + 


'cos 2 6 sin 2 6 

+ 


V a 2 \ cr 

By obvious processes in the integral calculus 


b‘ 2 


j tan 2 <f) 


f 


dt 


i o -d. + JBfi 

It therefore follows that 


1 


tan _: 


i fr"-d<o 


=?/■ 


Vz]:- 


sin 8d6 


2*/(A£)' 


cos 2 6 sin 2 8' 
c 2 w 


cos 2 8 sin 2 6 


v)' 


c* b 2 

To interpret this expression, let us produce the radius vector OP 
or t to cut the tangent plane drawn at the extremity G of the avis 
of z. Let R be the point of intersection and let CR = u, then 

7—2 
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u = c tan 0. Since the limits of 6 are 0 and \nr, those of u are 
0 and oo. Substituting, we find 

roo du 2 

Jr dco — 27 rabe J ^ + ^2 + ( c 2 + » 

where the integration on the left side extends over the whole surface 
of the ellipsoid . 

roo du 

198. If we write 1 = ^ (a , + u)i(¥+ u)Hc , + u)i > ™ find 
that the potential of a thick homoeoid is 

r=p( 1 - m 2 ) irabc . I = |MI 1 ——*. 

The potential of a thin homoeoid is V = \M.I } where, in each 
“case, M is the mass of the attracting body. 

It follows that the integral I may also be defined as the ratio of 
the internal potential of a thin homoeoid to half its mass. If the 
homoeoid represent an electrical stratum 2 // is the capacity. 

199. Since the first integration in Art. 197 has been made 
with regard to cj> it is evident that we may introduce any function 
of 6 as a factor without disturbing the argument. We therefore 
have 

/• o 0/17 « i. f° cos 2 ddvC 2 

[r 2 cos 2 0dco = zirabc ^— , 

J Jo (a 2 + u 2 fi (b 2 + u-fi (c- + u 2 fi 

n m i n _.7 _ r o 7 ^ 7 dT 


Since u = c tan 6 and z = r cos 6 , this gives Jz 2 dco = — 27 rate . c ■ 


fx 2 dco = ~27rabc. a-^, fy 2 d<n==~~27rabc.b 

where the integrations extend over the whole surface of the 
ellipsoid. 

The polar equation of the ellipsoid is 

1 —E 'Tl 1 dr __ n 2 

r 2 a 2 b 2 c 2 * * * r* dc c 3 * 

Differentiating JV 2 dw = Snahc! with regard to c, we have JY^dco=7rubc 8 ^ -, > 

with similar expressions for Jr^dw and JV 4 m 2 do>. 

/fr 

200 . Ex. 1. Prove Jv 2 ,t da> = - 4?r t where (X, p) are 

2 a +1 jLi (a) 

the direction cosines of a radius vector, a =/-}- <7 + 7t, and L (/) stands for the 
quotient of all the natural numbers up to 2 f by the product of the same numbers 
up to /, both included. A short proof is given in the author’s J Rigid Dynamics , 
Yol. i. Art. 9. 

Ex. 2 . Show that the integral J, and therefore the potential F, may be 

expressed as an elliptic integral. Thus 1 = 2 -,, / ——^——. 

n/(c 2 - 6 1 ) y ^/(l - X sin- 
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where \ = —p and the limits are ^=0 to sin ' n ^ e S ra ^ ' s rea -l 

if the axis of c is the longest of the three. 

To prove this we revert to the value of / (Art. 197) after the integration with 
regard to <j> has been performed. Putting cos0=v, the integral takes a known 
form. This is reduced to the standard form given in the example by putting 

(c 2 - b-) v 2 =c 2 sin 2 \p. 

^ Ez.B. Showthat (i + i + Jl>=-i’ 

/ 0 d „ d 9 d ,\ r . 0 d 2 I dl dl 

\ a 'Itf +b Jb* +C dP + 4 ) f - 0 ’ 2{a '~ b) d^di?-d^~d P- 

Let Q 2 =(a 2 + u) ( b 2 + u ) (c 2 + w)> then I=Jdw/Q; 


. — f du 2 dQ __ 1 ______ 

da 2 ~~ ® J Q (a 2 + u) * Q du ~~ d 2 +u + b 2 + u c 2 +u' 

The results follow by simple substitution. 

By writing 6 = ma, c=wa, u = va 2 , we see that I is a homogeneous function of 
a, b, c of -1 dimensions. The second result then follows from Euler’s theorems on 
homogeneous functions. 


Ex. 4. If jr- m da) = abcR m , prove that 

{“ 2 ^ +62 ^ + c2 i + ' 4 -” l >}^= 


3 + (f-m)|u m =0, j4R m + cA}, 

. d d a 2 + 6 2 +c 2 ] 

‘ W + C d? + 2 j • 


\ , d d ,d a 2 +J 2 +c 2 j _ 

{“ ~da? + b db i + C dc 2 + 2 [V^n+i- 

The first result follows from Euler’s theorem on homogeneous functions. By 
differentiating jr 2m da}=abcB m with regard to c 2 we obtain fr Sm+2 n 2 d(o as in Art. 199. 
The two other results follow easily. 

Ex. 5. Instead of the standard integral represented by I we may use the 
f 00 abcdu 

Integra J ^ u ^ a 2 +u ji (i>2+ u )h (, c‘ 2 + u)& 

_ , dJ bcdl dJ cadi . 

We then have Tb = ~bTb' &a - 

If we write a, /3, y for the reciprocals of a 2 , b' 2 , c 2 we easily find 

where the integrations extend over the surface of the ellipsoid^ 

Differentiating Jr 2 n 2 da) = - 4:irdJjdy , i times with regard to a, j times with regard 
to /3 and k -1 times with regard to y we arrive at the last result. 

Ex. 6. If f (l 2 , m 2 , n 2 ) be a homogeneous function of l 2 , m 2 , n 2 of s dimensions, 
. „ / d d d \ f^v^dv 


prove that 


Jr 2 / (l 2 , m 2 , n~) doo=Nf 


da d[3 dy 


1.3.5... (2p-l)*l .2.3 ... (s-p) * ' 


and q = 2 (s +1 -p). 
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201. Theorems on thin homoeoids. The potential at any 
internal point of a thin homoeoid being known it is required to find 
the potential at any external point. 

~eTlwo ellipsoids have for their semi-axes (< a, b, c), (a', V, o '); 
points on these are said to correspond when their coordinates 
are connected by the relations 


x_ £ = fl 

•a a /y b b ;> c c' 


( 1 ). 


Let da, da be two triangular elements of area at P, P' such that 
the corners are corresponding points; let p, p' be the perpen¬ 
diculars from the centre 0 on the tangent planes. The volumes of 
the tetrahedra whose bases are da, da and common vertex 0 are 
respectively &pda and %p'da. The first of these volumes is ex¬ 
pressed by one sixth of the determinant in the margin, x y z 

where the several rows express the coordinates of the x 1 y x z x 

corners. The second volume is expressed in the same x 2 y 2 z 2 
way with accented letters to represent the corresponding points 
on the second ellipsoid. It is evident from the relations (1) that 
these determinants are in the ratio a be : a'b'c'. We therefore infer 
that the elements of surface of the two ellipsoids are connected by 


the equation 


pda _ abc 
p'da ab'c 


( 2 ). 


Since any elementary areas at P and P' may be subdivided into 
triangles, it is evident that this relation holds for elementary areas 
da, da of any shape, provided only their boundaries are formed by 
corresponding points. 

Since the thickness of a thin homoeoid is represented by lep, 
it follows that the volumes of corresponding elements of two thin 
homoeoids are in a constant ratio . Adding these elementary volumes 
together, it is easily seen that this constant ratio is equal to that 
of the whole volumes of the two shells. If the shells are of such 
thicknesses that their whole volumes are equal, then the volumes 
of all corresponding elements are equal. See Yol. I. Art. 428. 


202. We shall now require the following geometrical theo¬ 
rem :—the distance between tvjo points one on each of two confocal 
ellipsoids is equal to the distance between their corresponding joints. 
A proof may be found in Smith's Solid Geometry, Art. 166,5 This 
theorem is usually called Ivory’s theorem after its discoverer, who 
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also applied it to determine the potential of an ellipsoid at an 
external point. 

Let P, P' be two corresponding points, one on each of two* 
confocal thin homoeoids of equal volume ; let also Q , Q' be any 
two corresponding elementary volumes each equal to dv. Let the- 
equal distances PQ' y P'Q be represented by P. If/'(P) represent 
the law of attraction, the potentials at P and P f of these ele¬ 
mentary volumes are each f(E)dv . Integrating over the whole 
surfaces of the shells, we see that the potential of the inner thin 
homoeoid at the external point P' is equal to that of the outer thin 
homoeoid at the corresponding internal point P, jyrovided the 
densities are equal at corresponding points*. 

~~ Thus when the potentials of thin homoeoids at all internal 
points are known, their potentials at all external points are also 
known. 

203. It is evident that the potentials of these shells are equal 
whatever be the law of attraction provided the potential is a function, 
of the distance only. 

The potentials are also equal if the shells are heterogeneous , and’ 
the density at any point is a function of (x/a, yjb , z/c). In this: 
case it is evident that the densities of the shells are equal ah 
corresponding points. The equality of the potentials is also true 
when the shells are incomplete, provided only the existing parts 
“correspond” to each other. 

- ' 204. The theorem may also be used (though not so simply) 
to com pare the .potentials . even when the density is any function 
of the coordinates. It will be convenient to express this result in 
an analytical form. 

Let the density p of a thin homoeoid (semi-axes a, b , c) be 
f{x, y, z), and let v be the volume of the shell. It is required to 
find its potential at any external point (£', f'). Let a confocal 

ellipsoid be described passing through the point (£', if, £') so that 

* Chasles in his Nouvelle solution du problhne de Vattraction d'un ellipsoide 
hetirogene sur un point exterieur, Liouville, vol. v. 1840, shows that thin confocal 
homoeoids have potentials at corresponding points proportional to their masses, 
but considers only the case in which they are homogeneous. Knowing that the 
potential of the outer at an internal point is constant, he deduces several theorems 
on the attractions of the inner shell at external points. He finds the attraction of 
a solid heterogeneous ellipsoid by dividing it into thin elementary homoeoids, the 
strata of equal density being the elementary homoeoids. The case in which the 
homoeoid is heterogeneous is not discussed. 
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its semi-axes a , V, c are given by a 2 - a 2 = X, b' 2 - b 2 = X, c' 2 - 
where X is a root of the equation 

_£_+-22_+_C-. i 

a ! + X £ 2 + X e’ + X . 


c - — X, 
( 1 ). 


Let this ellipsoid be the inner boundary of a second thin homoeoid 
whose volume is equal to that of the former. Let its density at 
any point (of, y', /) be p'=/(a#/a', by/b', cz/c'). The potential of 
this second homoeoid at the internal point (aglet, brj'/b', cf'/c') is 
equal to the potential required. 

We shall in general take a 2 , b 2 } c 2 to be in descending order of 
magnitude. If X is either positive, or negative and numerically 
greater than c 2 , the surface (1) is an ellipsoid. If X is negative 
and numerically greater than c 2 the surface is one of the hyper¬ 
boloids or is imaginary. The root of the cubic to be chosen must 
therefore be the algebraically greatest root. Since the attracted 
point is external to the ellipsoid a 2 + X is necessarily greater than 
a 2 , the greatest root is therefore positive. 


I 


205. Taking the case in which the two thin homoeoids are 
homogeneous, the potential of the outer has been proved constant 
for all internal points, Art. 68. It immediately follows that the 
potential of the inner is the same at all external points which lie 
on the same confocal. We therefore infer that the level surfaces I 
of any thin homogeneous homoeoid are confocal ellipsoids. # 

It follows from this proposition that the direction of the 
attraction of a thin homoeoid at any external point P' is normal 
to the confocal ellipsoid which passes through that point. 

It is proved in treatises on solid geometry that this normal is 
also the axis of the cone which has its vertex at P' and envelopes 
the ellipsoid. 

This result was given by Poisson (Mem. da VInstitute 1835). There is an 
elementary demonstration by Steiner in Gralleh Journal , vol. xn. 


206. Since two thin confocal homoeoids have the same level 
surfaces, their potentials can be made equal over any level surface 
enclosing both by properly adjusting their masses. It immediately 
follows that their potentials are also equal throughout all external 
space, Art. ISO. Since the potentials of finite bodies vanish at 
infinity in the ratio of their masses, it is evident that the masses 
of the two homoeoids must be equal. We have therefore the 
following theorem, the potentials, and therefore also the resolved 
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attractions, of two confocal thin homoeoids of equal masses are 
equal throughout all space external to both. 

a* 00, 

207. Lines of force- TheJ.ines.of force of a homogeneous 
■ " thin homoeoid are the orthogonal trajectories of all the confocal 

ellipsoids. Let (a\ b\ c'\ (a\ b'\ c"), (a!'\ c f/r ) be the semi¬ 
axes of the confocal ellipsoid and hyperboloids which pass through 
any external point (£', , f'). Then by a theorem in solid 

geometry 

w a 1 a"a"' , b'V'b'" w _ cW" 

? “ V(a 2 - & 2 ) (« 2 - c 2 ) ’ V V(6* - a*) (6 2 - c 2 ) ’ ? " V(c 2 - a?) (c 2 - 6 s ) ’ 

see Salmon's Solid Geometry , Art. 160. Since these conicoids inter¬ 
sect at right angles, the curve of intersection of the two hyperbo¬ 
loids is an orthogonal trajectory of all the confocal ellipsoids. The 
required trajectories are therefore found by regarding {a", V\ c") 
and {a'", V", c'") as constants. It follows that %'fa', fjb\ %'jc' are 
constant for the same orthogonal. Thus it appears that any line\ 
■■■ of force of a homogeneous thin homoeoid intersects all the confocal■ 

, ■ '* ellipsoids in corresponding points. 

208. Thin homoeoid, external point- To find the potential 
y and the attraction of a homogeneous thin homoeoid at an external 

point P'. The potential V' of the given homoeoid at P' has been 
proved equal to that of a confocal homoeoid of equal mass having 
P' just outside (Art. 206). This again is equal to the potential at 
a point just inside (Art. 145). It follows from Art. 198 that the 
potential at P' is 

y = i mv = x M f°° _ — _ 

2 2 Jo (a'* + uj {V 2 + u'f (c' 2 + u'fi ’ 

where M is the mass of the homoeoid and (a\ V, c') the semi-axes 
of the confocal which passes through P'. 

This integral may be put into another form which contains the 
semi-axes a, b, c of the given homoeoid instead of those a' } b\ c' 
of the confocal. Putting a' 2 = a 2 4- \ b' 2 = £> 2 -f A, c 2 = c 2 + A and 
u! =zu — \, we have 

y, _ M f 00 _ du _ 

2 J \ (a 2 + uf (6 2 -f ufi (c 2 + ufi 9 
where A is defined in Art. 204. 

209. To deduce the resultant attraction , we notice that the 
level surfaces of the given homoeoid are confocal quadrics. The 
resultant force F therefore acts parallel to the perpendicular p' 
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drawn from the centre 0 on the tangent plane at P. Hence 
F=dV'ldp' > and 

dV'dX M 2/_ Mp’ 

a'b'c' ’ 


F= 


dX dp’ 2 (a 2 4- X)i (b* + X)i (c 2 + X)* 
since, by Art. 195, dX = 2p'dp'. 

The expression for the attraction F may be obtained inde- 
,..v- v 'pendently. The attraction of the homoeoid at P' is equal to that 
of a confocal homoeoid having P' just outside (Art. 206) and 

therefore, by Art. 71,. P = 

Again, assuming this value of F, the potential V' follows at 
once by integration. 

210 . Ex. 1. If an attracting body has an ellipsoid enclosing the whole 
attracting mass for one of its level surfaces, prove that all the external level 
surfaces are confocal ellipsoids. See Art. 130. 

Ex. 2. The attractions of a given thin homoeoid on two corresponding elementary 
areas taken on any two confocal ellipsoids are equal. [Chasles, Journal Poly tech¬ 
nique, 1837, Tome xv.] 

Ex. 3. The attraction of a thin homoeoid at any point situated on its external 
surface is proportional to the thickness of the shell at that point. [Chasles.] 

Ex. 4. A thin prolate spheroidal shell of mass M is divided into two portions 
by a diametral plane perpendicular to its axis. Prove that the pressure per unit of 
length on the line of separation, due to the mutual attraction of the parts, is 

DP log&-log b r _ r m . 

hh , t Math - Tri P° 3 -] 

The resultant force on any element of the shell is half the force just outside, 
Arts. 08 and 143. If d<r be an elementary area, l the cosine of the angle p makes 
with the axis, the resultant pressure is ^\Fldadp, where F has the value given in 
Art. 209. Putting do- = 2mjds, dpjp = dal a, the integration can be effected. 

Ex. 5. The mutual potential of a thin homoeoid (mass M, semi-axes a , b, c ) 
and any internal mass it/' is fyMM'I, where J is the integral defined in Art. 198. 

The mutual potential of the same homoeoid and any external mass ill' placed as 
a stratum on a confocal quadric (semi-axes a', l/, c') is bMM'I', where I' is the same 
integral with a ', b ', c' written for a, b, c . [See Arts. 01, 208.] 

* / 211. Solid homogeneous ellipsoid. To find the potential 

f at an internal point P whose coordinates are (£, rj, £). 

Describe a double cone with vertex P cutting the surface 
in two opposite elementary areas Q 1} Q 2 . If R 1} 1L are the 
distances PQ 1} PQ 2 , the potential of the double cone at P is 
^pf (Ri 2j r Rj) doo (Art. 196). It is evident that if we integrate 
this expression all round the point P every element of volume of 

* This expression for the resultant force is given by Chasles in the Journal 
Poly technique, 1837, Tome xv. See also the Quarterly Journal, 18G7. 
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the ellipsoid will be taken twice over; we must therefore halve 
the result. The potential at P is then 

r-lpfift + Rfida .( 1 ). 

The distances P 2 are the roots of the quadratic 

= 1 .(2), 

where (l, m, n) are the direction cosines of Q*PQi. This quadratic 

73o 

may be written shortly — + 2 FR — E = 0.(3), 

where r is the semi-diameter parallel to Q 2 PQi* Hence 
+ P 2 2 = 4PV + 2PV 2 , 

■■■ 

It is obvious that the term containing the product Im disappears 
on integration, for the elements corresponding to (l, m) and (i, — m) 
destroy each other. The terms containing ran and nl are also zero. 

Hence F= § [{- -4 f 2 + &c. + &c , + Adco .(4). 


dco. 


Hence V = - J f 2 4- &c. + &c. + r 2 j dco .(4). 

We have / r 2 dco = 2irahoI .(5). 

By differentiating (5) with regard to a, as in Art. 199, we have 

T (s+i).< 6 > 

After substituting from (5) and (6) in (4), we find 

V T dl^ dl 2 dl ^ /(7 v 

' Trpabc~~ + ada^ + bdb V + cdo^ .^ 


212. If we substitute /=/ du/Q this becomes 

_ F = FiaU-Jil _£_£_l . (s), 

irpabc Jo Q l a 2 + w & 2 + w c 2 + / aj 
where Q 2 = (a 2 4- w) (b~ 4* a) (c 2 + u). These two important expres¬ 
sions are often written, for brevity, in the form 

7 = --P^-Ct 2 }.(9). ^ 

tt D _ T _ fdu A __ dl _ f°° cZm noV"" 

6re 27 robe J Q ’ 2irabo add J 0 (a 2 4* u) Q * ‘ ‘ 

with similar values for B and G . 

The component forces at any internal point P are then 

X = ~Apf, Y = -Bpri, Z = -Cp£ . (II). 
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.(13). 


213. By putting %, ij, £ equal to zero, we see that is the 
potential at the centre of the solid ellipsoid. We also notice that 
by Art. 199 

A-f^dv, * = /£<&», = .( 12 ), 

where the integrations extend over the whole surface of the body, 
A +B + (7 == 4tt, 

Aa 2 + Bb 2 + Gc 2 = Jr 2 dco = Mirabel = D 

The first of the results (13) follows also from Poisson’s theorem 
since d 2 V[dx 2 = — Ap &c. The second may also be deduced from 
(4); for the sum of the coefficients of f 2 , rf, £ 2 after multiplication 
by u 2 , b 2 , c 2 is evidently — r\ 

1 l 2 TfP f fP 

Since -,= -;t 7 : + -.,we see by substitution either in (4) or 
r 2 a 2 b 2 c l v 

(12) that the constants A , B , G are functions of the ratios of the 

axes and are therefore the same for all similar ellipsoids. ^ 

214. The four integrals A, B, C, D have here been expressed in terms of tlie 
integral I and its differential coefficients with regard to a , b, c. Other standard 
integrals might also have been taken. Thus we might use the integral called J in 
Art. 200, Ex. 5. We might also express the components X , Y, Z in terms of any 
one of the four integrals A , B , C, D. We deduce from the third part of Ex. 3, 


Art. 200, 


Bb 2 -Aa 2 7 dA 


Cc~ - Aa 2 _ dA 
c 2 -a 2 dc' 


.(14). 


b 1 - a - db ’ 

These relations enable us to deduce the formulae for A, Y , Z given by Laplace in the 
Mecanique Celeste, vol. n. p. 12. 

215. Ex. Prove that the three numerical constants A, B, C lie between 
v/a 3 and v/c s where v is the volume and a, c are the greatest and least axes of the 
ellipsoid. Prove also that D lies between 47 ra 2 and 47 rc 2 . 

To prove the first theorem we notice that the integral (10) is decreased by 
writing a for b and c; the integration can then be effected. A superior limit is 
found by writing c for a and b. The second theorem follows from the equations 
(13) Art. 213 by eliminating first A and then (7. 


216. To find the level surfaces inside the attracting ellipsoid . 
These surfaces are given by A%' 2 + Brf + 0£ 2 = K, where if is a 
constant. Since A, B, G are necessarily positive, the level surfaces 
are similar and similarly situated ellipsoids. 


To trace their forms, we must consider the magnitudes of the coefficients 
A, B, C. We have (Art. 212) 


, 0 , f 00 du 

A = 27rabc -- 

JO Q {a-+ u) 9 

- _ ^ — f°° 271-a5c . du 

a 2 -b 2 ~ J o Q (a 2 + u) (b 2 + n) 


B = 27 rabcf 777777-—r, 

Jo Q (b J +u) 

Aa 2 — Bb 2 _~ f°° 2rrabc . 'iidu 

a?-b 2 ~~ J 0 Q(a 2 + u) (b 2 + u)' 
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Both these integrals are essentially positive. It follows that when a, b, c are in 
descending order of magnitude, both 1/A, 1/B, 1/(7 and Aa 2 , Bb 2 , (7c 2 are also in 
descending order. 

A level surface so far resembles the attracting ellipsoid that both quadrics have 
their longest, their shortest and their mean axes respectively in the same directions. 
The axes of a level quadric are (E/A)^, {EjB)%, (. E\C )^. If c be the least axis of 
the attracting ellipsoid and E=Cc 2 , the level quadric touches the ellipsoid at the 
extremities of the least axis, while the other two axes are less than the corre¬ 
sponding axes of the ellipsoid. The level quadric therefore lies wholly within the 
ellipsoid, for if not it would cut the ellipsoid in two curves one on each side of the 
plane of xy and also touch it at the extremities of the axis of z . This of course is 
‘ impossible. Any level quadric therefore lies wholly within the attracting ellipsoid oi 
1 intersects its surface according as K is less or greater than Cc 2 . 
y 217. Ex. 1. Prove that the level quadrics are more spherical than the 
bounding surface of the attracting ellipsoid. 

The eccentricities of the sections of the two quadrics 'by the plane of xy are 
respectively given by e' 2 =l -AJB and e 2 =l -b 2 ja 2 . It follows immediately that 
e' 2 -e 2 is negative. 

Ex. 2. If a concentric ellipsoidal cavity be cut out of a solid homogeneous 
sphere, show that within the cavity the equipotential surfaces are given by 
(2A - B - C) x 2 + (2£ - C - A) y 2 + (2(7 - A - B) z 2 = constant, 
where A , B, C are constants depending on the shape of the cavity. 

[St John’s Coll. 1887.] 

218. Other laws of force. The potential of a solid homogeneous ellipsoid at 
an internal point P when the law of force is the inverse nth power of the distance 
may be found by the method used in Art. 211. 

By describing a double cone with the vertex at P as before, we find that the 

potential is F=£ J Sdca + S=Rf~ K + (- 

When k is even, S is a symmetrical function of the roots of the quadric (2) of 
Art. 211. The double integrals take forms similar to that in equation (4) and may 
be reduced to single integrals by differentiations of jr 2 dw = 2TrabcI. 

We notice that when k> 4 the expression S is an integral rational function of 
the direction cosines {l, m, n) and the final integrals can be evaluated without 
difficulty (Art. 200, Ex. 1). The potential for these laws of force can therefore be 
found in finite terms free from all signs of integration. 

When the law of force is the inverse fourth power of the distance we have for 

the potential at an internal point £, o?, f, V 4 =fxp log P + (7, 

From this result the potential for the inverse sixth, &c., powers may be deduced 
free from integrals by using Jellett’s theorem (Art. 96). 

The component attractions at an external point may be deduced by Ivory’s 
theorem (to be presently proved). Thence by integration the potential for the 
inverse fourth power of the distance is found to be 
T7 , 2 t A abc d\ . 

4 ~ 3 J„ a'b'd X ( Arfc 204 )’ 

The potential of a thin homogeneous homoeoid may be found in a similar 
manner, but it may also be deduced from that of a solid ellipsoid by taking the 
total differential with regard to a, b, c on the supposition that the ratios a : b : c 
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are unaltered. See Arts. 195 and 92. The potentials at an internal and external 
point are for the law of the inverse fourth power, 


„ da 1 ~ 


r t 4 da abc / (x 2 y 2 z 2 \ 


219. Spheroids. To fnd the potential and attraction of the 
solid spheroid whose semi-axes are a , a, c at an internal point 
To find the constants A, G we use the equations 

2 A + 0 = 4t t, 2Aa? + <7c 2 =fi*da = f f , 

J JJ cos 2 6>/c 2 +sin 2 0/a 2 

The limits of integration are 6 — 0 to vr and <p == 0 to 2v. If we 
put cos 6 = z, the second equation becomes 

2Aa‘ + Co-—: 

where the limits are z = 1 to z = — 1. 

If the spheroid is oblate, a is greater than c, and 

+ .( 1 ) 

\\a? — c-) c v ' 

If the spheroid is prolate, a is less than c, and 

Ti o a .. , n <> 47r <x 2 c . c + V(c 2 — a 2 ) /ri , 

A) = 2.4 a J + 6V = — log-^^. (2\ 

\/(c“ — ar) ° a x J 

We also have 2irat)cT = Jr-dco = iA Thus the values of -4 and G 

may be found either by solving those equations or by using the 

form tike A = ~ 27rabcdl/ada &c. The potential at any internal 

point is then V = d p {!) — A (£- + ?/-) — (?£-}. We notice that;' 

lari'” 1 yVr — c~)/7; in an oblate spheroid is* equal to the angled 

subtended at the extremity of the axis of revolution by the distanced 

bet ween the centre and either focus. 


220. Ex. 1. The earth being regarded as an oblate homogeneous spheroid 
the ratio r '<i 1 r wIuti 1 t is the ell i j it icily. Since the value of e is 1/300 nearly, 

it is generally sufficient t<> letain only tlu* iir t powers. Prove that 


[We have (! f ,, </w ~ ; 


(J - *1" (1 -i '*<j , in- .Ittu- (l - ? «) . 
t ^\nf<h (!',>. Expand q ie 6u t>j cc t of integration 


in powers of <.] 

Ex. 2. Show that an attmutiny homogeneous oblate spheroid of eccentricity J, 
in the centre of which there acts a repulsive force fxr, will have its own surface for 
one of its level surfaces if 3/x Hjrp - 27). [Coll. Ex. 1888.] 


221. Nearly spherical ellipsoids. Ex. 1. The axes of an ellipsoid are so 
nearly equal that the square of the di here nee can he neglected. Prove that 
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ivory’s theorem. 


Ill 


Put b/a = 1-/3, c/a=I- 7 ; then since A is a function of b/a and cja we have 
A = | 7 r (L + jM] 8 +jV 7 ) nearly where I/, iU, V are independent of the axes. Now A 
cannot be affected by interchanging b and c, hence M—N. Also when /3=0 and 
7 =e the ellipsoid becomes a spheroid and the expression for A must become 
identical with that found in Art. 220. Hence i=1, This proof is 

commonly ascribed to D’Alembert. 

Ex. 2 . Prove that to a second approximation the constants of the attraction 
(Art. 212 ) are 

*=i* {1 ■-1 05 + 7 ) - * (9^ - 8 / 37 +9T 2 ) + ...}, 

B=i T{l-i(-2]8 + 7)-*( -18/3 3 + ^7 + 9 7 2 ) + -..}• 

C=^tt {1 - f (/3 - 2 7 ) - * (9)3 2 + 4 ^ 7 - 187 2 ) + ...}, 

D = 4 ™ 2 {1 -1 (/3+ 7 ) - rV (3/S 2 - 8^7 + Sy*) + 

*~a ^ + ^ (^+t)+tV(^ 2 + 3/37 + 27 2 )+ ...}, 

when 5/a = l -)3 and cja = I- 7 . We notice that since -4+P-f ( 7 = 47 r for all 
values of p and 7 , the sum of the coefficients of any power in the three first 
expansions must be zero. 

222. Ivory's theorem. To find the attraction of a solid 
' homogeneous ellipsoid at an external point P ; whose coordinates 
are 

Let R be the distance of any element QQ' of the ellipsoid from 
P\ and let </> be the angle this 
distance makes with the axis of 
as. Thus R = QP\ <f> = P'QQ'. 

If f f (R) be the law of attraction, 
the x component of the attraction 
of this element at P' is 

pdxdydzf ( R ) cos <f >. 

Draw Q'n perpendicular to 

P’Q, then cos*.|l —g. 

The x attraction at the element at P\ measured positively in the 
positive direction of x , is therefore pdydzf (R)dR. Let LM be a 
column having its length LM parallel to the axis of x and the 
elementary area dydz for base. Integrating with regard to R we 
find that the x component of its attraction at P' is 

pdydzff (R) dR = pdydz - f(P'L )}. 

Let us now describe an ellipsoid through P' confocal to the 
external surface of the attracting solid. Let a\ h\ c be the semi¬ 
axes of this new ellipsoid. If L', M', P be points corresponding to 
L, M, P\ the column LM f will have for its base the elementary 
area dy'dz where y'/b' = y/b and z'/c f = z/c . The coordinates 
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17 , f of P are known in terms of those of P' by similar relations; 
see Art. 201. The attraction of the column L'M' at P is 


pdy'dz' {f (PM') —f(PL')}. 

By Ivory’s theorem, P'M = PM', P'L = PL', Art. 202 ; the x 
attractions of the columns LM, L'M' are therefore in the ratio 
of the areas dydz, dy'dz' of their bases, i.e. the x attractions are 
in the constant ratio be to b'c'. 

If we fill one ellipsoid with columns like LM, the other ellip¬ 
soid is filled by the corresponding columns, and the x attractions 
of the corresponding columns are in the same ratio. We t herefore 
c , x att n of inner ellip d at P' _ bo 

™ fer that x att n of outer ellip d at P ~ W' 

Similar theorems apply to the y and z components of the 
attractions of the two ellipsoids. 

This theorem was enunciated and proved by Ivoryj n the Phil. Trans, for 1809. 
We ought perhaps to speak of it as Ivory’s demonstration of Laplace’s Theorem. 
But Ivory’s own proof is not now exactly followed, as further simplifications have 
been introduced. The extension of the theorem to any law of force is due to Poisson, 
Bulletin...la Societv Philomathique 1812, 1813. 


223. When the law of attraction is the inverse square, the 
axial components of the attraction of the outej^glljp^pid at the 
internal point P or (£, rj, £) are 

X = -A'p& Y=-B' PV , Z = -0' P $ 

The axial components of the i nner ellipsoid at the external 
point P f or (f', rj\ £') are therefore given by 

X'=-A'pz f=-A'p ; l f r, Y'= — B'p ahc .W. Z': 


a'b'c' 


a b'c' 


r , abc „ 


Here a', b\ c' are the semi-axes of the confocal drawn through the 
attracted point P', and A', B\ O' are the same functions of the 
ratios of the axes a, b', c that A, B, C in Art. 213 are of the ratios 
of a, b, c. 




224. From these values of X', Y', Z' we may at once deduce 
a theorem often called Maclaurin’s theorem. If we compare the 
attractions at the same^point of two different ellipsoids bounded 
by confocals, we notice that a, b f , c are the same for each, so that 
each of the components X', Y', Z' is proportional to abc, i.e. to 
the product of the axes. The attractions therefore at the same 
external point of different homogeneous ellipsoidal bodies bounded 
by confocals are the same in direction and their magnitudes are 
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proportional to their masses. The law of attraction is that of the 
inverse square of the distance. 

Let V, V' be the potentials of the two ellipsoids at any 
external point P\ then since the component attractions are pro¬ 
portional to the masses M, M', the ratios V/M and V' jM' can 
differ only by a quantity which is independent of the coordinates 
of P\ Since both potentials are zero at an infinite distance this 
constant must also be zero. 

Hence the potentials of two confocal solid homogeneous ellipsoids 
at any point external to both are proportional to their masses. 
Since a focaloid is the difference of two confocal ellipsoids, it 
follows that the potentials of thick focaloids are also proportional 
to their masses. 



225. To find the potential V' of a solid homogeneous ellipsoid 
w at an external point P[ whose coordinates are vf, f'* 

"“Trhrougii the external poini'ctes6iibe' W ellipsoid confocal 
with the given ellipsoid. If the matter composing the given 
ellipsoid be made to fill the confocal (by changing the density 
from p to p ) the attraction, and the potential, are unaltered at 
all external points. Let a\ b\ c’ be the semi-axes of the confocal 
ellipsoid, then p'a'b'c = pabc. 

Since the point P r is on the surface of the confocal ellipsoid 
the potential is the same as that found in Art. 212 for an internal 
point. "We therefore have by (9) 


where A', BG\ B' are the same functions of a, b' } c' that A, B, 
<7, B are of a, b , c. The potential may also be written in either of 
the two other forms given in Art. 211. 


7 rpabc a'da! * b'db' ^ c'dc' * 


<*■ 


’ du' 


1 - 


r 




where 


o Q' 1 & /2 4 ^ b'" *+* v! c 2 4 " ii 

Q 2 = (a! 2 + u') (b 2 + u') (c' 2 +• u'). 




* The expressions for the potentials of a homogeneous ellipsoid at an external 
and internal point were given by Rodrigues as early as 1815 ( Gorrespondance sur 
VEcole Roy ale Roly technique, vol. in.). An analysis of his method is given by 
Cayley in the Quarterly Journal , vol. ii. 1858. There is a memoir by Poisson on the 
attraction of a homogeneous ellipsoid ( Memoires de VInstitut de France , 1835) in 
which he gives a history. He finds the component attractions of the ellipsoid. 
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226. If we put a 2 = a 2 + X, V 2 = 6 2 + X, 
=zu — X, the last expression becomes 


[art. 228 


= /"»2 


c 2 + X, and 


V' 

Tpabc 




du 

~Q 


l- 


r* 


V J 




a 2 + w 6 2 + « c 2 + w 


raW’ 



where Q 2 = (<x 2 + w) (6 2 + w-) (c 2 + w) and X is to be found from the 
cubic of Art. 204 

To deduce the component forces X\ Y\ Z ' we differentiate V' 
witETregard to r)\ f' respectively. Since the lower limit X is a 
function of the coordinates we shall here require the value of. 
dV'jdX. But the subject of integration is zero when we write X 
for u , hence dV'jdX = 0. We therefore have at once 

X' f"du -2g' = 2f/ dv! = AT 

Trpabc ~ J x Q a 2 + u * J 0 (a' 2 + u')Q ' ira'l 

by Art. 212. This agrees with the result in Art. 223. 

227. Ex. Let p, q, r be the lengths of the axial intercepts of any external level 
surface of a solid homogeneous ellipsoid (a> &> c). Prove (1) that p is greater than q 
but less than qa/b, (2) that p 2 - a 2 is greater than q 2 ~ a 2 but less than q 2 - fc 2 . 

Putting V'=TrpabcK, the intercepts are given by 

J pz-a 2 \ a? + uj Q J q ' 2 -i> 2 \ h“ + uj Q 

See Art. 226. If the inequalities to be proved were reversed it may be shown that 
these equations could not be true. 

228. Some spe cial cases. Ex. 1. The attraction of a thin homoeoid at any 
external point is the same as that of a thin disc bounded by its elliptic focal conic 

and having the surface density at any point P inversely proportional to ^1 - ^ , 

where (a, y) are the coordinates of the point P and 2 a, 2b the axes of the focal conic. 
Prove also that the level surfaces of the disc are confocal quadrics. 

This follows from the theorem in Art. 206, since the disc may be regarded as a 
confocal homoeoid in which the axis c is evanescent. To find its law of density we 

notice that the mass on any elementary area dxdy is 2p ^ dxdydc. Now ~ - 

dc dc z 

c 2 c 2 

because z 2 =c 2 ~ ^x 2 - — y 2 , and, the surfaces of the disc being similar, c/a and c/b are 
constants. The masses being made equal, the result follows. 

Ex. 2. The attraction of a solid ellipsoid at any external point is the same as 
that of a thin disc, of equal mass, bounded by its elliptic focal conic, axes 2a, 2b, 


and having its density at any point directly proportional to 
Maclaurin’s theorem, Art. 224. 


(■-5-S)*- 


Use 


Ex. 3. The attraction of a thin prolate spheroidal homoeoid at any external 
point is the same as that of a thin homogeneous straight rod joining the foci. 

This result may be deduced from that given in Art. 224, but it follows more easily 
from Art. 131. The thin shell and the straight line have the same level surfaces 
(viz. confocal conicoids) and masses, hence their attractions are also the same. 
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Ex. 4. The attraction of a solid prolate spheroid at any external point is the 
same as that of a straight rod joining the foci, and having its line density at any 
point P proportional to SP . PH, 

Ex. 5. If be the potential of a thin focaloid at an internal point P, prove 





I 2 

a 2 


£ L 2 \ 

6 2 “ cV* 


where v is the volume enclosed by the shell, cv that of the shell itself, V is the 
potential at the same point of the enclosed volume supposed to be of the same 
density as the shell itself, and X is the difference of the squares of the semi-axes of 
the two boundaries of the shell. See Art. 195. 

V dl 

For a solid ellipsoid we have-—=1+2 &c., as in Art. 211. To deduce 

7 rpaoc aa 2 

the potential of a thin focaloid we find 8V on the supposition that a 2 , & 2 , c 2 are each 
increased by the same quantity X. This is evidently effected by performing on both 

sides of the equation, as it stands, the operation 5=X + ^2 + ^ 2 ^ • The 

result follows at once from Ex. 3, Art. 200. 


Ex. 6. Show that the potential of a thin focaloid at an external point is — V, 


229. Mutual attraction. Ex. 1. A homogeneous ellipsoid attracts a body 
M according to the law of the inverse square; prove that if AT be a spherical or 
cubical portion of the mass of the ellipsoid itself, the resultant attraction will be 
the same as if the mass M were collected at its centre of gravity. Prove also that if 
AT be a segment of a thin exterior confocal ellipsoidal shell, and if its principal axes 
at its centre of gravity be parallel to the axes of the ellipsoid, the attraction of the 
ellipsoid on it will reduce to a single force through its centre of gravity. 

[Math. Tripos.] 

Ex. 2. A solid homogeneous ellipsoid is divided into two parts by a plane 
perpendicular to an axis. Prove that the mutual attraction of the parts for varying 
positions of the plane varies as the square of the area of section. 

[May Exam. 1881.] 

Ex. 3. Show that any plane divides a solid homogeneous ellipsoid into two 
parts such that the attraction between them reduces to a single force. 

[Em. Coll. 1891.] 

230. Elliptic coordinates. We may express the potential of an attracting 
ellipsoid at any internal or external point P in terms of its e lliptic c oordinates by 
using a geometrical theorem usually ascribed to Chasles. 

Let a ', a", a'", be the semi-major axes of the three confocal quadrics which pass 
through the point £, 77 , let A, B, C be the semi-axes of any arbitrary confocal, then 

V’—a'*) (A* - a"2) - a'"-)=A>BW jl - - £ - ^J- . 

To apply this theorem, we put A 2 =a 2 + u, B‘ 2 =b 2 +u, C~=c 2 +u and substitute in 
the formulae already found for the potential in Arts. 212 and 225. We thus find 
that the potential of a solid homogeneous ellipsoid at the point a f , a", a!"> is given by 
V fdu 

^abi = j-Q* {a * +W - a '~ ) <“ 2 +“- a " 2 ) (a 2 +»-a"' 2 )- 

At an external point the limits are u=a' 2 ~ar to u=oo ; at an internal point u~ 0 
to w = ao. 


8—2 
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231. I.ineax and quadratic layers. Ex. 1. If a thin layer of attracting 
matter, distributed over the surface of an ellipsoid, be such that the surface density 
p at any point {x, y, z) is p(Lx + My+Nz), where p is the perpendicular on the 
tangent plane, prove (1) that the axial components of the attraction at any internal 
point are constant and respectively equal to La 2 A, Mb 2 B, Nc 2 C, where A, B, G, have 
the meaning given in Art. 212 and (2) that the potential is a linear function of the 
coordinates. 

To prove this we refer to Art. 92. Since the component attractions of a 
homogeneous ellipsoid at an internal point are Ap$, Bprj , Cp& the potential of a 
thin superficial layer of surface density p cos<£ is Ap%. Since cos <p=px/a 2 , the 
potential of a layer of surface density pLx is La 2 A£. The x component of attraction 
is therefore La 2 A, while the y and z components are zero. It is evident from 
the symmetry of the law of density that the mass is zero. The potential is 
La 2 At; + Mb 2 Br)+Nc 2 Ct. 

This example has an electrical meaning . An uncharged ellipsoid is placed in a 
field of uniform force, the direction cosines of the constant force being proportional 
to the arbitrary quantities La 2 A> 3Ib 2 B , Nc 2 G . Since the resultant force due to the 
electricity and to the field must be zero at all internal points, the electrical density 
must be represented by -p. The result shows that the ratio pfp is a linear function 
of the coordinates. 

In the same way we enquire in the next example what must be the field of force 
that pip may be a quadratic function of the coordinates. 

If the ellipsoid is charged with a quantity E of electricity, this quantity is to be 
so distributed over the surface that its attraction at any internal point is zero (Art. 
68 ). The additional electrical surface density is therefore /cp, where k is such that 
the whole quantity is equal to E. By Art. 71 or 195 this gives K = E/4:7rabc. 


Ex. 2. If a thin layer of attracting matter, distributed on the surface of an 
ellipsoid, be such that the surface density at any point (x, y , z) is pf{x, y , z) : where 
/ is a homogeneous quadratic function of (x, y, z), prove (1) that the potential at 
any internal point is also a quadratic function of the coordinates of that point 
together with a constant, and (2) that the axial components of the attraction at any 
internal point are linear functions of the coordinates of that point. 

Let us regard the layer as occupying the space between two concentric ellipsoids 
having their axes nearly coincident in direction. The second ellipsoid is derived 
from the first by small rotations 56, 5cj>, 5\p round the axes and a change of the axes 
a, b, c into a + 5a efec. By choosing 86, 84>, 8\j/ and 5a &c. properly, this thin layer 
may be made to represent the given quadratic distribution over the surface. 

Consider first the rotation 8\p. The component displacements of a point Q are 
8x= -y8\p, 8y = x8^/, 5z = 0; the direction cosines of the normal at Q are \=pxja 2 &c. 
The thickness of the layer is the sum of the projections on the normal. Omitting 

n*-b 2 


the factor 5^, the surface density becomes p 


a 2 ^ 


xy, and the potential of the shell 


at an internal point 


dV_ dT 
dx}/ X dy 


dV ,A 

~ y ^ A - 


B) xy . 


When the surface density is pxy/ab the potential becomes 2-irabc J j 


xy . du 


“ + w) ( b 2 + u.) Q ’ 

by substituting for A, B their values, Art. 212. The upper limit is oo and the lower 
limit is zero or X (Art. 226) according as the point is internal or external. See 
Art. 93, Ex. 2. 
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Consider next the change of a into a+da. Let r be the radius vector measured 
from the centre. The thickness of the shell at Q , being the projection of dr on 
the normal, is pdr/r. But, since l/r 2 =Z 2 /a 2 -h&c., where Z, m, n are the direction 
cosines of r, we have Brjr^x 2 daja 3 . After omitting the factor Baja the surface density 
of the shell Becomes px 2 ja 2 and its potential at P is adVjda , where V is the potential 


of the solid ellipsoid at the same point. 

becomes 2 rrahc f (1 — S~ 

J (a 2 + u) Q T \ a 2 +u 


After substituting for V the potential 

V 2 f 2 \ . « 3 I 2 ) 

B 2 -\-u c 2 +uj a 2 -huf f 


where the limits are 0 to co or X to oo according as the point P is inside or outside 


the shell. 


-#'■ : 232. Elliptic cylinders. To find the attraction at an in¬ 
ternal .point of a solid homogeneous cylinder wKose cross section is 
an ellipse and whose length is infinite in both directions . 

The axial components of this attraction may be immediately 
deduced from those of an ellipsoid by making one of the axes 
infinite. Let us make c = oo, so that the infinite cylinder stands 
on an ellipse whose axes are along the axes of x and y. The axial 
components of the attraction at any internal point (£, ??, £) are 

dco and B=J~ dco. 

Since in a cylinder (x } y) may be regarded as the coordinates 
of any point on the elliptic section, we have obviously 
A +B = 47r, Aa 2 + j Bb 2 = Jr 2 dco, 

where r' is the radius vector of the cross section in the plane of 
xy . Putting for dco its usual polar value sin 0d0dcj> we have 

Jr' 2 dco — J sin 0 dd. fr'~d<f), 


X = — Ap%, 7 =—Bpr) } Z— 0, where A=l — 


where the limits are 0 = 0 to ir and </> = 0 to 2tt. The first 
integral is obviously equal to 2 and the second integral is twice 
the area of the ellipse, i.e. rah. We thus have Aa 2 + Bb 2 = 4nrab. 


The axial components are therefore 


tt j ab ^ 

X = — 4770 - f - , 

r a + ba 


Y — — 4nrp 


ab 7) 
a + bb' 


233. The potential also may be deduced from that for an 
ellipsoid, Art. 2l2. After substituting the values of A } B, and 
putting (7=0, we find 

V = \ P D- + .(!). 


Since the potential of the cylinder is infinite at points on its 
axis, Art. 50, it is evident that JD is an infinite constant which 
may be omitted when the axes a, b are not varied. This ex- 
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pression for V may also be obtained by integrating the expressions 
dVjd% = X, dV/dij = Y. 

The level surfaces inside the attracting cylinder are similar and similarly 
situated concentric cylinders. Considering a cross section we deduce from (1) that 
the longest axis of a level surface is in the direction of the longest axis of the I 
attracting cylinder. See Art. 216. J 

234. Ex. If in a spheroid the axis of revolution c is very great, the spheroid 
becomes a cylinder. Prove that C and Cc are ultimately zero, while Cc 2 is infinite, 
Art. 219. 


235. To find the a ttraction at an ex ternal 'point of a solid 
homogeneous elliptic cylinder. 

The attraction at an external point may be deduced from 
that at an internal point by an application of either Ivory’s or 
Maclaurin’s theorem. Let a'b'c' be the semi-axes of a confocal 
through the attracted point P'. Then a’ 2 — a 2 — b ' 2 -b 2 = c' 2 — c 2 . 
Since a' 2 —a 2 is finite it follows that when c and d are both! 
infinite their ratio is unity. Since the components of attraction! 
of the given cylinder and the confocal are proportional to their 
masses, we have (as in Art. 224) 

V ah 




a' + V ah' 


r, 


by substituting for A' its value found in Art. 232. 

In this way we find that the axial components X, Y' } Z' of 
the attraction of a solid cylinder at an external point (£', rj\ f') are 


X' = — 4iTTp 


ah f 
a ' + b' a' 9 


Y' = — 47 Tp 


ab 7 / 

tiTVb' y 


Z'=0, 


where (a', b') are the semi-axes of a cross section of a confocal ^ 
cylinder drawn through the attracted point. 

236. Ex. 1. Show that the resultant attraction of an infinite cylinder is the 
same in magnitude at all internal points situated on a coaxial cylinder similar and 
similarly situated to the boundary. Show also that the direction of the attraction 
at any point on the surface of such a cylinder is parallel to the eccentric line of 
that point. 


Ex. 2. Show that the resultant attraction of an infinite cylinder is the same in 
magnitude at all external points situated on a cylinder confocal with the boundary. 
Show also that its direction at any point on a confocal is parallel to the eccentric 
line of that point. 

Ex. 3. If a thin stratum of attracting matter distributed on the surface of an 
infinite elliptic cylinder be such that the surface density p at any point ( x , y , z) is 

+ + prove that the axial components of the attraction at an 

Anrnl'i Airnh 

internal point (f, h are X=L - , Y=M —^ , Z = 0, where the coordinate 

' ' a 4- 6 a + b 

axes are the principal diameters of a cross section and the axis of the cylinder. 
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This result has an electrical meaning . If the electrical density on the surface of 
the elliptic cylinder be represented by -p, the electricity will be in equilibrium 
when the system is placed in a field of uniform force whose components are 
X, Y, Z; see also Art. 231, Ex. 1. 

Ex. 4. If the surface density p of a thin stratum of attracting matter placed on 

f SCI/ 

the surface of an infinite elliptic cylinder be given hy p=y iL - 2 -h M + N , 
prove that the x component of the attraction at any internal point (£, 77) is 

X= . — ■ {(L-N) %+Mr)}, with a similar expression for the y component. 

[0/ + by 

Ex. 5. Show that the potential at an internal point of an infinite cylindrical 
mass bounded by two coaxial cylinders is infinite. Art. 50. 

Ex. 6 . The components of the attraction of a right elliptic cylinder whose 
section is (a;/u) 2 +(?// 2 >) 2 =l, and whose ends are any two planes perpendicular to the 
axis, at an external point 77 ', are XY', Z'. A confocal cylinder having the 
same ends is described through 77', and attracts an internal point £, 77, £ with 
components X, Y t Z. Show that if £/u=£7^j 77 / 6 = 77 '/^', £*=£', then X'lX=b/b', 
F/7=«/a'. [Math. T. 1879.] 

237. To find the potential at an external point of an elliptic 
cylinder we use Maclaurin’s theorem. 

Let V, V / be the potentials of two confocal cylinders whose 
semi-axes are respectively a , h and a\ V. Since their component 
attractions at all external points are proportional to their masses, 


we must have 


.%r+E, 

a 0 


where the constant E is independent of the coordinates f of the 
attracted point but may be a function of the axes of either cylinder. 

Let the external cylinder (a\ V) pass through the attracted 
point P\ then by Art. 233 
v civ (P D . F_ 

27 rp a'+ b\a f V) 47r ? ** 27 Tp a +b\a' b') } 

where D and E ' are independent of f but are functions of a', V. 
Let 2/ be the distance between the foci of the given elliptic 
cylinder, then a' 2 — b' 2 = f 2 . . ^ 

To find E\ we place the attracted point on the axis of x } then 
= a f and f = 0. By Art. 235 we have 

S= x —^fh = -^r> (a '- b ' ); 

after substituting V = *J(a' 2 — / 2 ), we find by an easy integration 

V = - 2tt^ {o'* - a' V(a's -/*) +/ 2 log (o' + 6')} + G, 

where the constant G of integration is independent of a', V. 


F = — 2 irp -7:5 {a'- ■ 


■ a' V(«' 2 ~/ 2 ) +/ 2 log (a' + 6')} + G, 
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Comparing the two values of V we see that JE' = — ab log (a -f- b'). 

Hence V= — 27 rp + "grj ~ 27 rpab log (a! -f b') 4- G. 

238. The four variables rf, ab' in the expression for V are connected by 
the relations £' 2 /a' 2 -h4 2 /b' 2 = 1 and a' 2 - 6 ' 2 =/ 2 . It is often convenient to reduce 
these to two independent coordinates. Let 

|'=a' cos 6, rj' = b' sin 0 ; a' = if(e^ + e~^), b' = ^f(e^-e~^). 

The value of <p determines the particular confocal elliptic cylinder on which the 
attracted particle P lies, and 6 (being the eccentric angle) determines the position 
of P on that cylinder. Substituting we find* 

V= - 7 rpab (e-W cos 20 + 2 <f>) + G , 

where some constant terms, functions of a, b, have been included in the infinite 
constant G. „ 

239. Heterogeneous ellipsoid, similar strata. To find 
the potential of an ellipsoidal shell whose strata of equal density 
are similar to, and concentric with, a given ellipsoid. 

Let a , b, c he the semi-axes of the given ellipsoid; ma, mb, me, 
(m + dm)a &c. those of the inner and outer boundaries of an 
elementary homoeoid. If (oc, y, z) be any point on this homoeoid, 

the value of m is given by — 4- ^ 4- — 2 = m 2 . (1). 

Let the density at any point (xyz) of this homoeoid be p = /(m 2 ). 
The mass of the element is therefore f (m 2 ). 47 rabemsdm. 

The potential of this homoeoid at any point P is (by Art. 208) 
r °° ft,v 

2irabcm-dmf(m*)J^ + • - ( 2 ), 

where the lower limit V is 0 when the point P is internal and is 
the greatest root of the cubic 

r , *r__ + _j 2 _ =1 . (3) 

ni 2 d 2 4- V mrb- -1- X' m~c 2 4- A/ . v ’ 

when P is external (Art. 204). The potential of the heterogeneous 
shell may be obtained by integrating (2). To simplify the integra¬ 
tion we put v = m 2 u, X' — m~fi. The potential V of the shell is then 

gi ™" * i - /“"‘/W/' y .('■), 

where Q 2 = (a 2 4- u) (b 2 H- u) (c 2 4- u), and (jl is zero, or the greatest 
£2 * r -2 

root of ,-h --— = m 2 .(5), 

ct~ 4- (x> 6 - 4* 4 c 2 4" 4 

according as P is internal or external. The limits for m depend on 
the internal and external boundaries of the shell. 


See a paper by Prof. Lamb in the Messenger of Mathematics, 1878. 
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First, let us find the potential V 1 at an external point of the 
mass enclosed by the ellipsoid defined by m = n. To effect this we 
change the order of integration in (4). 


To make this process clear we trace the curve AB whose ordinate u is given as 
a function of the abscissa m by the equation 
>2 

.( 6 ), 

say <p (u)=m 2 . When m=0, u is infinite, and when 
m=7i, u has the value e given by 

£ 2 , v 2 , r 2 


|2 77 - 

-o- b -f- -w — = m 

a^ + u + w c 2 + u 


„ ■ + pr~ -H . 

a~+e 6- + e c x 


+ € 


•(7). 



In the order of integration indicated in (I) we integrate 
along a column LM from u=/m to u = ao and then sum 
the columns from m=0 to m=.OC=n. In the reversed order we integrate first 
along a row PQ from m 2 =<p(u) to m 2 =n 2 and then sum the rows from u= CB~e 
to u=oo . 


The equation (4) then becomes 

<*>. 

where Q 2 = ( a 2 + u) (b 2 4- u) (c 2 + u), m 2 is given as a function of u by 
(6) and e by (7). This formula gives the potential of the mass 
enclosed by the ellipsoid defined in equation (1) by putting m = n. 
If the attracted point P is on the surface of this ellipsoid, we have, 
by (7), e = 0. If the potential of the whole mass enclosed by the 
ellipsoid a?)a 2 -f &c. = 1 be required, we have n = 1 and e = where 
\ is defined in Art. 204. 


240. Secondly, let us find the potential V 2 at an internal point 
of the mass between the ellipsoids defined by m = n and m = n'. The 
limits for the integral (4) are now « = 0 to oo and m = n to n\ 
These are constants and the order can be immediately reversed. 
The potential is therefore given by 

.<9> 

241. Lastly, let us find the potential V 3 at a point P situated 
in the substance of a solid ellipsoid bounded by the surface m~n. 
Let the point P be situated on the ellipsoid defined by m — n . 
The potentials at P of the two portions of the solid separated by 
this ellipsoid are given by the values V l9 V 2 found above. We find 
F 3 by adding (8) and (9) together. 


■(10), 




















ATTRACTIONS. 


122 


[art. 245 


where Qr = (a? + u) (b* + u) (c s + u), and m- is given by (6) as a 
function of u. 

One result may be briefly stated, as follows. The potential V at 
P of the solid ellipsoid x-/a- + &c. = 1 is given by 

.(n>, 

where the limits are 0 to go when P is internal and Xtooo when P 
is external The value of X is given in Art. 204, and 


wr = 


r 


T 


r 


2 + u b- + u & 4* u 


.( 12 ). 


242. The component forces X , Y, Z due to the attraction of the 
solid ellipsoid may be found by differentiating the expression for 
V just found. Since both m 2 and X are functions of the coordinates 
we must find dVjdX and dV/dm 2 . When u = X, m 2 becomes unity 
and the subject of integration vanishes. Hence dV/dX is zero, 


J A 




dm- du 


rc 

, 


2 p£ du 
a 2 + u Q # 

For an internal 


Trabc J \ J v "' / d% Q J A 
The corresponding values of Y, Z follow at once, 
point X = 0. 

243. The expression (11) for the potential of a solid ellipsoid 
may be put into another form in which the limits are constant by 
putting u = v + X, a 2 + X = a!' 1 &c. Writing the formula at length 
we have at an external point 

-YL = r\f(i)-f(-£-+ Yt_*_. 

Trabc Jo 1/ ^ ^ 1 W~+v 6' 2 + c' 2 +v/ j (a' 2 4- v)*(b ' 2 + v)* (c' 2 + ?;)* 
The axes of the attracting ellipsoid have disappeared from the 
right-hand side and are replaced by the axes a', b\ c' of the 
confocal which passes through the attracted point. 

244. Ex. The density at any internal point T of an ellipsoid is k . OR/OX, 
where OR is the semidiameter which passes through X and k is a constant. Prove 
that the integrations to find A', Y, Z can be effected in finite terms. 

Prove also that the axial components are the same, at all internal points on 
any given radius vector. 

The last result is proved by noticing that before integration each component is 
a homogeneous function of £, rj, £ of zero dimensions. It should also be remarked 
that though the density at the centre is infinite the components X, Y, Z are finite. 
Poisson, Connaissance die., 1837. 

245. If we write f (m 2 ) = A (1 — m 2 ) n , the density p at (x, y, z) 
of the solid ellipsoid, and the potential V at (£, rj, f), become 


. /. x 2 y- z 2 \ n lr 

■ v 




irabc 
ft 4-1 


1- 




r 


a 2 +u br+u 


If 1 H+1 in 

c 2 +wj Q’ 
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where the limits are \ to oo for an external point and 0 to oo for 
an internal point, Art. 204. 

Since the density is zero at the surface of the ellipsoid, it 
follows from Art. 92 that we may differentiate each of these 
expressions, so that if the density is p' = dp/dx, the potential is 
V' ~dVjd%. This enables us to find the potential of a hetero¬ 
geneous ellipsoid when the density is x, xy , x 2 , &c. 


7P-i 

Mj — 1 a 77 o j 

a 2 b 2 c 2 
a 2 dE 

x= ~JdF’ 


a 2 + u b 2 + u 


The potentials for these three laws of density are 
p=Ax, r=ira?bcAlj-^^, 

P =Axy, V=,a?b^ j (a?+ ^ 1 + uT Q , 


. & 4 d 2 E 2 a 2 „ 
® 2 =-S--^T + 7T-E- 


p=As?, 




p=Axyz , 
p—Ax 3 , 


The proper forms for the three following laws of density may be found by 
differentiating E 3 . We then have 

p=Ax*y, 7=rfW, /{^ 2 +gg} Tf lbi+u — Q ’ 

p=F= mWAfri; j —, 

p=Ar 3 , F=«t 5 &c^ f + 

r J l a- + «| (a 2 +u) J Q 

The case in which p=Axfy0z h is considered by Ferrers in the Quarterly Journal, 
1877, vol. xiv. 

It will presently be proved that the potentials of a homoeoid, whose surface 
density <r is numerically equal to pp (where p is the perpendicular on the tangent 
plane), may be deduced from that of the solid ellipsoid by differentiating with 
regard to B and doubling the result, Art. 249. 

The potentials for a homoeoid are therefore 

<x = Apx , V=27ra 3 bcAg f — , 

J {“ 2 + u)Q 

<r=Apxy, T' = 2t ra :] b 3 cA£ v f -- 

' J (a 2 + u){b 2 + u) Q’ 


(r=Apx 2 , V=2 tt a 3 bcA 


J (a 2 + u) (b 2 + u) Q 1 
fa 2 ! 2 ) du 

(a 2 + w + ^ |(a 2 +i£)Q* 


The limits are 0 to go for an internal point and \ to oo for an external point. 
See Art. 204. 

These agree with the results obtained in Art. 231 by an elementary method. 

246. We may use the method of Art. 211 to find the potential at any internal 
point P, (£, 7), £), of a heterogeneous ellipsoid whose density at any point Q is 
<p(x, y, z). 

We describe as before a double cone with its vertex at P cutting the ellipsoid in 
two elementary areas Q lt Q 2 . The distances PQ^B^ PQ 2 = -P 2 are given by the 
quadratic (2) of Art. 211. Let PQ = B . 
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The density p at any point Q of the cone is 

p=0(| + ZP, rj + mR , f+nR) 

— <p+R5<p + ...4*P l 5*<f>jL (£) +.(1) f 

where o^ld/dZ + nidJdyj + ndJdf and L (f) = l • 2 ... i. 


The potential at P of the positive side of the double cone is 2 JP i+1 dPcZw5fy/L (i) f 
where the limits are P = 0 to R=R X and 2 implies summation for all existing values 
of i. To find the potential of the negative side of the double cone we let R be the 
distance of one of its elements Q' taken positively. The density at Q' is found by 
writing -P for R in the series for p. The potential at P of the negative side of the 
cone is therefore 2 jR i+1 dR (- Ifdw dfy/P (£), and the limits are P=0 to R= -P 2 . 
Taking the two conical elements together we find for the potential of the ellipsoid 

.(2). 

As we shall integrate all round the point P, every element is taken twice over, we 
must therefore halve the value of V thus found. 

The quantity S t is a symmetrical function of the roots of the quadratic (2) of 

Art. 211. We therefore have S i+2 + 2Fr 2 S i+1 - Er-S^O .(3). 

The initial terms are S 0 = 2, & x = -2Pr 2 . Assume that S t and £ f+1 contain only 
terms of the form H K r K+i and H K , r K ’ H+1 9 where H K represents a homogeneous 
function of (Z, m, n ) of k dimensions. It follows that S i+2 contains terms of the same 
forms, viz. H K r K+i+2 , J-r K+1 r K+m . Again 5 { 4> is a function of l, m, n of i dimensions, 
hence is of the form II K +ir K+i+2 . The determination of V is therefore reduced 

to the integration of expressions in which the index of r exceeds by 2 the sum of the 
indices of Z, m, n. 

The terms of (2) which contain any odd exponents of l, m, n give zero after 
integration, as in Art. 211. Omitting these it is clear that every term of V is of the 

, f [ lrf in- 1 ' n 2h dw 

form where u=J J 

and a, p, y are the reciprocals of ay Zr, c 1 . Now by Art. 197 

f _, = 2*«k f%=2*[ V -^, 

J al~-i-/3nr-i-yn 2 J Q J Q t 

where + u) (b 2 + u) (c 2 + m), Q x 2 = (a + v) {p + v) (y + v) and v=lju and the 

limits for u and v are 0 to oo. Differentiating this, we find 
__ ()/+fH-7i r d\f f d\o f d Y* f vff dv 

U ~~L{f+g + h)\da) \dp) \dy) * J Q 1 

[1.8.5... (2/ - 1)] [1.8 ... (2g -1)1 [1.8 ... (2 h -1)] f 2 tt v^dv 

— L (J + (j + h) J Qj (a + v)f {p + v)°(y + v) h ’ 

where the limits are v = 0 to oo . 

The remaining integrations cannot be effected. The potential has thus been 
found expanded in powers of the coordinates £, rj , £ of the attracted point, with 
single integrals with regard to v for coefficients. The several powers of £, y, £ may 
be collected together, once for all. We then arrive at the formula given in Art. 247. 
The algebraic process of collection is however tedious when the density p contains 
high powers of x, y, z. It is given at length in the Phil. 'Trans . 1895, vol. clxxxvi. 

Ex. 1. The density of a solid ellipsoid at any point Q is a homogeneous 
function of i dimensions of the coordinates of Q. Prove that the potential of the 
ellipsoid at an internal point P is the sum of a series of homogeneous functions of 
the coordinates of P of the dimensions i 4- 2, Z, i - 2, &c. 
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[This may be deduced from the equation (3) by noticing that S Q and S 1 are 
respectively of zero and one dimension. Thence by induction the dimensions of S i 
in terms of the coordinates can be found.] 

Ex. 2. The density of a homoeoid is Ax and the law of force is the inverse 
fourth power of the distance. Prove that the potertial at an internal point is 
0 .da 2x 

'irirA — . -=r. 


247. Two theorems- Let the density of a solid hetero¬ 
geneous ellipsoid (when /e> 0 ) be 


p=A 

r V d 1 b- c 2 


1 (os y £ 

* U ’ b ’ c. 


R = l- 


ar+u b 2 + u c 2 4 ~u’ 


^ __ a- -f u d 2 b 2 + u d 2 c 2 + U dr 

M uJD jR« +n u n JD n 

k ^(/c4*l) * L(l).2 2 /c(/e-|-l)...(/e-Ht) * L(ri)2 mJr C *’ 

Q 2 = (a 2 + u ) ( b 2 + u) (c 2 + u) and L (n) = 1.2.3 ... n. 

The potential of the ellipsoid at any point (£ 77 , £) is 

F= iraboA f ^ °L.\ .(I), 

J Q Y \a 2 + u b 2 + u c 2 + u) K J 

where the limits are u — 0 to oo for an internal point, and u = X 

to oo for an external point, Art. 204. 

Let the surface density of a thin homoeoid be 

1 -:)• 

The potential at any point (£, 77 , f) is 


V = 27 rdbcA 


— M’^lr { ^ br > C Z ' 
Q r \a* + u’ b* + u’ c 2 + u 


where the limits are 0 to 00 or X to 00 , according as the attracted 
point is inside or outside. 

The advantages of these formulas* are ( 1 ) that the only 
differentiations to be performed are those on the expression for 


* These formula were first given in this form by Dyson in the Quarterly 
Journal, 1891, vol. xxv. By computing the potentials of a homoeoid for several 
laws of density he discovered by induction the forms assumed by the potential when 
the density is Axhfz h . Assuming the potentials to be known he deduces the 
attracting body by reasoning similar to that given in Art. 164. He gives the 
necessary differentiations at length. 
















126 


ATTRACTIONS. 


[ART. 248 


the density, and (2) that most of the terms containing £ 
have been collected together and expressed in powers of the 
function R. 

The component attractions at any point may be deduced from these potentials 
by differentiation with regard to £, 77 , When the attracted point is internal the 
limits are absolute constants and we merely differentiate the subject of integration. 
When the point is external, the lower limit X is a function of £, 77 , £ (Art. 204) which 
makes JR=0 when u=\. Hence (as in Art. 226) we may treat X as a constant 
during the differentiation, except in the first term of M'. 

248. To prove the two theorems* in Art. 247 we shall adopt 
the method described in Art. 164. We assume as given the two 
expressions for the potential of a homoeoid at an internal and 
external point, and we shall deduce the attracting body. 

Let the potentials at an internal and external point be 
distinguished as V and V'. Then since X = 0 at the surface of 
the ellipsoid we have V = V' at all points of the separating 
ellipsoid. It is also evident by inspection that V' is zero at 
infinitely distant points. 

The expressions for V } V' are found by actual differentiation 
to satisfy Laplace’s equation, Art. 95. As these differentiations 
with regard to £, rj, £, present no peculiar difficulties but lead to 
long algebraical processes they will not be reproduced here. We 
infer however from the result that the attracting matter resides 
solely on the separating ellipsoid, Art. 164. 

Let ar be the surface density of the separating stratum. If dn 

* The potentials of heterogeneous ellipsoids and shells have been investigated in 
several ways. First there is Green’s paper, Camb. Phil. Soc. 1883, where the law 
of attraction is the inverse /cth and the density F n f(x, y, z) where FJ = 1 - x-ja 1 -&c. 
Green uses Cartesian coordinates, but a solution by means of Lamp’s functions is 
given in Ferrers’ Spherical Harmonics. The values of A", Y, Z given in Art. 242 are 
due to Poisson, Connaissance des Temps, 1837 (published three years earlier). He 
begins with the formulee for the component attractions of a homogeneous ellipsoid 
which he had obtained in 1835 (Mem. de Vlnstitnt de France). Cayley gives a 
formula for the potential of certain heterogeneous ellipsoids in his memoir on 
Prepotentials, Phil. Trans. 1875, which is really an extension of the theorem of 
Art. 239 to the case in which the force varies as the inverse /cth power of the 
distance. In the Quarterly Journal , 1877, Ferrers applies these results to determine 
the potential of a solid ellipsoid whose density is xhfz h , sec Art. 245. He also first 
discovered the rule to find the potential of a shell by differentiating with regard to 
R. His proof is different from that in Art. 249. In vol. xxv. of the Quarterly 
Journal Dyson gave the important formulae mentioned in Art. 247. There are 
other valuable papers by W. D. Niven, Phil. Trans. 1879, and by Hobson, London 
Math. Soc. 1893. There is also a paper by the author on these potentials, Phil. 
Trans. 1895. A second memoir is given by Hobson in the Lond. Math. Soc. 1896. 
There is also a paper by G. Prasad in the Messenger of Math. 1900. Most of these 
give the applications to discs and laminae and assume that the law of force is the 
inverse /cth power. 
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be an element .of the normal to the ellipsoid drawn outwards we 
have (since V, V' differ only in the limit X) 

A dT dV^dV'dX 

~ 47rcr ~ dn dn~ dX dn . W * 

Now X = 0 at every point of the ellipsoid and f = x, &c., hence 


dV' o i A 
—yr— = — zirabc—j- 
aX a be 


+(;• I- ; 


Again X and p are given by the equations 
a? 


+ &c. = 1, 


a? , s 1 


2 x dx 0 2 

a 2 dn p 


a? + X ' ' a* p B 

Differentiate the former and put X = 0, we have 
l^dX 
p 2 dn 

since the direction cosines dx/dn , &c., of the normal are pxja?, &c. 
Substitute these values in (1) and we find that <x = Apty(x/a, &c.). 
This is therefore the density of the stratum which produces the 
potentials F, V\ 

249. The potential of a solid ellipsoid whose density is p-=Ax?y g z h being known 
we can immediately deduce that of a thin homoeoid having the same law of density. 
We write a=ma li b=mb lf c=mc lt u—m 2 ^ and then differentiate with regard to m. 
The thickness dp of the homoeoid thus obtained is given by d^/p = d(ma 1 )/m%=dm/m, 
Art. 195. The surface density o-=pdp=ppdmjm. After the differentiation has 
been effected it is convenient to put m=l } so that a 1 , b l9 c l9 u x become again 
a, 5, c, u . We may also omit the factor dm and regard the homoeoid as a layer 
of finite density a=pp. It is supposed that A is independent of the axes a, b , c. 
The potential of the solid ellipsoid becomes after these changes have been made 

OrffbfQc^ 


(since k= 1) F=7ra 1 b 1 c 1 A 


[°° 

J Qi 




K 2 + u i) f Y>i + u i)° i c i + u i) h ’ 


The operator D is unaltered, X=X 1 m 2 , and 


m 2 R n+1 u n 


= ( TO2 __£__ & ,y 

V “i 2 +“i J 




where 5 represents the quantity in brackets. Since R = 0 when u—\ and therefore 
S—0 when w 1 =X 1 , we may as before treat X x as constant when differentiating with 
regard to m. We now see that m enters into the expression for V only implicitly 
through S. The differential coefficient of V is therefore 2 mdV/dS. When m= 1, 
S=R and exactly replaces R in the formula for V, hence dV/dm^MV/dR. The 
potential of the homoeoid is therefore found by differentiating that of the solid 
ellipsoid with regard to R and doubling the result. 

250. The potential of a heterogeneous homoeoid whose surface density is 
a—Apxfy 9 z h being known, that of a solid ellipsoid whose density is 
p = (1 - x 2 ja 2 - tec.)* -1 xfy g z h 

can be deduced by integration. Let a, 6, c be the semi-axes of the ellipsoid whose 
potential is required, ma, &c., (m J r dm)a, &c. those of an elementary homoeoid as 
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described in Art. 239. If p' be the density of the homoeoid, its surface density is 
p'pdm/m . The potential of this element may be found by writing ma, <fec., m 2 u, m-\ 
for a, &c., w, \ in the general expression (II.) of Art. 247, and multiplying the 
density by afWc h dvilm. The potential is thus seen to be 


2 Trade A 




where 


-TT -— 

L a~ + u 


&G. 


T Dn 

J m 2n (Ln)~ 2- n ‘ 


fW== D n (jtLV(.*! Y ( Y‘ 

' ' n t Lji)'- 2r n \a? + u) \b- + u) \c 2 + uj 


We shall write m 2 -1 + R for the quantity in square brackets, this being its value 
when expressed in terms of R. 

To find the potential of the ellipsoid we multiply by (1 - m 2 )*' 1 (see equation (1) 
of Art. 239) and integrate from m —0 to m=1. The potential of the solid 
heterogeneous ellipsoid at an external point is therefore 

yjl *» s J” du (* - m T~ 1 0» 2 - 1 + R ) n F M, 

where F ( u ) contains all the factors which are independent of m, thus 
irabc Au n 
~Q~ (Ln 

Since the attracted point is external to the ellipsoid, is not zero and it is 
necessary to change the order of integration by the process described in Art. 239. 
The <f> (u) of that article is here called 1 - R and since n = 1, we have e=\. The 
new limits are at once seen to be mr = 1 - jR to 1 and u=\ to oo . The potential V 

is now V'= ^ du j ^dm- (1 - vi 1 )*- 1 (m- - 1 + U) n F (u). 

The integration with regard to vr is effected by putting l-m 2 =Rv so that 
dm 2 — -Rdv and the limits become v = l to 0. We then find by using Euler’s 

gamma function, F' = 2 f duR n+K F (u). 

b J a r(// + * + l) 

Substitute for F (u) its value given above and this at once reduces to the expression 
for V' given in Art. 247. 


251. To find the potential at an external point of an elliptic 

( sjqH ty 2 \ n 

1 — — — 

where n is not necessarily integral. 

We regard the disc as the limit of a solid ellipsoid whose axis 
of c is zero. By Art. 245, corresponding values of the density p 
and potential V of the ellipsoid are 


P = A 1--. 

r ' a- 


r 

' V 


F= 


/c J I CL “ 


F 


•&c. 


K du 


cy ' k j ( ar + u Q 9 

where the limits are A to td . 

The mass enclosed by a prism standing on the base dxdy and 
extending both ways to the surface of the ellipsoid is 


2dxdy J ( p 2 c 2 — z 2 )** 1 dz , 
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where p 2 = 1 — a?[a 2 — y 2 /b 2 . Put z=pc sin# and this when k is 

... , , , j /, x 2 y 2 \ K -% r ( k ) r(|-) . 

positive reduces to dxdy ^1 — — — + X ) 

We now put tc=n-\-\ and Ac = T (k + |-)/T ( k) F (J), and the 
mass of the prism is crdxdy . Since F (£) = fir, the potential at an 
external point of the heterogeneous elliptic disc is 

•py r(ft + l)r(j-) f 00 abdu /- _ g 8 _ V* _ £Y+h 

r(n + |) Jx Q V a? + u b 2 + u u) 
where Q 2 = (a 2 4* u) ( b 2 4- m) n > — and X is defined in Art. 204. 

To find the potential of a homogeneous elliptic disc at any; 
external point, we put n = 0. The potential is therefore 
v , r x 2abdu / ?-\t 

J a Q \ a 2 4- u b 2 4- u u) ’ 

By using Chasles 5 geometrical theorem (Art. 230) we may express the potential 
of the disc in elliptic coordinates. We find at once for a homogeneous disc 

V‘=f [(a 2 +« - o (a 2 + u - a" 2 ) (a 2 +it - a'" 2 )]* 

where the limits are a' 2 - a 2 to oo. 

252. Ex. 1. The surface density of an elliptic disc is 

<r = (l-x 2 la 2 -y 2 lb 2 ) K ~b cp(x, y), 

where k is positive. Prove that the potential at an external point is 

™_r(K+i) /■<?#„/ a 2 f b’-n \ 


r, r (« + £) /■<?»„ , /■ a 2 i 

r - ab TMTJi)jQ M ^{^ 


where Q 2 =(a 2 + ?z) (b 2 + u) u, the limits are X to oo , M K has the same meaning as in 


Art. 247 and JR = 1 —~ 


r ^_a 2 -{-u d 2 t b 2 + u d 2 
V ~~^d^ + ~~b 2 ~Tn 2 ‘ 


a? + u b 2 + u u’ a 2 b 2 d v 2 ‘ 

[Proceed as in Art. 251, using Art. 247.] 

Ex. 2. The line density of an elliptic ring is p'=p<f> (x, y). Prove that its 
potential at (£ 77 ^) may be deduced from that of the elliptic disc in Ex. 1 by putting 
K=h, differentiating V' with regard to B and doubling the result. 

Ex. 3. The density of a solid elliptic cylinder is p=A (1 — x 2 ja 2 - y 2 lb 2 ) K ~ l ,xfy°z h . 
Prove that the potential at an external point is 

where Q 1 2 = (a 2 -f?/) (fc 2 + w), and the limits are X to co . If the attracted point is 
internal the limits are 0 to oo. 

The potentials of an elliptic cylindrical shell follow by the rule of differen¬ 
tiation. 

[Put <p=(ax)f(by)9 ( cz) h and c= oo in the formula of Art. 247.] 

253. Confocal level surfaces. Ex. Let the law of force be the inverse /cth 
power. Prove that the level surfaces of an elliptic disc whose surface density is 

( /jj2 ^ 

1 - ^2 - p ) , lohere n = % (k - 3), are confocal quadrics of the disc. Conversely 


R. S. II. 


9 
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prove that if the level surfaces are confocal quadrics the surface density is that 
given by the expression for <r. 

Thence find the potential for any level surface by placing the attracted point on 
the axis of the disc. The proofs may be found in the Phil. Trans. 1895. 


254. The component attraction at P of a uniform elliptic disc in a direction 
perpendicular to its plane may be found by using Playfair’s theorem (Art. 27). We 
describe a cone whose vertex is P and base the elliptic area. The normal attraction 
of the disc is equal to the solid angle of the cone multiplied by the surface density 
of the thin disc. 

When the attracted point lies on the hyperbolic focal conic of the attracting 
ellipse , the cone is known to be a right cone and the solid angle may be found by 
elementary solid geometry . 

If in this last case the distance of P from the plane be £ and the major axis of 
the confocal ellipsoid through P be a\ we have 


Z_ 

2 7T 
%r 


=i 




(« 2 f » + &*)*’ 

= b f a' _ 1 ] = ab_ (/ r 2 + ^ 2 

~h i(a' 2 -7( 2 ^ f h tW 2 + 6 4 



"where 2h is the distance between the foci of the attracting disc, and the surface 
‘density is unity. 


Ex. 1. Prove that the solid angle of the cone Ax^ + By- 


«> n « a * ( 

y~-Cz- = 0 is | —~—, 

J Q 

where Q-=(G-u) (A +u) (P + w). The limits are u=0 to G, where A, P, C are 
positive quantities. 


Ex. 2. Prove that the solid angle of the cone 

Ax - 4- By- 4- Gz- 4 - 2 1)yz 4- 2 Ezx 4- 2 Fxy = 0 

is | where A is the determinant in the margin. 

J v ( _ A) 

The limits are u — 0 to that root of the equation A=0 which 
has a different sign to the other roots. 


A 4 -u, 

F , 

E 

P , 

B + u, 

D 

E , 

D , 

G + u 


Potentials of rectilinear figures. 

255. Potential of a lamina. To find the potential at any point P of a plane 
lamina of unit surface density. 

Let PN be the perpendicular from P on the plane. Let the plane of the lamina 
be the plane of xy, N the origin and NP the axis of z. Let NP = £. Let (r, 6) be 
the polar coordinates of a point on the plane of xy. 

If QQ f be any elementary arc of the curvilinear boundary, the potential of the 

triangular area NQQ' is I ~ 1 ^— , where the limits of integration are r = 0 and 

J ('•-+<¥ 

r=r. If JR = PQ , this reduces to (R-{)dO. 

Integrating this again for all the elements of the boundary, we see that the 
potential V' at P of the area of any closed plane curve is j[R - f) dd. In this 
expression the limits are determined by making the point Q (whose coordinates are 
r, 6) travel completely round the curve in the positive direction, the elementary 
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angle dd having its proper sign according as the radial angle 0 is increasing or 
decreasing when Q passes over each element of the perimeter. 

When the perpendicular PN falls within the lamina, the limits of 6 are 0 and 
2?r, the expression for the potential is then \Pd6 - % r£. When the perpendicular 
falls outside the lamina the upper and lower limits of 8 are the same, so that 
l^dd— 0 and the expression for the potential is simply \Bdd. 

256 . We may put the expression just found for the potential into another 
form which is sometimes more useful. 

If rdddr is any element of the area of the triangle NQQ', u its distance from P 
and <p the angle u makes with the normal to the plane, the solid angle dco 
subtended at P by the triangle is 

the limits of u being f and B. 

The potential of the triangular area NQQ' at P is, by Art. 255, equal to 
B*dd A r * de 

B ? d8 - JR b)~ B ^ d<a ' 

In fig. 1, the perpendicular PN falls within the attracting area. We then find, by 
integrating all round the perimeter of the area, that the potential at P is 



where « is now the solid angle subtended at P by the area. 




In fig. 2, the perpendicular PN falls without the area. In this case we must 
subtract from the potential of NQQ' that of NS S', Since dd is positive for QQ' and 
negative for S'S when a point travels round the curve in the positive direction, the 
form of the result is unaltered. 

Let ds be the length of any elementary arc QQ' of the perimeter, p the perpen¬ 
dicular from N on the tangent at Q. Then since r 2 dd=pds, the potential at P of 
f pds 


the area takes the form V' = j 
the perimeter, and w is the solid angle subtended by the lamina at P. 


■p- where the integration extends all round 


Ex. If the law of force be the inverse fifth power of the distance, show that 


the potential of a plane lamina of unit density at a point P is 


1 f pds 

spj & 


, where 


8£ 2 J P- 

the integration extends all round the perimeter and the letters have the same 
meaning as in Art. 255. 


9—2 
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257. When the lamina is bounded by rectilinear sides, p is constant for each 
side and may therefore be brought outside the integral sign. The integral $ds/R is 
then the potential of that side at P. We therefore have the following theorem. 

If V' be the potential at any point P, of the area contained by any plane rectilinear 
figure regarded as of unit surface density; V 1 ,V 2 , <&c. the potentials at the same point 
of its sides each regarded as of unit line density , « the solid angle subtended at P by 
the area, then V'= -i'w+.PiF i +p 2 V 2 + c&c., where t is the length of the perpendicular 
PN on the area , and p 1? p 2 , dhc. are the perpendiculars from N on the sides taken 
with their proper signs. 

The signs of the perpendiculars are determined by the following rule. If the 
point Q travel round the perimeter in the direction of the motion of the hands of a 
watch, the perpendicular p is positive or negative according as the origin N lies on 
the right or left-hand side of the tangent at Q. 

258. Potential of a solid. If V" be the potential at any point P of a solid , of 
unit density , and bounded by plane rectilinear faces; Vf, Vf, dtc. the potentials at 
the same point of its faces each regarded as of unit surface density , then 

2^ = ^ + ^+..., 

where $* 2 , dbc. are the perpendiculars from P on the faces taken with their proper 
signs. 

Describe an elementary cone whose vertex is P and whose base is any element 
of area of the boundary of the solid. Let du be its solid angle. The volume of an 
element of the cone being r 2 dudr t the potential of the cone at P is 

= 4 ,^= 4 ^, 

where r is now the radius vector drawn from P to the elementary area dcr and p is 
the perpendicular from P on the tangent plane. The potential of the whole solid 

body at P is therefore l 

When the boundaries of the solid are planes, p is constant for each plane and 
jl^da-jr is the potential of that plane face at P. We have at once V"=^pV'. 

259. The solid angle subtended at any point P by any triangle ABC is the area 
of the unit sphere enclosed by the planes PAB, PBC, PGA. This area is the same 
as that of the spherical triangle traced on the sphere by these planes, and a finite 
expression for its value is given in books on spherical trigonometry. Since any 
polygonal area can be divided into triangles it follows that the solid angle subtended 
at P by any rectilinear figure can always be found. The result may be complicated 
but it involves no integrations which cannot be effected. 

It immediately follows from Arts. 257, 258 that the potentials of all rectilinear 
figures and the potentials of all solids bounded by plane rectilinear faces can be 
found. Thus the three integrals which express the components of the attraction of a 
rectilinear lamina or solid can be found in finite terms. 

260. Components of Attraction. Some simple expressions may be found for 
the components of the attraction of the lamina. We know by Playfair’s theorem, 
that the component along the perpendicular PN on the lamina is equal to the solid 
angle subtended at P by the lamina, see Art. 27. 

We may obtain an expression for the resolved part of the attraction along a 
straight line drawn in the plane. If this straight line be called the axis of x and 
the boundary of the lamina be a closed curve in the plane of xy, the x component 
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of the attraction is X'= j ^ , where R is the distance of an element of the boundary 
from the attracted \ oint P. 

Divide the lamina into elementary rectangles having their lengths parallel to 
the axis of x , and let the breadth of each be dy. If AB be any one of these 
(regarded as of unit surface density), its x attraction on P in the direction AB is 

^ JL _ dy , see Art. 11. The attraction of the whole lamina is therefore Jdy/P, 

where R stands for either PA or PB, and dy is taken positive or negative according 
as the ordinate y is increasing or decreasing when a point Q travelling round the 
curve passes A or B. 

261 . A solid body of unit density is bounded by jplane faces: it is required to 
find the resolved part of its attraction at a given point P in a given direction Px. 
Whatever the form of the solid may be, its component of attraction in the 

direction Px is X" = j where da is an element of the surface, <j> the angle 

the normal at da makes with the given direction Px and R is the distance of da 


from P. 

When the solid is bounded by plane faces, cos <f> is the same for all the elements 
of the same face. It may therefore be brought outside the integral sign. Since the 
integral jdajR is obviously the potential at P of the face, we have at once 

X" = Vf cos fa + Vf cos fa + .= 2 V cos 0 , 

where Vf, Vf, &c. are the potentials at P of the plane faces regarded as of unit 
surface density, and fa, fa 2 , &c. are the angles the normals measured inwards make 
with the direction in which X is measured. 


262 . Ex. 1 . If a, /?, 7 , d be the quadriplanar coordinates of a point P referred 
to the faces of a tetrahedron, show that the potential of the solid contained by the 
tetrahedron regarded as of unit density is \ (F x a+ V 3 y+ V 4 d) where V 13 V 2 , 
V 3 , V 4 are the potentials at the same point of the several faces regarded as of unit 
surface density. 

Ex. 2 . Show that the solid angle co subtended at any point P by a triangular 
area ABC is given by 

(f * cosec = (s+£z £. (r+p):- 6 * . (p+y~ c !, 

where v is the volume of the tetrahedron ABCP and p, q, r are the distances of P 
from the angular points of the triangle. 

Ex. 3. The triangle OBC is right-angled at B, and at 0 a straight line OP is 
drawn perpendicular to its plane. If the triangle be of unit surface density, prove 
that its attractions at P resolved parallel to OP, OB, and BC respectively are 

tan -1 — (a 2 + fc 2 + c 2 )% - tan -1 - 
ac v ' c 

c (& 2 -j-c 2 )^ + (a 2 + b 2 + c 2 )% c +(a 2 + 6 2 + c 2 )^ 

_____ 0 g ~ og 

log & + b *)% _ b (S 3 -1- c 2 )* + (a 2 + b 2 + c 2 )^ 

a (Z> 2 + c 2 )- * 

where a=OP, b=OB, c=BC. Since any rectilinear figure in the plane of xy may 
be divided into right-angled triangles having a common corner 0 by dropping 
perpendiculars from 0 on the sides and joining 0 to the corners, these results give 
the three resolved attractions of any plane rectilinear figure. [Knight’s problem. 
Todhunter’s History , p. 474.] 
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Laplace’s Functions and Spherical Harmonics. 

263. In many parts of the theory of Attractions, the integrations are shortened 
and made more comprehensive by the nse of Laplace’s functions. In other parts 
the necessary processes could not be effected without their help. There are several 
treatises on these functions from which the reader may acquire a knowledge of this 
important branch of Pure Mathematics. The propositions however which are 
wanted in Attractions are not very numerous and these books contain much more 
than is here required. At the same time the subject of Attractions is generally 
approached by the student at a period of his course when he has not yet reached 
the proper study of these functions. For these reasons it seems proper to make 
a preliminary statement of a few elementary theorems which the reader acquainted 
with Laplace’s functions may pass over. 

264. Expansion of the inverse distance. Let P, P' be 

two points, one of which will afterwards be taken as a point of the 
attracting mass and the other as the point at which the attraction 
is required. Let (x 3 y , z) 3 (x 3 y f , z') be their Cartesian coordinates 
referred to any rectangular axes, (r, 9 , cj>) 3 (r', 8 \ <j>') their cor¬ 
responding polar coordinates. Let P be the distance between the 
points and let p = cos POP'. We therefore have 

R ^{(x-xy + (y-y'y-\-(z-zy\ f{r 2 -~2rr'p + r' 2 } v } 

It will be found convenient to expand 1/P in a convergent 
series of ascending powers of either r/r' or r'jr. Supposing first 
r < r\ we write h = r/r'. We then have by the binomial theorem 
(1 — 2 ph + = 1 + -| (2 ph - hr) + § (%ph — It 2 ) 2 + ... 

Expanding these terms and writing P l3 P 2 , &c. for the 
coefficients of the several powers of h 

(1 - 2 ph + ft “)-* = 1 4 - l\h + PJt 2 4 -.( 2 ). 

The terms containing h n arc evidently the first in (2 ph — h 2 ) n , 
the second in (2 ph — h") n '~ 1 , and so on. It is therefore clear that 
P n is a rational integral function of p, whose highest power is p n 
and whose powers descend two at a time , the terms being alternately 
-positive and negative. Thus P n is of the form 

Pn^A n p n + A^p^ + .(3), 

where A n , 2 , &c. are constants. 

These constants are easily found when n is a small integer by , 
the use of the binomial theorem in the manner shown above, thus , 

Pi P 2 = i (3p 2 - 1), P 3 = i (5p 3 - 3 p) 3 
P 4== 1(35^-30^+ 3), &c. 
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265. The function P n is usually called a Legendo fs^fy.^ign 
of the nth order. It is sometimes written in the form P n ( p) 
when it is desired to call attention to the independent variable. 
Regarding one of the two radii vectores OP, OP' as a fixed axis 
and the other as capable of moving into all positions round the 
origin, P n is a function of the inclination of the latter to the fixed 
axis. The fixed radius vector is called the axis of reference of the. 
function or* more shortly the axis’ of the function. ‘ ” 


266. If (a', /3', y) are the direction cosines of OP', we have by- 
projecting OP on OP' pr — ax + /3'y -f yz, 

.\ P n r n =A n (a'x-{- (3'y+yz) n +A u _ 2 (a'a?+'y+ y'z ) n ~ 2 (x 2 -f y 2 -f z 2 ) +.... 

I Regarding OP' as fixed in space and OP as moving about 0 we: 
' see that P n r n is a homogeneous rational and integral function of tJi& 

coordinates of P. 

I I The quantity 1 jR, regarded as a function of the variables {x, y, z),. 
is known to satisfy Laplace’s equation, Art. 95. Since this is true 
whatever (x, y\ z') may be, provided they are fixed, it follows that, 
the coefficient of every power of 1 /r' in the expansion 


I,I + £r+£!? + 

R r' r ' 2 r' z 


( 4 > 


satisfies Laplaces equation. 


267. Any homogeneous function of (x, y, z) which satisfies 
Laplace’s equation is called a spherical harmonic function. Its 
degree may be any positive or negative integer, it may be 
fractional or imaginary. 

When the function is such that it may be written in the form 
rn f(Q) where 6 is the inclination of the radius vector to a fixed 
straight line, it is called a zonal spherical harmonic. We therefore 
see that Pnf 1 is a zonal spherical harmonic of the nth order. 


268. The expansion (4) has been made in powers of rjr' on 
the supposition that r is less than r'. If the contrary be the case 
we must make the expansion in powers of r'jr in order that the 
series may be convergent. We then have 


i_ _ i py py 2 

R t r 2 7 ^ 


(5). 


It follows in the same way that the coefficient of r' n , viz. 
P n r~ {nJrl \ i s a homogeneous function of the — (n + l)th order 
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which satisfies Laplace’s equation. Thus both P n r n and P n r-("+« 
are zonal harmonics of different orders. 

269. It is useful to notice that the values of P n when p = ±1 
and p = 0 follow at once from the series (2). Thus when p = + i 
P n is the coefficient of h n in the expansion of (1 + h)~\ When 
p = l, P n = 1 and when p = - 1, P n = +1 or -1 according as n is 
even or odd. Both cases are included in the statement that P n =p n 
when p = ± 1. 

It follows that the sum of the coefficients of the several powers 

of p in the expansion of P n is unity. 

After differentiating the series (2) k times we find 

/n (1 - 2ph + A 2 ) = —' + h + &c. + — n h«~*+&a,, 

' dp* dp* dp* 

where u=l. 3.5...(2 k- 1). It follows that when p = ±1 _ p n ~* 

dp* L(u-k)L(k) 2* ' 

The value when jp —0 is somewhat more complicated. 

270. Any integral rational function of p of the nth degree, 
7 say F (p\ can be expanded in a series of the form 

F (p) = B n P n -f B n -. l P n - 1 *+■...+ B q P 0 . 

Since the highest power of P n is A n p n , we can, by properly 
choosing the constant B n , make F (p) — B n P n = F 2 (p) contain 
p n ~ x as the highest power. Choosing again the constant B n ^ 
properly we can make P> (p) — B^P^ contain p n ~ 2 as the 
highest power and so on until we arrive at zero. In this way, 
we find 

f = \ (2P a + P 0 ), f = i (2P 8 + 8P0, = & ( sp 4 + 20P 2 + 7P 0 ), &c. 

It follows from Art. 269 that the sum of the coefficients of the 
functions P n in any one of these expressions is unity. 

I 1 pin 

271. To prove that = ( g n ('f - l) n . 

Let u =p 4* — 1) h, then by Lagrange’s theorem 

hn ,]n—i 

.< A > 

By solving the quadratic and differentiating we find 

^ = + (1 — 2 ph + h*)-* .(B). 

The coefficient of h n in the expansion (B) is by definition P n . By 
differentiating (A) and comparing the two expansions the theorem 
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follows at once. The positive sign in (B) must be taken, because 
when n = 1, P n = p. This expression for P n is due to Rodrigues. 

272. Cor. Since all the roots of (p* —l) n = 0 are real and lie 

between + 1 inclusively, those of p 2 — l) n = 0 are also real and 

lie between those of ( p 2 — l) n = 0. By continuing this process we 
see that all the roots of P n — 0 are real and lie between ± 1. 


#> 


273. The two following equations are important 


d 


dP n 


. (1) ' 

0+1) P n +1 - (2tt + 1) pPn + nP n _ 1 = 0.(2). 

I jThe first is usually called the differential equation and the second | < 
I Ithe equation of differences and sometimes the scale of relation. I 
; To prove these we notice that, if u = the left-hand sides 

of the equations are the coefficients of h n in the expressions 


ffci 

dp C 


du ) 


d? 


du 




By substituting u — (1 — 2 ph + h 2 )~h these expressions are found to 
be zero. 


The following theorems are also useful 


e+iPndp= ^z^.. 


.(B), ^a=(n + l) Pl14 ^ P f n .. 

w dp K ' p 2 -1 


•w. 


These may he proved by substituting in 

. n du _ .^ . 0 , du 
OJ fi - + uh=(l-h^-, 


du ,. du 

Q-^aj+V-^ah-^ 0 - 


274. The equation P n =0 has no equal roots, for if P u and dPJdp were zero 
simultaneously it would follow from the differential equation (Art. 273} that either 
p=±l or d 2 P n /dp 2 =0 . The first alternative is impossible since these values of p 
make P n = ±1. Differentiating again we prove in the same way that d 3 P n [dp d =0 
and so on. But this would make d n PJdp n =Q which it is not, for by Art. 264 it is 
equal to A n |w. 


275. The roots of P n ~0 lie between those of ■P»+i = 0. Let a A , a 2 , ... a n be the 
n roots of P n =0 in increasing order of magnitude. Then dPJdp is alternately ■+• 
and - when we give these values to p ; it has the same sign as P n when p > a n and 
is therefore positive when p = a n . But by (4) of Art. 273 P n+1 and dPJdp have 
opposite signs when P n = 0 and p<l. Hence P n+1 is alternately - and + when we 
put p = a 1 , &c. a n , and is negative when p = a n . Again P n+1 is positive when p = l 
(being in fact unity), hence one root of P w+1 = 0 is >a w , n -1 roots lie between those 
of P n =0, and the (n+l)th root must be < 0 !. 

276. The reader is recommended to trace the polar curve r=a + bP n for the 
values ?i = l, 2, 3, &c. where P lf P 2 , &c. have the values given in Art. 264 and 
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p = cos 6. The constant b should be regarded as much smaller than a. The two 
theorems of Arts. 274 and 275 will be found useful in tracing the relations which 
exist between the several functions. 

277 . It is important to notice that the function P n is not numerically greater 
than unity for any value of p less than unity. For the proof of this we have here 
no room. 

Supposing h to be less than unity, the series 

(1 - 2ph + /i 2 )*=P 0 + Pjh+ PJ* 2 +... 

is convergent even when we replace every coefficient by its greatest numerical value 
and make every term positive. The series is therefore absolutely convergent when 
both p and h are less than unity . 

f+l 

278 . To prove that J f(p)P n dp = 0 , where f(p) is any 

integral rational function of p of less than n dimensions . It 
follows from this that when m and n are unequal (so that one is 
r+i 

less than the other ) j P m P n dp = 0. 

By a theorem in the integral calculus we have 

fiulv — uv — u'v 1 +-u"v ii— ... 4- (— 1 ) n fu n dv n .(1), 

where accents denote differentiations and suffixes denote in¬ 


tegrations. Let Q be finite between the limits and let 


d n ~ l Q u 

dp n ~~ l 9 


__ d n ~ *Q‘ h 

Vx ~~dp"- T ’ 


d n ~ :> Q n 
dp;-- • &0 - 


Each of the terms v, v x ... t/ n _ x contains the factor Q at least once 
and therefore vanishes when p is put equal to any root of Q = 0. 
If we also put n~f(p) the series terminates before we arrive at 
the final integral. It follows that the integral (1) is zero when 
the limits are any two unequal roots of Q = 0. Let Q=qf — 1, the 
integral is then zero when the limits are p = ± 1. See Art. 271. 


279 . If f(p) is of n or higher dimensions, the only term, on the right-hand 
side of (1) (Art. 278) which is not zero is the final integral. This is also true if 
f(p)=p K (where k is a positive quantity = or > 7 ?,) and the limits are p — 0 to p = l. 
In this case all the terms up to u K v K are zero because the first factor vanishes when 
p=0 and the second when p — 1. The final integral is made one of the standard 
forms in the integral calculus by putting p = cos 6 and its value can be written 
down. As these integrals are not required here, it is sufficient to state the result 


in the form 




This result is also true when the limits are -1 to +1 and k is integral. For if 
k + n is even each side is then doubled and if odd each side becomes zero. 


Ex. Prove j p K P n dp = — ~^- + ^ j P*' 1 P n -i dp where the limits are 0 to 1, and 
k is a positive quantity greater than or equal to n. 
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280. To find jP m P n dp between any limits. The functions P m , P n satisfy 

»(» + l)P m —A , «(» + !)P„=- rf f {d-P 2 )^} • 

Multiply the first by P n and the second by P m and integrate each product by parts. 
We then obtain by subtraction 

where the right-hand side is to be taken between the given limits. 

It immediately follows that where the limits are -1 to +1 the integral is zero. 
When m is even and n odd, we deduce from Art. 269 

Op „ »(-l)*0^»-») 1.8.5 ... (m — 1) 1.3.5... (n-g) 

Jo m n ” [n-ni) (n + m + 1) ’ 2.4.6...m * 2.4.6 ... (n - 1) * 

When m and n are both even or both odd, the integral is half that of the same 
integral with the limits ±1 and is therefore zero. 

Since P 0 =1 we find m (m+1) j ^ P m dp is equal to the value of dP m jdp when p = 0. 
Also / 1 P m dp— 0. 

m 2 

281 . To prove that J P n 2 dp = ^—- . 

This important result may be deduced from Art. 278 by putting 
f(p) = P n , but the following method is of more general application. 
We multiply the equation of differences, viz. 

nP n - (2 n -1) pP n -i + (n - 1) P n -« = 0, 
by P n and integrate between the limits p = + 1. We then have 
n JP n ~dp - (2n -1) JpPnP^dp = 0. 

In the same way, if we multiply by P n — 2 and integrate between 
the same limits, we find 

— (2n — 1) fpPn-iPn-*dp + (w — 1) JP 2 n _ 2 dp = 0. 

We now write n +1 for n in the last equation and eliminate 
JpPnPn-jdp. We thus arrive at 

(2n + 1 )JP n 2 dp = (2 n - l)jP 2 n ^dp 3 
provided n is not zero. By continued reduction we find that each 
of these is equal to JP 0 2 dp = 2. The result follows at once. ^ 


282 . Ex. 1 . Prove /!* (ff) + j ^ , 

where p = cos d. 

To prove the first, integrate by parts and notice that since d 2 P n jdp 2 =zP ,f 
is of lower dimensions than P n , jP n P"dp = 0. To prove the second, write 
d&= -dp/Jfl-p 2 ), integrate by parts and use the differential equation. 

Ex. 2. Prove that = m (m + 1) if ?i>m, and m + n is even. It 

is evidently zero if m + n is odd. 
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Ex. 3. Let (1 -2ph+ft 2 )-i(' c - 1 )=SQ B ;i*, 0 (p) = (l -p*)i(*-\ 

Prove ^ |(1 -P 2 ) <S> (p) -Jj~| + n (n + k -1) </> (p) Q n =0, 

(re + 1) <3 n +i -(2ti + k - 1) (J u +(rt +k - 2) Q„_ 1 =0, 

JV (P) Q m Qn d P=0> fa (p) Qn d P = Xfa (p) Q\-i*P, 

where N= (2 n+K- 3) (?z + k - 2)/« (2tH- k -1) and the limits are -1 to +1. 

r+i p 

Ex. 4. Prove that I (l-p 2 )*-—--=0, if m and n are unequal. [It 

J -1 dp K dp K 

follows at once from Ex. 3 by using Art. 2G9.] 


283. Potential of a body*. To apply these expansions to 
find the potential of a body, we regard (x\ y\ z') as the coordinates 
of any particle m of the attracting mass. We now multiply IjR 
by m and sum or integrate the result for all the attracting 
particles. At some points of the body we may have r'>r, at 
others r>r' \ we may therefore have to use both the expansions 
in Arts. 266 and 268 each for the appropriate portion of the 
attracting mass. In this way we find 


F=2’|=F 0 +F I r+F 2 r 2 + 


+ 


Z e 


2 + Z 3. + ^i 
. r ^2 ‘ ^ 


( 6 ), 


where 


’XT’ _^mP n 


and Z n =2<mr' n P n . 


These summations cannot be effected until the form and law 
of density of the heterogeneous body are known. We notice 
however that both Y n and Z n are the sums of a number of 
Legendre’s functions with coefficients and axes depending on the 
given structure and shape of the body. Regarded as a function 
of (%, z) both Y n r n and Z n r n are integral rational spherical 
harmonics. When therefore we use Cartesian coordinates we 
write the series in the form 


m rn rn 

r=s t +s l+ s a +... + ± + ± + ii+. 


where S ni T n are spherical harmonic functions of x, y, z of n / 
dimensions. 


284. Laplace's equations. In this way we have been led 
to an expansion of V in powers of r which must hold for all 
attracting masses. Let this be written V =SF n r w , where n may 
be either a positive or a negative integer. Substituting this 

* This expression for the potential V is given by Sir G. Stokes in his memoir on 
the Variation of Gravity, &c. Canib. Trans. 1849. He obtains the expression by 
solving Laplace’s equation. 
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series for V in Laplace’s equation as expressed in polar co¬ 
ordinates (Art. 108) and equating the coefficient of r n to zero, 
we have 






d?Y« 


dfL) 1 — fjL 2 d<p 2 


+ n(7i + l) F w = 0 ... (7), 


d 

dfi 

where /l = cos$. 

The corresponding equation for Y m is found by writing m for 
n. If we choose m so that m (m 4*1) = n (n +1) we have m = n or 
m = — (n+I). It follows that there are two powers of r, and only 
two, viz. r n and r~~ {n+1) , such that their coefficients in the series 
(6), viz. Y n and Z n , satisfy the differential equation (7). It 
appears therefore that Y n and Z n are both solutions of the 
differential equation (7) and differ only in the arbitrary functions 
or constants which occur in the solution. 


Any function of two independent angular coordinates (such as 
the direction angles 6, cj> of the radius vector) which satisfies 
equation (7) is called a Laplace 3 s function. Thus Y n is a Laplace’s 
function of the order n. The corresponding function Y n r n when 
expressed in terms of (%, y, z) satisfies Laplace’s equation and is a 
spherical harmonic, Art. 267. A Laplace’s function when expressed / 
as a function of the Cartesian coordinates of the point at which|| 
the radius vector intersects some given sphere with its centre atll 
the origin is called a sph erical surface harmonic. V 

285 . If Q<p' be the direction angles of a fixed radius vector OP' and 
cos POP'—p, we have p = cos 6 cos 0' + sin 6 sin 0'cos (<£ - <f>'). 

The Legendre’s function P n is therefore a symmetrical function of 6, <f> and 
6', <t>. Regarded as a function of 6 , 0, we see, by comparing the series (4) and 
(5) of Arts. 266, 268 with (6) of Art. 283, that P n is a special case of Y w . It follows 
that P n must also satisfy Laplace’s equation (7). 

If the axis of the function P u , i.e. OP', be taken as the axis of reference, we 
have fx=p and dP n jd<j> = 0. The differential equation then becomes 

.< 8) - 

The general solution of the differential equation (8) has two arbitrary constants. 
To find the general solution when a partial solution has been found we use a rule 
given in the theory of differential equations (see Forsyth’s Diff. Pq. Art. 58). 
The general solution is thus found to be 

AP n +£P n j 

where A and B are the two arbitrary constants. Since P n is an integral rational 
function of p we may by using partial fractions effect this integration. The process 
is rather long and the results will not be required. It will be sufficient to notice 
that the part of the solution derived from the integral is not an integral rational 
function of p. It follows that the only integral rational solution is AP n . 
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In the same way the general solution, of the equation of differences 
(n + 2) u n+2 - (2 n + 3) pu n+1 + (n+1) « n =0 
is u n =AP n + BQ n where 


Qn~~ 


2ll 


-1 2n- 

F n-l + : 


■5P, 


- n f 3 + &G.+ 


2 n - 4r + 3 P„. 


-+&c. 


ri *• * n-1 3 n — r + 1 2r-l 

Both these partial solutions are integral rational functions of p. This result is 
easily verified by substitution: if we remember that the equation is satisfied by 
t^=P w , we find that the coefficient of every P n is zero. 


286 . We have seen in Art. 283 that the potential of any body can be expanded 
in a series of spherical harmonics of integral orders. In this expansion Y n r n and 
Z n r n are both integral and rational functions of x, y, z of a positive integral order. 
Changing to polar coordinates we find that Y n is an integral function of cos 0, 
sin 6 cos 0, sin 0 sin <£. Expanding the powers of sin0, cos0 in multiple angles, 
we have 

Y n =A 0 + ( A 2 cos <p + sin 0) + (A 2 co s 20 + P 2 sin 2$) +... + (A n cos n<p + B n sin n<p) ... (9), 
where A 0 , A 2 ...A n , B 1 ...B, /l are all integral and rational functions of sin 0 and cos0. 
Substituting this value of Y n in (7), we see that both A k and B k satisfy 


to ^Tf +# ( w+1 )i ‘=rv^.do). 

where /x=cos0. 

Since the equation (10) reduces to the form (8) when 7c = 0, we have A 0 = a 0 P n (/x), 
where a 0 is an arbitrary constant. 

The values of A lt B l &c. will not be required; it will therefore be sufficient to 
mention that their values found from equation (10) are 


B k =(sin 

where a k and h k are arbitrary constants. 

d k P (a) 

The function (a k cos 7c0 + b k sin A*0) (sin 0) fc — . j n A — L is called a tpsseral surface 

harmonic of degree n and order 7c. In the particular case in which k=n, the 
function is called a sectorial surface harmonic of degree n. 


287 . The case in which r ?l = P 7l (p) is sometimes useful in the theory of 
attractions. Since p is the cosine of the angle between the directions (6, 0), 
(0', 0'), P n is a symmetrical function of (0, 0), ( O ', 0'). We therefore have 


Pn (p) = a 0 P n P n '+Z<, k (Din 0 sin 0')* ^ cos k (0 - 0'), 

where P n = P u (/4), P n ' = P n (M')» M = cos 0, /a'= cos 6' and 2J implies summation from 
7e = l to n. By putting 0 = 0, 0' = O we see that cr 0 = l. In a similar way by putting 

^L(n-h) 

J L(n + k) * 


6—\ 7r, 0' = ^7r we deduce that a k = 


When k = 0, we take half this value. 


288. Three theorems. The great utility of Laplaces 
functions depends on three theorems. To those we now turn 
our attention. 


Theorem I. If Y m , Y n be two Laplaces functions of different 
orders then JY m Y n dco = 0, where dco is a,n elementary solid angle 
and the integration extends over the whole surface of the unit sphere. 
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The following is Kelvin’s proof. Put V = Y m r m , V' = Y n r n and 
apply Green’s theorem (Art. 150) to the surface of a sphere of 
radius a, whose centre is at the origin, then 


rlV' dV 

fV^da-JV'V-dtr. 


dr 


Substitute for V, V' and we have 

a m+n+1 r)/Y m Y n dco = a m+n+1 rnJY m Y n dco ; 

hence unless m and n are equal, fY m Y n da> = 0. 

When m and n are positive these values of V and V' are both 
finite throughout the sphere. If however m, or n , is negative it is 
necessary to integrate over the two surfaces of a spherical shell, to 
avoid the infinity at the centre. If a and b be the radii we then 
have (a m+n+1 - b m+n+1 ) nfY m Y n dca = (a m+n+1 - b m+n+1 ) mfY m Y n dco. 

It follows that fY m Y n dco = 0 unless m — n or m + n + 1 = 0. 
We have also JY m P n dco = 0 and since P 0 = l, JY m dco = 0, where 
the integration extends over the whole unit sphere. 

289. Theorem II- Let Y n be a Laplace's function of the 
angular coordinates (0, <f>) and P n a Legendre's function of the 
same co or dinodes having (0', cf>') for its axis. Let both these be of 

^rjT 

the same order, viz. n, then fY n P n dco = -^——t Yn> where the 

In 4* 1 

integration extends over the whole unit sphere, and Y^ is the value 
of Y n when (0', <£') have been substituted for (0, <£). 

To find the value of fY n P n da, let us take as the axis of the 
axis of P n , (Art. 265) so that P n =P n ( i u), where (jl~ cos 0. Also 
do) = sin 9d6d<\> becomes — dpd<f>. The limits of integration are 
fjb = 1 to —■ 1, <f> = 0 to 27r. 

Taking the value of Y n given in Art. 286, viz. 

Y n = a 0 P n (fi) + 2 (A k cos k<j> + B k sin 
we notice that /cos lc<fid<p — 0 and /sin k<j)d<j> = 0 when the limits 
of cf) are 0 to 2ir. Hence 

2 

fY n Pndco = Uo//P ndpdcj) = a 0 .2tt . ^ ^ * 

It remains to find the value of a 0 . Referring to equation (10) 
of Art. 286, we see A k = 0 and B k = 0 when g=l except when 
k = 0. Also P n (fju) = 1 when p—1. Thus a 0 is the value of Y n 
at the point where the positive direction of the axis of £ cuts the 
unit sphere. Since the axis of P n has been taken as the axis of £ 
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it follows that a 0 is the value of Y n at the positive extremity or 
pole of the axis of P n , and this value has been represented in the 
enunciation by Y n '. 

290. Theorem III. Any function of the two angular co¬ 
ordinates of the radius vector can be expanded in a series of 
Laplaces functions , and the expansion can be made in only one way . 

For a discussion of this important theorem we must refer the reader to the 
treatises on these functions. It will suffice here if we consider how we may 
practically use the theorem in those simpler cases which generally occur in the 
theory of attraction. 

Let us first suppose that the given function is an integral rational function of 
the direction cosines of the radius vector, i.e. of sin 0 cos 0, sin 0 sin 0, and cos0. 
On transforming to Cartesian coordinates and multiplying each term by the proper 
power of r the function becomes an integral rational function of x, y, z, which we 
can arrange in a series of homogeneous functions. Taking any one of these, 
say f n (x, y, z), we shall show how it may be expanded in a series of spherical 
harmonics combined with powers of r. Thence (if it be necessary) we deduce the 
expansion in Laplace’s functions by giving r any constant value. 

Subtract from f n the expression (as?+ 2 / 2 + « 2 )/ n _ 2l where / n _ 2 is an arbitrary 
integral and rational function of (x, y, z) of the (n-2)th degree, viz. 

/n-2 —^0 5;n ~ 2 + + BiX n ~ 2 Z + .... 

Substituting V=f n ~ (x 2 + y 2 + z 2 )f n - 2 iu V2 ^> there results a homogeneous function 
of (x, y, z) of the (n - 2)th degree, which therefore contains as many terms as there 
are ways of making homogeneous products of x, y, z of that degree. But f n _ 2 is an 
arbitrary homogeneous function of the same degree and contains an equal number 
of terms. There are therefore just enough arbitrary constants A 0 , A lf B 1 &c. to 
enable us to make the coefficients of every term in V-V equal to zero. Assuming 
that the linear equations thus formed to find A 0 , A 1 &e. are not inconsistent with 
each other, the expression f n - (rc a + y 2 + z 2 )/ n -2 = satisfies Laplace’s equation and 
is therefore a spherical harmonic. 

Repeating this process with the function / n _ 2 , we have 
/n-2- (s 2 + 2/ 2 + S 2 )/»-4 = £n-2, 

and so on. We finally end with a constant or an expression of the first degree 
according as n is an even or odd integer. 

Writing r 2 for x 2 + y 2 + z 2 we have f n = S n + r~S rL _< 2 + rhS Y u _ 4 + ..., where S n , S n _ 2 
&c. are all spherical harmonics. It should bo noticed that this equality is a mere 
algebraical transformation, and involves no assumptions as to the meaning of the 
letters. 

If we now regard r as the radius of the unit sphere or any suitable sphere, S nt 
S n _ 2 <fec. become Laplace’s functions, and the required expansion has been made. 

When the function does not contain powers of x, y, z above the cube, this 
process will be unnecessary, for the arrangement in harmonics can then be generally^ 
performed at sight. 

291. When the Cartesian equivalent of the given function is not an integral 
rational function of the coordinates, an expansion in a finite number of terms cannot 
be obtained. We then proceed in another way. Assume that the expansion can be 
effected in a convergent series, say f(6, <f>) = Y 0 + 1^ + Y 2 + •••> where Y n is a Laplace’s 
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function of the wth order. Let P n be the Legendre’s function having (0', <p') for its 
axis, so that P n is a symmetrical function of (0, <f>) and (0', $'); Art. 285. Multiply 
both sides of the equation by P n and integrate over the whole surface of the unit, 

4t r 

sphere; then by Art. 289 JJf (0, <f>) P n dpd<p=-^-^ Y n ', 

where Y n ' is the value of Y n when (0', <p') have been written for (0, <p). When the- 
integration on the left-hand side has been effected, the result will be a known 
function of 0', <f>' only. Since 0', <f>' are arbitrary we can replace them by 0, 0 and 
thus the form of Y n has been found. 

Laplace’s expansion is an extension to two independent variables of Fourier’s: 
expansion of a function of one variable in a series of sines and cosines of its. 
multiples, and like that theorem is subject to limitations. The process of expansion, 
given above is not in any way a proof, it is to be regarded as merely a convenient 
method of applying Laplace’s theorem to special cases. It fails to give the limita¬ 
tions and must be used with caution when the function to be expanded is not single 
valued. 


292. Ex. 1. What are the conditions that 

(1) ax + by + cz, (2) Atx?+By‘ i + Cz 2 + 2Dyz + 2Ezx + 2Fxy 

may be spherical harmonics? The first is always so, the second when A +B + <7=0. 
Ex. 2. Expand sin 3 0 cos 3 <p in Legendre’s functions. 

This is the same as p 3 if the axis of x be taken as the axis of reference. Now 
P 8 =J (op 3 - 3p), hence p 3 - |P 3 =§ p. The result is p 3 =|P 3 + |P 1 . 

Ex. 3. Expand sin 2 0 sin <pcos<p + cos 3 0 in Laplace’s functions. 

The result is 7!+ Y 2 + Y 3 , where Y^-f cos 0, Y 2 =sin 2 0sin <p cos <p, Y 3 =-£ (5cos 3 0 
-3 cos 0). 

Ex. 4. Expand log (1 + cosec 40) in Legendre’s functions. [Coll. Ex.] 

The result is P 0 + ^P x + -|P 2 +£P 3 -j-.... 


Ex. 5. Prove by successive induction or otherwise the equalities 
-Po 2 + 3P! 2 + &o. + (2n +1) P„ 2 =(?i + 1) 2 P„ 2 - (pS-1) 


Ex. 6. If ^ = 2 a r P r and ^pi=2 b B P s , prove that 

a r =2r + l and & S =J (2s+ 1) (n-s) (n + l + s). 

Multiply the series by P r and P 8 respectively and integrate by parts between the 
limits ±1. The expansion of the mth differential coefficient of P n is investigated in 
the Proceedings of the London Math. Soc. 1894. 


Ex. 7. If p K = a K P K + ... + a n P n +... prove that 

a u - 2 _ 2?i- 3 K + n + 1 __ (2» +1) )r _ 

a n 2n + l K-n + 2 * 2.4.6...(/c - u) . 1.3. 5...(k + 71 + 1) * 

293 . Ex. 1. The polar equation of a nearly spherical surface is 
r = a{l + /S(Y 0 -f 7, +...)}, 
where /3 is a small quantity whose square can be neglected. Prove the following 
results, 

(1) The volume is -§7ra 3 (l + 3/3Y 0 ) and the surface is 47ra 2 (1 + 2/37 0 ). 

(2) If rY^Ax + By + Gz, the coordinates of the centre of gravity of the volume 


10 


R. S. II. 
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are x=pAa, p=pBa,z=pCa. The centre of gravity of the surface coincides with 
that of the volume. 

(3) If r% = Ax 2 + By 2 + Cz 2 + 2 Dyz + 2 Ezx + 2Fxy, the moment of inertia 
about the axis of z is (1 -(3C-h5pY Q ), and the product of inertia about the 

j, . 47m 3 2a 2 
axes of x, y is . -g- /3 jF. 

It follows from this example that when the origin is placed at the centre of 
gravity of the volume the term Y 1 is absent from the equation. When the constant a 
is so chosen that it is equal to the radius of the sphere of equal volume, the term Y 0 
is absent. 

To obtain any of these results, we proceed as follows. Let M be the volume, 
P x = cos0, &c., then Mz=jjr~drdw .z—ji^duP^ Substitute for r, expand and use 
Art. 289. The result is ^ra^iy, where YJ is the value of at the extremity of 
:the axis of z and in the small terms this is G. Similarly the moment of inertia is 
jfr*drdu . r 2 sin 2 d =JV 5 cZw.£ (1 -P 2 ). We then proceed as above. 

Ex. 2. The polar equation of a nearly spherical surface is r = a (1+/3PJ where 
£ is a small quantity whose powers above the second may be neglected. Prove that 

.the area of the surface exceeds the area of a sphere of radius a by 27ra 2 /3 2 . 11 

2/i + l ’ 

-except when ?i=0. [Math. T.] 

Ex. 3. Prove that the surfaces r = a(l + /3Y 1 ), r=a{l + /3 (F 0 + Y 1 + F 2 )}, where 
the square of § can be neglected, are respectively a sphere and a conicoid. The 
coordinates of the centre are the same as those of the centre of gravity already 
found. 

294. Attraction of a spherical stratum. A thin hetero- 
geneous stratum of attracting matter is placed on a sphere of 
■radius a. It is required to find its potential at any internal or 
«external point. 

Let p be the surface density at any point Q of the sphere, dcr 
.an element of area at Q ; 6, <fi the polar coordinates of Q, then 
>dcr = sin 6d8d$>. Let P be the point at which the attraction is 
-.required, and let the coordinates of P be (/, O', <£'). 

If R be the distance between the points Q and P, the potential 
of the whole stratum at P is V = Jpda/R. Let p be the cosine 
of the angle between the positive directions of the radii vectores 
OQ and OP, then P- = a? 4- r'~ — 2 apr'. 

If the point P is inside the sphere, r' is less than a, and we may 
expand 1/P in a convergent series of ascending powers of r/a. If 
the point attracted is outs ide the sphere, we must expand in powers 
of ajr. Since R is a symmetrical function of a and r we have 


1 j p _l_ p II _l p 

H~a{ L » + ri a +r * 


/r V 
\a) 


or 


•IjP. + P^ + P.f® 

r r \r 


+ ... 
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The surface density p is a given function of the coordinates of 
Q ; let it be expanded in a series of Laplace’s functions or surface 

harmonics, thus p = F 0 + Y 1 + Y 2 4-. 

Substituting these values of p and 1/22 in the expression for 
V, we have by the theorems I. and II. in Arts. 288, 289, 


F= 4|f 0 '+IFi't +- y;( r fi +... 5 

O CL O \CL) A 


V' = 


4i7ra 2 


TF/,1 Tr/ a ,1 TT / ( a 

r I 0 o r V + 5 2 V 


+ ... 


2n + 1 

1 

2n + 1 



according as r' is less or greater than a. The first of these two ; 
expansions gives the potential at any internal point, the second at ;" 
any external point 

““ " If Y n is expressed as a function of the angular coordinates 
(0, </>) of Q, then as already explained (Art. 289) Y n ' is the value 
of Y n when the polar coordinates 0\ <£' of the attracted point P 
have been written for ( 0 , <f>). If however Y n is expressed as a 
homogeneous function of the Cartesian coordinates ( x , y , z) of Q, 
then Yf is obtained from Y n by writing the Cartesian coordinates 
of P for (x, y, z) and multiplying the result by ( a/r ') n . 

We notice that by Art. 86, the potentials at two inverse points j 
are connected by the equation V' = Ygjr\ It follows that either' 
of the series in the brackets must change into the other when wei 

° I 

write a 2 /r' for r'. X 


295 . Ex. 1 . The surface density at any point Q of a sphere is a quadratic 
function of the Cartesian coordinates of Q. Find the potential at any point whose 
coordinates are (x\ y', z f ). 

Let the surface density p be given by p = Ax 2 +By 2 + Cz 2 + 2Dyz + 2Ezx + '2Fxy. 
Let us represent this function by/(.r, y, z). 

As this function would be a spherical harmonic if A + P + (7=0, we make the 
necessary expansion in surface harmonics by subtracting and adding G (x 2 +y’ 2 +z 2 ), 
where ‘6G = A + B + C. We therefore have p = Y 0 -j- 7 2 , where 
Y 0 = Ga 2 , Y%=f (x, y, z)-G (x?+y 2 + z 2 ). 

The required potential at the point P is therefore 


r=4*.{jv+*iy g) 2 j-, or r-^jr.'+w g) 2 )-, 

according as P is inside or outside the sphere. Here 7 2 '={/(#', y', z') - & r ' 2 }(^pJ » 


and Y 0 ' — Gar. Substituting these values for Y 0 ' and F 2 ' in the formulae for V and 
V' the required potentials have been found. 


Ex. 2. The surface density at any point of a sphere is p — mxy : show that its 
potential at any point (a/, y\ z') is — ^ x'y' or x'y' , according as the 
point is within or without the sphere. 


10—2 
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Ex. 8. The surface density at any point of a sphere is mocyz : show that the 
potential at an internal point is ^rramx'y'z'. 

Ex. 4. Matter of mass M is distributed on a spherical surface whose centre is 
at 0 and radius a, so that its density at any point is proportional to the square of 
its distance from a point C outside the sphere where OC-b ; prove that the 

potential at an external point P distant r from the centre is Afl- - - ~ b W A - —l. 
F * [r B (a 2 + b 2 ) r 3 ) 

where x=r cos POC. [Caius Coll. 1897.] 

Ex. 5. If the surface density at any point Q be an integral rational function of 
the Cartesian coordinates of Q of a degree not higher than the wth, prove that the 
potential at any internal point P is an integral rational function of the Cartesian 
coordinates of P also of a degree not higher than the ?ith. 


296. Attraction of a solid sphere. To find the potential 
of a solid heterogeneous shell hounded by concentric spheres when 
the density p at any point is a homogeneous function of the 
coordinates of the kth degree . 

'* Let the density p be expanded in a series of the form 


p = r*{F 0 +F 1 +F a +.}, 

where 7 n is a Laplace's function of the angular coordinates. The 
potentials of an elementary shell whose radii are r and r + dr at 
an internal and external point respectively are 


dV= 4m** dr Ilfs- 
2n + l 


A n ^y/ __ ^irr^dr ^ T.f /r\ n 
,rj 9 r 2 n -+ 1 / ’ 


The potentials of the solid sphere are found by integrating 
these expansions between the limits a and h, where a, b are the 
internal and external radii of the given shell. 


Ex. 1. The density of a shell bounded by concentric spheres of radii a 
and b is given by p = mxy. Show that the potential at an internal point is 
| ‘D lit (b 2 - a 2 ) x'y'. 

Ex. 2. The density of a solid sphere of radius a is given by p=mxyz. Show 
that its potential at an external point is irma 2 x'y'z'jr' 7 . 

297. Nearly spherical bodies. The strata of equal density 
of a solid are nearly spherical and both its internal and external 
boundaries are surfaces of equal density. Find to a first approxi¬ 
mation its potential at an internal and an external point * 

Let any surface of equal density be r = a -f af(0 , <j> } a), where 
0 / is a constant and f a function whose square can be \neglected . 


* The formulas here given are those used by Laplace to find the potential of the 
earth regarded as a stratified heterogeneous body, Mec. Celeste , vol. ii. p. 44. 
When the strata are not so nearly spherical that the square of f(6, <p) can be 
neglected tlie algebraical processes become very complicated. For these the reader 
is referred to memoirs by Poisson in the Cotmaisscuice des Temjjs for 1829 and 1831. 
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The quantity a is the parameter of the strata, i.e. by its variation 
we pass from one stratum to another. Let the internal and 
external boundaries be defined by &=a 0 and a — Let the 
density of any stratum be p—F{a). 

Let the equation of the stratum be expanded in a series of 

Laplace’s functions, viz. r = a(l+ XY n ) .(1)* 

The solid bounded by this surface may be regarded as a sphere of 
radius a, together with a stratum of surface density aXY n placed 
on its external boundary. 

The potentials of this solid, regarded as homogeneous and of 
unit density , at an internal and an external point are respectively 

U * \2 6 + 21 2n + 1 a»- 2 j ^ 

TT — ^ f a3 1 T ^ a ” +3 | rf'S'i 

U ~ r' \3 +Z 2» + 1 r'» j . W 

If we differentiate each of these with regard to a, we obtain the 
potentials of a stratum of unit density bounded by the surfaces 
whose parameters are a and a + da. The actual density of the 
stratum.is p = F (a); if then we multiply the differential coefficients 
by p and integrate between the limits a = a 0 and a = a, l} the 
required potentials at an internal and external point are found 
, , tt- , f f d ^ F' r'»l 7 


da 2n -+■ 1 a n ~ 2 \ 


2 , ^ v " 

da 2 n 4-1 r 1 


the limits of the integrals being a 0 and a^ 

We may also find the potential at any point of the solid 
defined by the value a = o/ of the parameter. In this case the 
point is external to the strata between a 0 and a' and internal to 
those between a and a x . The required potential V" is therefore 
the sum of the two expressions for V and V \ the first between 
the limits a 0 and a’ and the second between a! and ax. The result 

is V" - 4tt [% [a + s (SI da 


Ja" \ 2n + lda \tf~J J 

where 2 implies summation for all the values of n which occur in 
the equation (1), r', O', are the coordinates of the attracted 
point P, Y n ' is a known function of O', <£>', a', and p is a function of a. 
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After the integration has been effected, the potential V" is expressed as a 
function of r', 0', <p', and a'. In the terms which contain the small factor Y n ' we 
may put a'=r\ In the first term of the second line where there is no small factor, 
we use the equation r'—a! (1 + hY n f ). 

To obtain the component attractions at P it is necessary to differentiate the 
potential with regard to the coordinates of P. If no substitution has been made 
for a' we must remember that a' is a function of r', 0', • We shall however 

immediately prove that the partial differential coefficient dV"jda'^0 : so that the 
first differential coefficients of V" with respect to r', 0', <p' may be correctly found by 


treating a' as a constant. 

We have by differentiating (6) 



-a'-2 


d ( Y n '\ 
2 n +1 da' \a' n ~ 2 ) 


a' 2 ^ 1 1 d , , 


We now put a' 2 jr' = a' (1- Y n ') and in the remaining terms r' = a'. It is then easily 
seen that the terms independent of Y n ' cancel, while the coefficients of both Y n ' and 
dY'jda' are zero. There are some remarks of Poisson on this point in the memoir 
already referred to. 

Another proof. The change of a f into a' + da' transfers an element from one 
integral of (6) to the other and this is equivalent to moving the stratum bounded by 
the surfaces a' and a' + da' from one side of the point P to the other. But this 
change does not alter the potential of that stratum at a point on its surface, 
(Art. 145), that is dV"lda'= 0. The potential at P is therefore only altered by the 
direct change of the coordinates of P. 


298 . Ex. There is some reason to suppose that the strata of the earth are 
elliptical and that the density decreases from the centre to the surface. Assuming 
then that r=a (1+ Y 2 ) and that p=ga m , where m is greater than - 2, prove that the 
potential at any internal point is 

j a 2+m a 3+m - a 3+w 1 Yf a 5+w - tt 5+,n ) 

(2 4-m + 3 + m r' + r' 3 5 + m [ 9 

where a is the value of a at the boundary, and r'=a (1+ Y.{). 


299. Let the potential be given at every point of the surfaces of 
two concentric spheres, radii a and b , there being no attracting 
matter between the spheres. Find the potential throughout the 
intervening space. 

The potentials, being given functions of 6 , <f> when r = a and 
r = 6, may be expanded in one way only in a series of surface 
harmonics, Art. 290. Let these expansions be respectively 
V = XS n and V' = XSf, where 8 n and £>Y are known functions of 
d , cf>. The general expression for the potential is 
V=X(Y n r^+Z n /r^). 

The conditions of the question are satisfied if we take 
Y n a n + Z n /a n+1 = S n) Y n b n + Z n /b^ = S n '. 

Thus Y n and Z n are found. We know by Art. 133 that there is 
but one value of V which satisfies the given conditions. 
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If the inner sphere (radius a) include all the attracting matter 
we may put 6 = oo, and then Y n = 0. The potential V takes the, 
form V = (a/r) u+1 and has only the inverse powers of r. 

If all the attracting matter is outside the sphere r=b we may- 
put a = 0. We then have Z n =*0 and the potential has only the -^ 
direct powers given by V = 2,S n (r/a) n . 


y 300. Solid of revolution. To find the potential of a solid of 
devolution at any point P not occupied by matter . 

Let the axis of the solid be taken as the axis of z with any' 
suitable origin. We have then by Art. 288, 

r-r,+f + r,r + % + .(i). 

Since the attracting body is symmetrical about the axis of z it is' 
evident that V cannot be a function of the angular coordinate <j>. 
Hence by Art. 286, F 0 = c 0 P 0 , Z Q = c 0 'P Qi F a = (fP l9 &c., where c 0 , c 0 ' 
&c. are as yet undetermined constants. To find these we put the 
attracted point on the axis; we then have P 0 = 1, P x = 1, &c. Tha 
equation (1) thus becomes 

F= c Q + ~ + c x r + 4-.(2). 


Suppose then we know the potential of the solid at all points* 
of its axis in a convergent series, then (2) is a known series, and 
therefore the coefficients c 0 , Cq, &c. are also known. The series (1)/ 
for the potential at P then becomes 

F=(c 0 + |')P 0 +( Cl r + C i)p i+ .(3), 


Thus the potential has been found. 

In this way we arrive at a theorem of Legendre, viz. if the 
attraction of a solid of revolution is known for every external point 
which is on the prolongation of its axis , it is known for every 
external point. See Todhunter’s History , Arts. 782, 791. 


301. It may happen that the expansion (2) giving the 
potential at points on the axis takes different forms at different 
points. Thus when r is less than some quantity a there may be 
only positive powers of r, and when r is greater than a there may 
be only negative powers. Again, if the solid of revolution have a 
cavity extending to the axis, (2) may assume one form within the 
cavity and another outside the solid. 
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If the solid have a ring-like hollow symmetrically placed about 
the axis of revolution but not extending to it, it is clear that 
a point P situated in this hollow has no corresponding point Q on 
the axis from which the potential may be derived. In such a case 
the values of some of the constants c 0) c ly &c. may be determined 
when we know the values of V along some line passing through 
the cavity and making an angle 0 = a with the axis. It should 
however be noticed that one of Legendre's functions may vanish 
when 6 = a and the unknown constant which accompanies that 
function would remain undetermined . Since each Legendre’s 
function is unity when 6 = 0 this does not occur when the values 
of the potential along the axis are given. 

r ^ lyj ' 1 

302. By integration t — - r = - 77 —;—t-t . We write 

J o a -f 0 cos y V(a- — 0 -) 

(2 = 1 — hp, b = h \](p~ — 1 ) and expand both sides in powers of h. 
Since only the first power of h occurs in the denominator on the 
left-hand side, the general term is easily found. Comparing the 
coefficients of h n we have 


^ J o {p ± v(p 2 -1) cos }" dty = P n .(4). • 

This formula is given by Laplace, Mdcanique Celeste , Tome v., 
page 40. 

Since p is less than unity, this integral appears to be imaginary. 
If however we expand the wth power, the integrals of the odd 
powers of cos ^ will vanish between the limits, and a real 
expression for P n will remain. We may therefore take either of 
the signs before the radical. There is another integral which may 
be deduced from (1), viz. 

p »=~r —^ ..(5). 

7T J 0 (p ± vy - 1 cos ^) n+1 

Suppose that for any portion of the axis the potential is given 
by F=/(r), where f(r) is such an expansion as (2) Art. 300 with 
either positive or negative powers of r or both. Substituting 
for P n in (3), the integral (4) in the terms with positive powers 
of r, and the integral (5) in those with negative powers, we have 


^ l*ir _ 

V = - J f(rp ± r Vp 2 — 1 cos dyjr. 


.( 6 ). 


Thus when the p>otential is known along the axis in the forn 
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V = f(r), the •potential at other points is known in the form of the y 
definite integral (6). y 

Other forms for P n and therefore for V may be obtained by other substitutions. 


For example if we begin with / -— -— - _ , - T/ e , , 0 

J 0 a+b coa2\p+csm2\p (a-- 6--c-) 

a=l-ph, b=ph ) c= =Fh*J( - 1) we find 

2 n /" 7r 

P u = — / (sin p) n {p sin \p ± *J( -1) cos p} n dp. 

This result is due to Catalan, Bulletin de Soc. Math, de France , 1888, vol. rvi., 
p. 129. 


dip 


and put 


# 

303 . Ex. 1. To find the potential of a uniform circular ring of infinitely small 
section at any point not on the axis. 

Let the origin be the centre of the ring and let the axis of the ring be the axis of 
z. Let a be the radius of the ring, M its mass. 

The potential at any point Q on the axis distant r from the origin is evidently 


M[ Ja 2 + r®. We shall expand this in powers of rja or ajr according as r is less or 
greater than a. Taking the first supposition, we have 

Tr ML l/r\2 1.3 /r\ 4 1.8.5/r\®, 1 

7 4 2 (a) + 2. 4 (a) 2.4.6 \a) +, "j* 


When r is greater than a the expression may be deduced from that just written 
down by interchanging a and r. 

The potential of the ring at any point P not on the axis is therefore 



rV 1 .3.5 _ /r\ 6 . ) 

i) 2.4.6 P(i W +& r 



1.3.5 „ fa\e „ | 
r) 2.4.6 P6 (r) +<1 ’ e 'J ’ 

X 

according as r is less or greater than a. 




.Ex. 2. A solid ring is generated by the revolution of a closed curve about an 
axis Oz and is symmetrical about the equatorial plane. Prove that the level 
surfaces in the immediate neighbourhood of the intersection 0 of the axis with that 
plane are given by 2z 2 - x 2 -y 2 =(3 where £ is a constant. 

Since the potential at a point on the axis is of the form A+Br 2 , the result 
follows from Legendre’s rule, Art. 300. 


Ex. 3. A solid anchor ring is generated by the revolution of a circle of small 
radius a, the centre describing a circle of radius c. Prove that in the neighbourhood 

J\/ Jf ( Qpt _ y2J 

of the origin the potential at the point xyz is — -<1 — -^——V . 

Ex. 4. Prove that the potential V' of a homogeneous oblate spheroid of mass M 
at an external point P is 


r [ 3.5 



+ 


3-^4 

5.7 



-&c.+ 


(-!)". 3 .P,,, 
(2h + 1)(2m + 3) 




where r, 6 are the polar coordinates of P referred to the centre and axis of 
revolution, and e is the eccentricity of the generating ellipse. 

To prove this we first find the potential V' at an external point on the axis and 
then use Legendr e’s rule. 

By using Laplace’s rule, Art. 297, we at once deduce that the potential of a 
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heterogeneous spheroid whose strata of equal density are co-axial spheroids and 

whose boundary is a surface of equal density is Jp~^- da > the limits being a = 0 

to a. Here a is thq semi-axis major of any spheroid, p=f(a ), e = \p(a) are the 
corresponding density and eccentricity and a — a at the surface. 

If this body represent the earth, we notice that e is very small and a few terms 
only of the series are necessary to find the potential even at points near the surface. 

304. Clairaut's theorem. To investigate the law according 
to which gravity at any point on the surface of the earth varies with 
the position of that point*. 

Without making any hypothesis respecting the distribution of 
matter in the interior of the earth, we assume the principle that 
the surface of the earth is a level surface of the attraction of the 
earth and of the centrifugal forces . If co be the angular velocity 
of the earth, the centrifugal acceleration at a distance p from the 
axis is ayp and the potential is At all points of the surface 

we have therefore V + \oa 2 r 2 sin 2 0 = /c . (1), 

where 6 is the co-latitude of the point, r the radius vector and k a 
constant. 

The potential V is therefore such that at all points of the 
surface its value is given by (1), and at all points infinitely 
distant V = 0. It follows by Art. 133 that the potential V is 
determinate at all points of space external to the surface. 

Let the equation of the surface of the earth be 

r = c(l + Wj + w 2 + ...).(2), 

where u li u 2i &c. are Laplace's functions of the first and higher 

* This famous theorem was given by Clairaut in his Tliforic de la figure de la 
ter re, 1748. No assumption was made about the law of density in the interior 
except tliat the strata of equal density are spheroids of small ellipticity, and that 
the external surface is one of equilibrium. The theorem was extended by Laplace 
who, assuming only that the strata are nearly spherical and the surface stratum 
one of equilibrium, established a connexion between the form of the surface and the 
variation of gravity which in the particular case of an oblate spheroid gives directly 
Clairaut’s theorem. Stokes, without making any hypothesis respecting the state of 
the interior of the earth but assuming that the surface is one of equilibrium and 
nearly spherical, obtained Laplace’s equations. Camb. Phil. Trans. 1841). O’Brien 
in his Mathematical Tracts , 1840, remarks that if the surface of the earth and also 
the law of variation of gravity are known the effects of the eaith’s attraction on the 
moon follows as a natural consequence independently of any theory except that of 
universal gravitation. These effects may also be deduced from MacCullagh’s theorem 
on the potential of a body given in Art. 185. See also the author’s treatise on Rigid 
Dynamics , vol. ii. chap. xii. 

The extension of Clairaut’s theorems to include terms of the second order of 
small quantities was first effected by Airy, RhiL Trans. 1826, part in. This is also 
investigated by Callandreau, Anna'les de VObservatoire , Paris, 1886. There is also 
a paper by G. H. Darwin in the Monthly Notices of the Astronomical Society , London, 
1866, who gives a short summary of the works of Helmert, Callandreau, Wiechert 
on the terms of the second order. 
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orders. We shall assume as the result of observation that the 
surface is so nearly spherical that all the terms after the first are 
small quantities . The origin of coordinates is either on the axis 
or distant from it by small quantities of the first order. In the 
latter case the term co 2 r 2 sin 2 # in (1), which already contains the 
small factor a 2 , is altered only by terms of the second order. The 
constant c is the radius of the sphere of equal volume and the 
term u 0 has therefore been omitted, Art. 293. The term would 
also be zero if the origin were taken at the centre of gravity of the 
volume. 

The potential at all points external to the earth is given by 


V V 

F=-° + 4 1 +.(3), 

r r 2 

where the constants in Y 0 , Y lt &c. depend on those in u u u 2 , &c. 

Since co 2 is small, it follows from (1) that V is nearly constant 
over the surface of the earth. Hence when we put r = c, the 
expression (3) for V must differ from its first term only by small 
quantities. It follows that the functions F 1} Y 2 , &c. are small. 
Using (1) and (3) we find 

“ + ^ 4-... + ■J'G> 2 c 2 (-| -j- i — cos 2 #) = k , 

where sin 2 # has been arranged as the sum of two Laplaces 
functions. This equation gives r as a function of #, and must 
therefore reduce to an identity if we substitute for r from (2). In 
this substitution we write the value of r true to a first approxi¬ 
mation in the term Y 0 /r, but in the subsequent small terms it is 
sufficient to put r = c. We therefore have 

—- (1 — Uj — U 2 — <&c.) -j —^ H— £ + &c. + eo 2 c 2 (§• + -g- — cos 2 #) == fC. 

C C“ c 

Equating to zero the functions of the same order, vre deduce that 



c 


3 


= 0, Y-l^cYoU-l, F 2 = 

v- r.fi+^+^ + 


c 2 Y 0 u 2 — ^oyc 5 (^ — cos 2 #), &c. 


} This formula expresses the potential of the attraction at any paint 
of external space when the form of r the surface is known. It is 
evident that Y 0 is here the mass of the earth. j? 

4 . 

305. The force of gravity at a point on the earth’s surface is 
the resultant of the attraction of the earth and the centrifugal 
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force due to the rotation. If v be the angle between the vertical 
and the radius vector, g cos v is the component along the radius 
vector. Since v is very small, we have 

d 


9 dr 

- t 4 


(F + £a>Vsin 2 0) 


2c« 1 + Sc^ + &c ^_ 


3 6>V 


Q- — cos 2 9) —co 2 r sin 2 9, 


r r' j 2r* 

after substituting for r from (2) and rejecting the squares of small 
quantities we find 

g — Xl (i — 2 Ux — 2u 2 — c&c.) + (2^! + Su 2 + &c.) 

c o 

— | co 2 c (£ - cos 2 6) — g) 2 c (| + £ — cos 2 0). 

Let (? be the mean value of g taken over the whole surface of the 
earth, then (Art. 288) 

G = JJg sin 9ddd(f>l4s7r = -y ■— 1 coc, 
c 

Let m represent co 2 c/G } we then have 

g = ^ {1 — f m (I — cos 2 0) + u 2 + 2u z + 3+ &c.}.(5). 

’ The law of variation of gravity is therefore found ,, the form 

of the surface is given . ^ 

306. The surface of the earth is known to be very nearly atr 
oblate spheroid of such small ellipticity that the difference of the 
polar and equatorial semi-diameters is only l/300th part of either. 
We may therefore write its equation in the form 

r = a( 1 — e cos 2 0 ) . ( 6 ). 

Putting 0 = ^ 7 r and 0 = 0 in turn we see that the equatorial 
and polar semi-diameters are a and a (1 — e). In order to make a 
comparison between the equations (G) and (2) we write ( 6 ) in the 
form r = a {1 — e H- e (£ — cos 2 6 )j = c {1 + € (£ — cos 2 0 )}. 

We have therefore 

c = a (I — l e), zu = e (J- — cos 2 0 ), u x = 0 , v :i = 0 , &c. 

The expression for g therefore becomes 
g = G {1 - («m - €) (-J - cos 2 0 )| = G' {1 -f (|m - e) cos 2 0}...(7), 
where G' — G {1 — £ (§m — e)}. Putting 0 = Jw we see that G f 
represents the acceleration due to gravity at the equator. 

The centrifugal force at the equator is ora and the time of 
rotation of the earth (viz. 2i r/co) is 24 hours. Taking a to be 
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about 3963 miles, and mean gravity to be 32*18, we find that 
co 2 aJG = 1/289. Since this ratio contains the small factor co 2 , we 
may put a = c and G = G'. We may therefore define the quantity 
m = (o 2 cjG to be the ratio of the centrifugal force at the equator to 
equatorial gravity . 


307. The potential of the earth at any external point follows 
^/from equation (4). If we put E for the mass of the earth, we 
Y 0 = E, cYc — mG^mEjc 2 . The potential is therefore 


^ have 


' f + (4® - e) 75 -(cos 2 6 ~ 0 - 


.( 8 ). 


If P, Q be the polar components of the attraction at any external 
point, say the moon, we have 


p== “* r= V + 3 ( cos d ~ i). 


Q= 


dV 
rd0 ~~ 


— 2 (J-m — e) 


E& 


sin 0 cos 0 . 


308. By comparing Laplace's expressions for the potential, 
(4) or (8), with that given by MacCullagh (Art. 135) we may 
obtain some information respecting the distribution of matter in 
the interior of the earth. If the origin in (2) be taken at the 
centre of gravity of the volume, the term becomes zero. Since 
the term containing ljr 1 in the potential is then absent the origin 
is also at the centre of gravity of the mass (Art. 135). The centres 
of gravity of the volume and mass must therefore coincide . 

Since by (8) the potential is independent of the longitude, the 
same must be true in the expression 

f == 7 + -2^-+ fec * 

This requires that the axis of rotation should be a principal axis of 

the mass. Again writing B = A, and I—A sin 2 0 + G cos 2 0, we see 

. w C-A 2/ 

that - j~y ~ e 

Ec 2 3 V 

_ * 309. Clairaut’s theorem to a second approximation. It is not difficult to 

'/carry the approximation to the second order of small quantities if we follow the 
^ same reasoning. We make no assumption about the law of density of the earth 
except that the potential is symmetrical about the axis of rotation and on each side 
of the plane of the equator. As a trial solution, we omit the even powers of 1 Jr 
and take instead of (1) and (8) of Art. 304 the equations 


F+^6rr‘ 2 sin 2 0 = /c. ( 


.( 1 ), 


“ r + + r> 


+ ... 


.(3), 
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where E is the mass of the earth; P 2 , P 4 , &c. are Legendre’s functions and /S, 7 
are two constants. We shall also suppose that the surface of the earth has the 

form r=a (1 - e cos * 2 6 -p 2 sin 2 8 cos 2 8) .( 2 ), 

where a is the semiaxis major and if the form be a spheroid, p 2 = fe 2 . 

If we substitute from ( 2 ) and (3) in (1) as in Art. 304 the result should be an 
identity. This will be found to be true if /3 and y are small quantities respectively 
of the first and second orders, and the expression for V in (3) is restricted to the 
first three terms. Equating to zero the coefficients of cos 2 8 and cos 4 0, (all the 
higher powers having coefficients of at least the third order), we thus obtain two 
equations to determine /3 and y. 

Let m be the ratio of the centrifugal force at the equator to equatorial gravity, 
o ( dV 0 \ 

then w-a=wi ( - — -«-a 1 , 

where a is to be written for r after the differentiation has been performed, and 
cos 0 put equal to zero. 

In this way we obtain the three results 

= + (4), 

;KSSH me+2 ^1. to 

E 

u-a = {1 + e- %m) .(6). 

After substituting these values of /3 and y in (3) we have an expression for the 
potential of the earth at all external points. 

To find gravity g at the surface, we have 

, fdV' y 2 a/p y 2 <iv' i/rfrv e 

r "\(iv) + \rdOJ ’ *** 'dr + 2 \rdOJ a- .^ 

where V' = V+ l w- r- sin * 2 8. On substituting this value of V' we soon see that the 
expression for g contains terms which are constant multiples of cos ' 2 0 and cos 4 0 . 
We may therefore write 

g =zG'\l 4 X cos- 0 4 fx sin 2 0 cos 2 0} .( 8 ). 

To find the three constants (}', X, /x we notice that g • (f' when 8 — \ir. Hence G'is 
the value! of equatorial gravity, and may be found from (7) by putting r—a and 
0 = i 7 r after the differentiations liave been performed. We observe next that \G' is 
the difference between the values of gravity at the pole and the equator and that 
both these may be deduced from (7). La-tly we notice that -juG' is the coefficient 
of cos 4 0 in the value of g ; and this may be very shortly deduced from (7). In this 

way we find (V - ^ j1 - *?, in 4 r - I mt 4 ll in- 4 \t- 4 £p 2 j , 

X = m -t~\\ nn 2 c 2 - 1 - £p 2 , 

/x me 4 e- - o/r. 

The angle 0 is the angle the radius vector r make-; with the axis of rotation. If 0 ' 
be the angle the direction of gravity makes with the axis of rotation we have 

() = O' -f sin O' ros O'. 

We then find by an easy substitution 

g =.(}' \l 4 \ cos 2 O' 4 (//. - 4\e) sin 2 O' cos 2 0 
We may extend Olairaut’s theorem to a third approximation by proceeding in 
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the same way. We then include a fourth term 5P 6 /r 7 in equation (3) in which 5 is 
a small quantity of the third order. We have also an additional term in (2). The 
numerical calculations are troublesome and the additional terms too small to be of 
any interest. 


310. Figure of Saturn. To find , to a first approximation, 
the effect on the figure of Saturn of the attraction of the ring . We 
suppose the form of Saturn to be nearly spherical, the ring to be 
circular, concentric, homogeneous, of small section and situated in 
the plane of the planet's equator. The planet rotates with a small 
angular velocity. The principle of the investigation is that the 
surface of Saturn is a level surface of the attractions of the planet, 
ring and the centrifugal forces. 

Let the polar equation of the surface of Saturn be 

r = c(l + Y x + F 2 + &c.) . (1). 

Since the surface is nearly spherical, all the harmonics Y lf F 2 , 
&c. are small quantities whose squares and products are to be 
neglected. By omitting the term Y 0 , we have made c to be the 
radius of the sphere of equal volume. Also the mass M —f t rpc 3 , 
where p is the density. By Art. 294 the potential of Saturn at 
an external point is 


i j_y Aj.y A 
J+Il 3r tl2 — 


-b&c. 


( 2 ). 


Y _ 47 Tpc z 

s r ' * br ~ or* 

We now substitute from (1) in the first term of (2) and put r = c 
in the small terms. We thus find 


* 


Vg = — (1 — F x — F 2 — &c.) + 


3M(Y_i 


— 1 -|—■ 
c V 3 5 




The centrifugal force at any point is co 2 x, where a> is the 
angular velocity of the planet and x the distance from the axis 
of rotation. Putting x = r sin#, the potential of the centrifugal 
forces becomes 


K=^=~{i-p 2 } 


(4). 


Since g> 2 is small, we put r = c in this formula. 

Lastly if M/n is the mass of the ring, supposed to be condensed 
into a circle of radius a , the potential of the ring is, by Art. 303, 



Since 1/n is small, we again put r = c in the small terms. 

We now substitute these three potentials in the equation 


V 9 +Vt+V r = K . 


(6), 
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where a: is a constant. Since there can he hut one expansion of 
the potential in harmonic functions, the sums of the several 
potentials of each order must separately vanish. 

The potentials V e and V r contain no harmonics of an odd 
order; hence those in V a must also vanish. We therefore have 
7j = 0 ; F 3 = 0, &c. After substituting for V 8 , V c , V r and 
equating to zero the sums of the harmonics of the second and 
fourth orders, we have 

y _ _ 5 / ° 3 , p y = — (£Y P 

4nrp ) 4 16n [aj 

The remaining terms contain higher powers of c/a. Since this 
fraction is nearly these terms may be disregarded in a first 

approximation. 

Representing these results by F 2 = — /3P 2 and T 4 = yP 4) we see 
that a near approximation to the form of Saturn is given by 

r = c {1 — ftP» (cos 8) + yP 4 (cos 8)} .(7), 

where 8 is the angle the radius vector makes with the axis of 
rotation. 

If the last term of (7) were omitted the surface would bean 
oblate spheroid, Art., BOB. The effect of the small term yP 4 is to 
lengthen slightly both the polar and equatorial diameters and to 
shorten those in middle latitudes. 

The real shape of Saturn \v,r; at one limn a matter of great controversy. The 
first ohservat ions were made by Sir W. Ifersehel who found that the deviation of 
the fb/uro from that of an obhih* spheroid was so great that the longest diameter 
was in latitude HP 20'. Hersehel believed that this peculiarity was due to the 
attraction of the ring. Hut it soon discovered that this opinion was not 
continued by a theon tical examination of the effect of the ring. Bessel however 
afterward . pto\ed by direct mea' tirem* nts of several diameters that the true form 
was very neai ly that of an oblate spheroid. Probably the discrepancy was due to 
an optical dBtoiti<m of the piam-t when seen through its atmosphere. These 
measurement' of Pew-el are given in a memoir (hi the dimensions and position 
11 f the nun <>f Satin it and thn.-e uf the pi,met. See a traildatioii in tho Additions a 
la < '>aumisstuie> d, Temp; for the year lK.'JS, page 47. 

311 . Kx . 1. If the free sin face of e<jttiiihrium of the earth is an ellipsoid, and 
if ( is the mean ellipticity of the meridian rj the cllipticity of the equator, and l 
the longitude r< ekoned from the meiidian of greatest ellipt,icily, and X the latitude, 
prove that p~z(l j l - (‘ m, - <) p, - sin"\) * 1. v; cos" X cos 2/(Math. T. 18G7.] 

K,v, 2. Jae<dn Y vllip >>id. An ellij) 'oid revolves ahout a j)rinci]>al diameter with 
an angular \eioeity which is not necessarily small. Provo that the internal level 
surfaces due to the at ti action and the centrifugal forces an* similar ellipsoids. 
Prove al o that the re. u.tant force at any point V on a given level surface is 
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proportional to the length of the normal intercepted between P and the principal 
plane perpendicular to the axis of revolution. If the boundary of the ellipsoid is 
itself a level surface and the angular velocity is small, prove by comparing this 
result with Clairaut’s formula for gravity that e=5m/4. 

By adding to the value of V in Art. 212 the terms due to the centrifugal forces, 
viz. a> 2 (# 2 +?/ 2 ), we see at once that the level surfaces are similar ellipsoids. By 
Art. 46, the force at any point P on a given level surface is inversely proportional 
to the distance dp between two neighbouring level surfaces. In our case dp is 
proportional to p (Art. 195) and therefore inversely proportional to the length of 
the normal. For points on the axis of rotation but on different level surfaces, the 
force is Gpz , (Art. 213). 

312. Ex. Let the earth be a solid heterogeneous nearly spherical nucleus 
completely covered by a homogeneous ocean. If the system is made to rotate, with 
equal angular velocities, about the principal axes at the centre of gravity of the 
nucleus in succession, the ocean will assume three different forms. Prove that the 
mean of the three radii vectores in any given direction is the same as the radius 
vector of the ocean when supposed to be in equilibrium on the nucleus without 
rotation. 

Let r=a(l + Stt n ), /=6 (l + 2u n ) be the equations of the surfaces of the nucleus 
and ocean as in Art. 304. Then since the nucleus and the mass of the ocean are 
given, a, b and u n are known and we have to find v n . The potential of a homo¬ 
geneous mass of fluid extending from the centre to the surface of the ocean is given 
in (3) of Art. 297. The potential of the excess of the nucleus above that of an 
equal volume of fluid, and the potential of the centrifugal forces are given in Art. 304. 
The sum of these three potentials is constant along the surface. By equating to 
zero the sum of functions of the same order, we notice that v n is independent of w 
except when n= 2. We find that v. 2 =Z 2 +A - cos 2 6) where Z 2 is independent of c*j, 

and A is a multiple of w. Since the sum of the squares of the direction cosines of 
a radius vector is unity, the mean of the three values of v. 2 is independent of w. 

313. Ex. Let the earth consist of a spheroidal homogeneous fluid nucleus 
surrounded by a consolidated crust whose external surface is also a spheroid, the 
two spheroids being level surfaces of the attractions and centrifugal forces. If e', e 
be the ellipticities; a', a the mean radii of the inner and outer spheroids; pp the 
densities of the two substances, prove that 

«/> + (^) 5 «' (/ - P)=f (2e - m) A, 

(e f — e) /> •§ e'p' = f wiA, 

p'-p=(A -p)(j)\ 

where the mean density A is given by the last equation. The whole mass is 
supposed to rotate about a principal axis at the centre of gravity with a small 
angular velocity co. 

To obtain the first two equations we use the formulae (2) and (3) of Art. 297 to 
find the potentials of the two portions of the earth. The sum of these together 
with that of the centrifugal forces is constant along each spheroid. 

In the case of the earth A = 2p, m = l/2S9, e=l/300, and a = 3958 miles. With 
these numbers the Rev. S. Haughton deduced from these equations that the 
thickness of the crust is 768 miles. Trans. Royal Irish Academy , 1851, vol. xxn. 
dated 1855. It is remarkable that the thickness should be so great. The first 

11 
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attempt to discover the thickness of the crust was made by W. Hopkins, who 
estimated the minimum thickness to he not less than one-fourth or one-fifth of 
the earth’s radius, Phil. Trans. 1842. Much has been written on the subject 
since then. 

Magnetic Attractions. 

314. Potentials of Magnets. Two equal particles, each of 
mass m, are placed at two points A y B , whose distance apart is 2a. 
Any particle being placed at P one of these repels the particle at P, 
while the other attracts it. Such a combination may be called a 
simple magnet *. See the figure of Art. 316. 

It will be convenient to take repulsion as the standard case. 
Let the mass of the particle at A be called positive, then that at 
B is the negative mass. The particle at P, if of positive mass, 
will then be repelled by the particle at A and attracted by that 
at B. The ends A and B are called respectively the positive and 
negative poles of the magnet. 

Since the particle at each end of a magnet repels a particle of 
the same sign, it is a matter of convention to call one positive 
and the other negative. The convention adopted in Maxwells 
Electricity is that when used as a compass the positive pole p)oints 
north (Art. 394). It follows that the north pole of the earth 
attracts the positive pole of the magnet. The south pole is 
therefore the positive pole of the earth. 

315. The line BOA is called the axis, and the distance BA 
the length ; the positive direction is BA. The middle point G is 
called the centre. The quantity m is called the strength and the 
product of the length by the strength, viz. 2am or M, is called the 
magnetic moment. 

If the point P lie in the axis, the magnet is said to be end on. 
If the axis is perpendicular to the distance G1 J , the magnet is 
broadside on. 

The strengths are so measured that the force exerted by m on 
m' at a distance r is mm'jr 2 . As explained in Art. 5 the dimensions 

* The latin treatise of W. Gilbert of Colchester, Be Mu quote <Cr 1000, 
(translated by F. Mottelay), 1898, is generally referred to as one of the earliest. The 
book discusses in general terms, and without Mathematics, the magnetic theory of 
the Earth. The mathematics of Magnetism was first properly discussed by Poisson, 
and he was soon followed by other great mathematicians. In 1849 Kelvin gave a 
complete theory which, without assuming any hypothetical magnetic fluid, is 
founded on facts generally known, see the Reprint of papers on Electrostatics and 
Magnetism. The student of Magnetism will find the treatise of J. J. Thomson of 
great assistance, and also that of Maxwell when more advanced in the subject. 
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of strength are LF* where L represents length and F force. The 
dimensions of magnetic moment are L~Fk 

In all that is here said (unless when otherwise specified) the magnets are supposed 
to be used in air. The effects of the medium are not included. 

316. To find the potential of a simple magnet at any point P. 
Let r be the distance of P from the middle point G of AB and 
let 6 be the angle PGA . W^j notice that the angle 6 is measured 
from the positive end towards P. We have in a field without 
induction 


V= 


m — m 

i d" 


m 


AP BP >J(P + a?-2ar cos<9) + a 1 + 2 at cos 6) 


2am { . D fa' 

= -^-jcos e+P 3 [- 


+ &C. 


When the length 2a of the magnet is small compared with the 
distance r , it is often a sufficient approximation to reject all but 
the first term of this series. Put M=2am> the potential of the 

magnet as given by its principal term is then V = . The 


order of the first term rejected is the fraction (a/rf of the term 
retained. Magnets in which it is sufficient to take account of the 
principal term only are sometimes called small magnets. 

Since repulsion has been taken as the standard case the 
component forces (Art. 41) at P in the direction GP and perpen¬ 
dicular to GP are respectively 


dV__ 21f cos 0 _ = M sin 0 

dr r* ' rdd ~~ r 3 ’ 


the latter being measured positively in the direction which makes 
6 increase. In the figure the arrow-heads 
indicate the directions of the forces at 
P due to the repulsion of A and the ^ 
attraction of B ; while the double arrows C 
indicate the positive directions of the ^ 
components F and G. 

It appears from the investigation that both the potential and 
the force at any point P are not altered by changing the length 
2a and the strength m provided the product M = 2am is kept 
unchanged. A small magnet is therefore given when we know 
(1) the position of its centre G, (2) the positive direction of its axis 
and (3) the magnetic moment M . 



11—2 
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317. Resolution of Magnets. When a small magnet of 
moment M' is end on to P so that 0 = 0, it follows from Art. 316 
that the resultant force at P is directed along CP and is equal to 
2 M'jr\ When a small magnet of moment if" is broadside on to 
P so that 0 = ^7r, the resultant force at P is perpendicular to GP 
and is equal to M"jr\ If we take M' = if cos 0, if" = if sin 0, 
we notice that the component forces at P due to the magnet if 
are the same in direction and magnitude as those due to two 
magnets iP, if". It therefore follows, that the small magnet M 
may he resolved into two components if cos 0, if sin 0. This rule 
being true for a rectangular resolution may be extended to include 
all cases. Hence small magnetic moments may he compounded and 
resolved hy the parallelogram law. 

One advantage of the resolution into components “ end on ” 
and “broadside on ” is that the direction of the force due to each 
component is at once evident , the direction being in every case 
parallel to the axis of the component magnet The force at P due 
to a magnet “ end on ” acts in the positive direction of its axis; 
the force due to a magnet “broadside on” acts parallel to the 
negative direction of the axis. 


318. Mutual action of two small magnets. Let the two 

small magnets BCA, B'G'A' he in one plane and let their moments 
be if, if'. Let GG' = r, and let r be measured positively from 
G to G'. Let 0, & be the angles the positive directions of the 
axes make with the positive direction of r, that is with CG r 
produced, and let B'G'A' = 2a'. 


F 

B 


7 


rn ' X 


A’ 


rc 


We resolve the acting magnet if into if cos 0, if sin 0. These 
produce forces F and G at the 
centre C' of the magnet B'G'A' 
respectively where // 

F = 2 M cos 0/r 3 

and Cr = if sin 0/r 3 . The former 
acts along GG' and the latter perpendicularly to GG' in a direction 
tending to increase 0. 

These may also be regarded as the forces at any point in the 
neighbourhood of C ', provided the magnets are so small that we 
can reject Fa jr and Ga'/r. We therefore apply them without 
alteration of magnitude or direction to the pole A' and also with 
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their signs reversed to the pole B'. The action of the one magnet 
on the other is therefore a couple. See Art. 320. 

To find the magnitude of the couple , we take the moment about 
the centre G f of the force which acts at the positive pole A' only and 
double the result. The couple tending to increase 0' is therefore 
F = — 2m a ( F sin O' + G cos O') 

MM' /a , . 

=-(2 cos 0 sin 6 4- sm 6 cos 0 ). 


319. When the two magnets are not in one plane we proceed in 
the same way. Let CC' be taken as the axis of x, and let (A,/az/), 
(Vju,V) be the direction cosines of the positive directions of the 
two magnetic axes. We resolve the acting magnet into M\ } Mp, 
Mv. The former being “end on” produces a force at O' which acts 
in the positive direction of its axis and is therefore X = 2MX/?' 3 . 
The two others being “broadside on” produce forces which act in 
the negative direction of their axes and are F= — Mp/'r 3 and 
Z^ — Mv/r*. These forces are transferred to act at the positive 
pole A' whose coordinates are x' = a'X', y' = a'f, z = a'v. Twice 
their moments about any axes having G r for origin give the 
couples which represent the action of one magnet on the other. 
The couples about the axes of x , y , z are (by Art. 257, vol. I.) 


MM’ , 


Ky 


MM' 


(2Xi/ + XV), KJ 


MM' w . 

- -— (2X/X +X/a). 


To simplify the results, let the plane containing CC' and the 
magnetic axis B'G'A ' be the plane of xz. Let 6, O' be the angles 
the magnetic axes make with the axis of x and let c/> be the angle 
between the planes in which 0 } O' are measured. The coordinates 
of A! are then a/= a'cos O', y'= 0, z' — a'smQ'. The forces 
X = 2 M cos 0jr z and Z = — M sin 0 cos <£/r 3 act in the plane xz and 
produce a couple 

MM' 

F =-{2 cos 0 sin O' -f sin 0 cos 0' cos <£}. 

This couple when positive tends to increase O'. The force 
Y= — Msm0 sin <£/r 3 produces a couple A' in the plane yC'A' 

MM' 

where A' = —sin 0 sin <£. 

When positive this couple tends to increase </> and acts from A' to y. 

When the plane xz contains the axis B'C'A X = cos 6 , At = sin 9 sin <p, 
?/ = sin <9 cos <£, X' = cos 9\ (x'—0, z/^sintf'. The couples A'= —K x sin 6' + K 9 cos 9\ 
and r= - K y may then be at once deduced from those of K x ’, K y \ K’. 
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320 . The component forces at the poles A', B' have been regarded as equal in 
magnitude but opposite in sign. To this degree of approximation the forces which 
tend to move the centre of gravity of the magnet B'A' are zero. This means that 
the expressions for their magnitudes contain an additional factor r in the 
denominator so that the forces vary as the inverse fourth power of the distance. 

These forces are very small and are generally neglected. We must however 
notice that, though the moment about C' of the forces in Art. 318 which act between 
the poles of the magnets is V', the moment T about G of the same forces differs 
from r 7 by the moments of the forces which act at the centre O'. Though these 
forces are very small, yet the arm r is here very great and the resulting couple is of 
the order 1/r 3 . 

It is sufficient to indicate the method of finding these forces and to state their 
magnitudes. Let (#, y , z), (x r , y\ z r ) be the coordinates of the positive poles A, A' 
of the two magnets referred to origins C, G' respectively. The distance D between 
A , A f is D 2 =(r + x' ~x) 2 +(y' -y)~+(z' - zf. 


The forces X, Y , Z are then 


A 7 = 2^ (r + x'-x), r=2^(y'-y), Z' = &o. 


We now expand these expressions in inverse powers of r and effect the summation 
of each term for positive and negative values of m, m'. Finally we write x = a\, 
x'=a'X' &c. We then find 


X'= 


3MM' 
r 4 


(2X\ 7 - ixp! — vv’). 


3 mr_ 

r 4 


V/x), 


Z 7 


3 MMf 
r 4 


(xy+xv). 


Ex. Two small magnets float horizontally on the surface of water, one along 
the direction of the straight line joining their centres and the other at right angles 
to it. Prove that the action of each magnet on the other reduces to a single force 
at right angles to the straight line joining the centres and meeting that line at one- 
third of its length from the longitudinal magnet. [Coll. Ex. 1<)00.] 

321. Potential energy. A small magnet , whose 'moment is 
M' y is acted on by a number of given magnets; it is required to find 
the potential energy. Let m' be the strength, 2a' the length of the 
small magnet B'G'A', then M'-2a'm'. Let V, V' be the potentials 
of the field at the negative and positive poles of the small magnet, 
then F' = — ( V' — V)/2a is the component of force, due to the 
field, at the small magnet in the positive direction of the axis, 
Art. 40. The mutual potential energy is, by Art. a9, 

W = -Vm' + V'm' = -M'F'. 

The required potential energy is therefore found by multiplying the 
moment M' of the small magnet by the axial component of force F' 
and changing the sign. 

322. To find the potential energy of two small magnets. We 
use the same notation as in Art. 319. The component forces due 
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to the magnet M are X = 2 Mkjr*, F= — Z~ — Mv/r*. The 

resolved part F' of these along the axis of the magnet M' is 

M 

J" = ^5 ( 2XX ' _ W*' ~ vv ')- 

The required potential energy is, by Art. 321, 

MM' 

W=-^(2XK'-w'-vS) .( 1 ). 

If 'x/r is the angle which the positive directions of the magnetic 
axes make with each other 

cos = XX' + /jbfji + vv ; 

MM' 

.\ W = - (3AV - cos t) .(2). 

If the magnetic axes BCA, B'G'A' make angles 6 , & with OC' 
and if the planes ACC', A'CC' make an angle <f> with each other 
we may put, as in Art. 319, 

X = cos 9 , (jl = sin 9 sin <f >, v — sin 9 cos <£, 

X' = cos 9', // = 0, v = sin 0', 

J/1F 

/. W - -{2 cos 9 cos — sin 6 sin & cos <£} .(3). 

The potential energy W being known, we deduce without 
difficulty the couples which represent the action of the magnet 
M on M'. Referring to the figure of Art. 318 we see that 
r' = — clW/dO' is the moment of the couple in the plane in which 
ff is measured (Art. 41). The couple in the perpendicular plane 
(that is the plane yC'A') is A' = — dTf/sin 6'd<j>. 

Ex. 1. If the law of force be the inverse /cth power of the distance, prove 

(1) that the potential of a small magnet at any point P is F =M cos 0/r* and 

(2) that the potential energy of two small magnets is 

MM' 

W— - {cos (k+1) cos 6 cos 0'}, 

where the notation is the same as in Art. 322. 

To prove the first part we proceed as in Art. 316. To obtain the second result 
we follow the method of Art. 322, using the rule in Art. 321. 

Ex. 2. A small magnet free to move about its centre is acted on by another 
fixed magnet and the law of force between the poles is the inverse /cth power of the 
distance. The magnets are placed with the axis of one along and that of the other 
perpendicular to the straight line joining the centres. Prove that the couple 
tending to produce rotation in the free magnet when the fixed magnet is “ end on ” 
is k times that when “broadside on.” 

By mating experiments on the magnitudes of these couples Gauss determined 
the value of k and thus proved that the law of force is the inverse square. The 
experiments are shortly described in J. J. Thomson’s Electricity and Magnetism. 
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323. A series of particles whose masses (positive or negative) 
are m l3 m % , &c. are placed in a straight line Ox at given points 
A 2 , &c. Find the equations of the lines of force. 

Let r l9 r 2 , &c. be the distances of any point P from A 1} A 2) &c.; 
0 1} 0 2 , &c. the angles these distances make with Ox. Let ^> 2 , &c. 
be the angles the tangent to the line of force through P makes 
with the radii vectores r Jf r 2 , &c.; then taking any one of these 

sin <p = rdOjds. 

Since the resultant force at P acts along the line of force, we 

have 2 ~ sin <£ = 0, 2m ~~ = 0. 

When the points A 1} A 2 , &c. lie in the axis of x, 
r x sin 0j = r 2 sin 0 2 = &c. 

Hence 2m sin Odd = 0, 2m cos 0 =. K. 

The equations of the lines of force and the level surfaces written 
at length, are therefore 

nij cos 0 Y -f m 2 cos 0 2 4- &c. = K } 

^h/ r i + m 2 /r 2 + &c. = K\ 
where K and K' are arbitrary constants. 

In a magnet m 2 = —m l3 the lines of force and the level 
surfaces reduce to 

cos 0 — cos 0' = \jr l — ! /r 2 = 

Line of force from one particle to another. When a line of 
force passes through one of the attracting or repelling particles, 
the radius vector at that particle becomes a tangent and 0 is then 
the angle that tangent makes with the positive direction of the 
axis of x. Let a line of force pass between the points A if A^. 
Then, equating the values of if at these two points, we have 
rUj + <Scc. + rfi{ cos 0- h — ni^j — &c. = ni 3 + ni^ cos 0^ — — &c. 

.*■ nil siu J ^ 0i + + &c. + cos' 2 ^ 6^ = 0. 

If all the masses have the same sign the only lint* of force 
which can pass from one particle to another is the straight line Ox 
on which all the particles are situated. 

Line of force from a particle to an infinite distance. Let a line 
of force pass from the particle m* to a point at an infinite distance 
in a direction which ultimately makes an angle /3 with the axis 
of x. We then have in the same way 

mi + tin + &c. -j- f ui i cos — ni — Szc. = (2 t/i) cos (3. 
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In a magnet where 2m = 0, no line of force can pass to an 
infinite distance except the one along Ox. 

Parallel rods . We may obtain a corresponding theorem for a 
series of thin parallel attracting rods. Let the rods be cut by 
a perpendicular plane in the points A ls A*, &c. and let (r lt OJ, 
(r 2j 0 2 ), &c. be the polar coordinates of any point P in this plane 
referred to A 1} A 2 , &c. as origins. If m 1} m 2) &c. are the line 
densities of the rods, the lines of force and level curves in this 
plane are respectively 'ZmQ^K, 2m log r = if'. 

324 . Ex. 1 . Prove that the lines of force of a simple magnet BCA (not 
necessarily small) are symmetrical curves concave to the magnet and passing 
through its poles. If P be the middle point of one of the lines of force, prove that 
the curvature at P is three halves that of the circle BPA, and that the curvatures 
at B and A are zero. If BPA be an equilateral triangle prove that the line of 
force meets the magnet at right angles. [Math. T. 1871.] 

Ex. 2. A small fixed magnet BCA acts on a small magnet B'G'A' free to turn 
about its centre. Prove that when the free magnet is in equilibrium its axis lies in 
the plane ACC' and that tan 6'= - £ tan 6. 

Let the magnetic forces of the earth be represented by those of a small magnet 
placed at the centre with its positive pole pointing south. The north-seeking pole 
of the compass needle is then its positive pole. It follows that in north magnetic 
latitude X, the dip Z> below the horizon of a small magnet free to turn about its 
centre of gravity (usually called a dipping needle) is found by writing r + X for 9 
and %tt — JD for Hence the tangent of the dip is twice the tangent of the magnetic 
latitude. 

Ex. 3. A small fixed magnet BCA acts on a small magnet B'C'A' free to turn 
about its centre in the plane ACC'. Prove that the two positions of B'C'A' in 
which the couple F', tending to produce rotation, is greatest and zero are at right 
angles. Prove also that the maximum couple is E (1 + 3 cos 2 0)4 where E = MM'Jr 3 , 
and that when the magnet B'C'A' makes an angle 0 with its position in equilibrium 
the couple is proportional to sin <p. 

Ex. 4. A compass needle B'C'A' is free to turn about its centre C f in a 
horizontal plane and is acted on by a small vertical magnet whose centre C lies on 
the circumference of a horizontal circle having its centre in the vertical C'Z. 
Prove that, if 0, 0' be the angles the planes ZC'C , ZC'A' make with the magnetic 
meridian, sin (0 - 0')/sin 0' is approximately the same for all positions of the 
disturbing magnet. 

Ex. 5. Three small magnets are placed with their centres at the angular points 
of an equilateral triangle ABC and being free to move about their centres rest in 
the following positions. The magnet at A is parallel to BC whilst those at B and 
C are at right angles to AB and AC respectively. Prove that the magnetic 
moments are in the ratios ^3:4:4. [Math. T. 1880.] 

(Use Art. 318.) 

Ex. 6. Two small magnets of moments M, M' are fixed at two corners of an 
equilateral triangle with their axes bisecting the angles. A third small magnet is 
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free to move at the other angular point. Prove that its axis makes with the 
bisector of the third angle an angle whose tangent is JS 

[Math. T. 1882.] 

Ex. 7. Point charges e, - e-e’ are placed at 0, A, B respectively which are 
in a straight line and OA = OB. Prove that, if e>2e', the greatest angle a line of 
force leaving 0 and entering A can make with OA is a, where esin 2 -^a=e'. 

[Coll. Ex. 1900.] 

[If the line of force pass from 0 to an infinite distance we must have 
ecos 0<e-2e'; if it arrive at A, we have e sinH0 = c'sin 2 £0', where 0, 6' are the 
angles the tangents at 0, A make with OA and AO respectively. If 0 is greater than 
the value of a given above, the line cannot go to A ; if less it cannot go to an 
infinite distance. See Art. 323.] 

325 . To determine by experiment the numerical values of (1) the horizontal 
force H due to the earth’s magnetism and (2) the magnetic moment M of a given 
magnet. There are several ways of effecting this, but in general two experiments 
have to be made, one to determine the ratio H/M and the other the product HM, 
The two following examples will explain the process without details. A minute 
account of the methods of conducting these and other experiments for the same 
purpose is given in Maxwell’s Electricity , vol. ir. chap. vir. The quantity H 
represents the horizontal component of force on a unit pole and is directed towards 
magnetic north. 

Ex. 1. A small compass needle free to turn round its centre in a horizontal 
plane is acted on by a fixed magnet of moment M whose length is perpendicular to 
the magnetic meridian and whose centre is in the horizontal plane. If the 
deviation of the compass needle from the magnetic meridian be <£, prove that 
tan0=2M/Hr 3 . This determines M/H when <p has been observed. It also gives 
the value of M or H when the other is known. 

Ex. 2. A magnet of moment M is suspended by two line threads of length l 
from two points D, E of a horizontal bar. The strings are attached to two points 
D', E' of the magnet which are equally distant from the centre. The magnet 
being acted on by the earth’s horizontal force assumes a position of equilibrium. Let 
the bar be turned round a vertical axis until the magnet, when again in equilibrium, 
is perpendicular to the magnetic meridian. In this position bit the bar make an 
angle 0 with the magnet. Prove that (f-- 41>- sirr .A0)i = Wlr sin 0//L1/, where W is 
the weight of the magnet and 2 b the length of either IJE or I)’E/. This experiment 
determines the product HM. 

326. Potential of a magnetic body. We have hitherto 
supposed that the attracting and repolling particles of a magnet 
were situated at two definite points of the axis, called the poles. 
But there are no such ideal magnets in nature. When a real 
magnet is broken into pieces the fragments continue to exhibit 
polarity. We must therefore suppose that the magnetism (what¬ 
ever that may be) is distributed throughout the body. We shall 
here assume as a working hypothesis that each element of volume 
of a magnetic body acts on an external magnetic (‘lenient as if 
it were occupied by a small simple magnet whose strength and 
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length are indefinitely small. Let m and 2a be the strength and 
length of the small magnet which occupies the element dv of 
volume, and let M = 2 am be its moment. The moment per unit of 
volume is 2 am/dv. Representing this ratio by I, we have the 
relation Idv = 2 am = M. The positive direction of the axis of this 
ideal magnet represents the positive direction of magnetisation of 
the body at the element dv, and the intensity of the magnetisation 
is measured by I. The potential of any element of a magnetic body 
at a point P which is at a finite distance r from the element is 
I dv 

cos 6 where 0 is the angle which the distance r makes with the 
positive direction of magnetisation. 

327. Elementary rule. The potential Idv cos 0/r 2 is the 
same as the repulsion of the element dv, supposed to be of density 
I , when resolved in the direction of magnetisation. It immediately 
follows that when the direction of magnetisation is •uniform 
throughout the body the potential at a point P is the same as the 
repulsion at P of that body, supposed to be of density I, when 
resolved in the direction of magnetisation . If the intensity I is 
not also uniform, the body is supposed to be heterogeneous. This 
simple rule frequently enables us to write down the potential of 
a magnetic body. 

328. Magnetic rod. The potential of a thin uniformly mag¬ 
netised rod AB of volume v and length l at any external point P 

or ^ (sin /3 — sin a), 

Ip 

by Arts. 10, 11, according as the direction of magnetisation is 
along, or perpendicular, to the length. In the former case we see 
that the magnetic rod acts as if it were a simple magnet of equal 
length whose strength is Iv\l. 

This result may also be arrived at by d priori reasoning. The 
effect of the elementary magnet in any element dv of volume is 
not altered if its length is increased (without changing the 
moment Idv) so that the magnet occupies the full length of each 
element. The positive and negative ends of the successive 
magnets then destroy each other, leaving a positive element of 
magnetism at one end of the rod and a negative element at the 
other. 


Iv f 1 1 \ 

T\IP~BPJ 
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It follows from Art. 27 that the potential at P of a thin 
circular disc, of volume v, area A, uniformly magnetised per¬ 
pendicularly to its plane is Ivoo/A where co is the solid angle 
subtended by the disc at P. 

329. Magnetic sphere- Since the attraction or repulsion 
of a homogeneous solid sphere of volume v and unit density is 
v/r 2 , it follows immediately that the potential at P of the same 
sphere when uniformly magnetised is Iv cos 0/r 2 , where r is the 
distance of P from the centre and 9 the angle r makes with the 
direction of magnetisation. The potential of a uniformly magnetised 
solid sphere is therefore the same as that of a small concentric simple 
magnet , (called the equivalent magnet), whose moment is M=Iv 
and whose axis is in the direction of magnetisation. 

When equivalent magnets can he determined for two bodies we 
can at once deduce from Art 322 their potential energy. In this 
way we see that the mutual potential energy of two spheres 
uniformly magnetised in different directions is 

II'vv f 

— 3 ~~ (cos a/t — 2 cos 8 cos 0'), 

where r is the distance between the centres and 9, 8' have the 
same meaning as in the Art. just referred to. 

330. Magnetic ellipsoid. The potential of an ellipsoid 
uniformly magnetised in a given direction can be obtained at 
once by using the rule. The component repulsions of a homo¬ 
geneous ellipsoid at an internal point are lAx, IBy , 10z. By 
resolving these in the direction of magnetisation (l, m, n) we find 
that the magnetic potential at an internal point (f, */, f) is 

V = / (All; -f Ihnrj -f (Ju%) 

where A, B, 0 are the quantities defined in Art. 212. The 
components of magnetic force at any internal point an* therefore 
A = — IAl, Y = — IBm, Z ~ — I( *n : Art. 41. These are constant 
in magnitude and direction at all internal points. 

At an external point, the magnetic potential is 

V^^iA^+B'.nv + CfuO, 

where A \ B\ G and a, b\ d have the meanings defined in Art. 223. 
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331. An ellipsoid is placed in a field of uniform magnetic 
force , it is required to find the magnetism induced in the ellipsoid . 

The theory of induced magnetism is discussed in the section on 
magnetic induction. It is enough for our present purpose to say 
that when certain neutral bodies are acted on by magnetic forces 
each element dv of volume becomes magnetised in the direction 
of the resultant force F which acts on that element and that the 
intensity I = kF. The constant k is called the magnetic sus¬ 
ceptibility ; another constant /i = 1 + 47 rk afterwards introduced 
is called the magnetic permeability. 

Let l , m, n be the direction cosines of the direction of the 
induced magnetisation at any point P of the ellipsoid. Let 
X , 7, Z be the components of force at P due to the field, 
X\ Y\ Z' those of the force due to the ellipsoid now become 
magnetic. The force F is the resultant of X , Y } Z and X\ Y\ Z\ 
Since the intensity I at P is given by / — kF 3 we have 

Il~kFl = k{X + X'\ Im = k(Y+T), In = k(Z + Z'). 


Let us assume as a trial solution that the ellipsoid becomes 
uniformly magnetised in direction and magnitude. We then 
have X' = — IAl, &c. while X , Y ’ Z are given constants. The 
equations give at once 


11 = 


kX 

1 +IcA 3 


Im = 


kY 

1 + kB 


, In = 


kZ_ 

1 + W 


Since these equations give constant values for the components 
of magnetisation the trial solution satisfies the conditions of the 
problem. This therefore is one solution. If we use the constant 
fju instead of Jc , these equations become 


11 = 


47r + (fJb — 1) A 3 


fn . fr-ur In - * , 

47 t + (^— 1)B 3 4nr + —• 1 ) G 


332 . Ex. 1. A sphere and a circular cylinder, constructed of the same kind 
of material, are placed in succession in a uniform magnetic field, the axis of the 
cylinder being perpendicular to the force. Prove that the intensities of the 
induced magnetisms are in the ratio 3 (ac + 1) to 2 (/r + 2). [In a sphere A , 23, C are 
* each equal to 47 t/ 3. Their values for a cylinder are given in Art. 232.] 

Ex. 2. An elliptic cylinder, which has one transverse axis very much longer 
than the other, is placed in a uniform magnetic field with its infinite axis 
perpendicular to the direction of the force. Prove that the intensity of the 
induced magnetism when the transverse longest axis is in the direction of the force 
is approximately jul times that when the same axis is perpendicular to the force. 
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Ex. 3. Prove that the potential of a thin plane lamina uniformly magnetised 
perpendicularly to its plane at a distant point is 

where the axes of coordinates are the principal axes of inertia at the centre of 
gravity, va 2 , vb 2 the moments of inertia about the axes of x and y, and r is the 
distance of the point from the origin. [To prove this we differentiate with regard 
to £ MacCullagh’s expression for V, Art. 135.] 

333. Magnetic cylinder. Prop. 1. The density at any point of an infinite 
right circular cylinder {radius a) is <f> (x, y), the axis of the cylinder being the axis 
of z. Prove that, if <f>(x, y) satisfy Laplace's equation and be of i dimensions , the 
potential of the cylinder at an internal point (£, y) is 

We obtain this result by making c infinite in the first theorem of Art. 247, 
noticing that Q/c=a 2 + u when a = &. The potential is therefore 
rr 0 f du U 1 ( a 2 Va,, x 

U ~ ml j ii-+a fl(»+l)i[n) \a- + w) * 


d lj rU / d 2 


The operator D 
the terms except that given by ?i =0 are zero. 

At an internal point, the limits are 0 to oo, 

.£±51 


+ , and <f> satisfies Laplace’s equation, lienee all 


The potential becomes 

I" + t) j /v. \ 


- <f> (I, y)- 


. TT 

.. U = TT A «r - - v , f 
( t l + 1 j 

At an external point, the limits are X to oo , 

. tt' ( <l ~ Y K J £~ + 7 ! 2 a ~ ) . tt X 
- v = x U?x] (I ' i+i ’>• 

Prop. 2 . The x and y comjuments of magnetisation of a right circular cylinder 
are Il=dffdx and Im = dfldy , where f (.r, y) is a homogeneous function of x and y of 
i dimensions which satisfies Laplace's equation . Prove that the potential of the 
cylinder at an internal point is 2i r/(£, y). 

The potential of a magnetic cylinder whose intensity is II is equal to the 
resolved repulsion of a cylinder whose density is Jl (Art. 127). The potential of 
the cylinder due to both components of magnetisation is therefore 

7= _ ]/ r+V- y/f) d U a 2 _ £j <V\ 

<1$ (y -1 i J di,\ dy (\i-l i ) dij} 

\2$df 2ydf\ 

=x {t^ + t4 = • /( '’ ,) ’ 

since dfjd £ and dfjdy are both of % — 1 dimensions. 

The potential at an ext (a nal point is found in the same way. Since <r-p X ~tf + y 2 , 

the result is V' = 2i r /(£, ^). 

Prop. 3. A right circular cylinder is placed in a field of force whose 'potential is 
f (l> v)' Prove that, i f j (£, 77 ) is a homogeneous function of i dintensions which 
satisfies Laplaces equation, the magnetic potential inside the cylinder is 


Ft = 


/(!> y)* 
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Assume as a trial solution that the x , y components of magnetisation are 
Ldf/dx and Ldfjdy. The equation of condition (Art. 331) 11 = k (X+X') becomes 

L ■— = — h + 27rL . Hence L (1 + 27r7c) == — &. The other equation of 

condition leads to the same result. The potential inside the cylinder is therefore . 


V 1 =f+2irLf=z 


/ 


' 1 + 2t r/c 

The potential at a point outside the cylinder is 


2 / 

l+/ri 




/t-j-1 \ ft 2 -f X / J 

Ex. A right circular cylinder is placed in a field of magnetic force whose 
potential is A Prove that the potential of the magnetic force within the 

cylinder is A'(| 2 - rj 2 ), where A' (1 + m) = 2A. [Coll. Ex. 1899.] 

In the same way, if the potential of -the field were Axy, the magnetic potential 
would he A'xy , where A' has the same value. This result follows at once from the 
former because £ 2 -tj 2 becomes -2£V when the axes are turned round OZ through 
half a right angle. 


334. To find the mutual potential energy of tioo magnetic bodies . By Art. 321 
the potential energy of a magnetic body and an elementary magnet of moment M' 
is -M'F', where F f is the component of force due to the magnetic body in the 
direction of the axis of the elementary magnet. If the elementary magnet 
represent the magnetism of an element dv' of a second magnetic body, we have 
M'—I'dv'. The potential energy of the two bodies is therefore W= -jF'I'dv' where 
the integral extends throughout the volume of the second body. 

If V be the potential of one magnetic body, X', //, v' the direction cosines of the 
direction of magnetisation at any point of the other, the expression for W takes 

the form ^=///(S V + ^ * + S 

This integral is the same as that considered in Green’s theorem (Art. 149), and is 

equivalent to W~ jVF cos i'd<r' - JV + ~~f~r + 

If the magnetisation T is such that its components I'X' — dfjdx ', and where / is 
a function which satisfies Laplace’s equation, the expression for W is reduced to a 
surface integral. 


335. Terrestrial magnetism. The phenomena of terrestrial 
magnetism can be roughly represented by the action of a powerful 
small magnet placed near the centre of the earth (Biot, Traite de 
Physique , 1816). This supposition is equivalent to treating the 
earth as a sphere uniformly magnetised in direction and magnitude 
(Art. 329). The theory altogether fails in accuracy when applied 
to explain the irregularities at special places. An attempt was 
therefore made by a Norwegian observer, Hansteen, to explain 
the observed facts by the action of two large magnets within the 
earth, both being excentric. But the results, though superior to 
those derived from a single magnet, were not satisfactory. 
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336. Gauss* investigated the potential of the magnetism at 
a point P on the supposition that it was distributed irregularly 
throughout the earth. To effect this he used a formula equivalent 
to that given in Art. 283, viz. 

V=T 0 + 7 1 1 + &c. + Z t % + Zi (“)’ + &c.(1), 

where a is the radius and r the distance of P from the centre of 
the earth. If the causes of magnetism are inside the earth the 
second of these series alone is to be retained. When P is at a 
great distance from the attracting mass, this reduces to Z 0 a/r. 
It follows that Z Q a is the attracting mass and is therefore zero. 
After some preliminary trials Gauss decided that it would be 
sufficient for a first approximation to retain only the terms up to 
and including (a/r) 4 . This is to be regarded as a trial solution 
to be accepted or rejected after a comparison of its results with 
the observed facts of magnetism. With this limited value of V 
the theoretical components of force in three rectangular directions 
can be found by differentiation. Let the directions be, one parallel, 
a second perpendicular to the meridian, and a third vertical. 
Representing these components by X, V, Z, the declination 8 of 
the needle and the dip i are given by (X 2 -f Y 2 ) tan- i = Z 1 and 
X tan 8 = Y. The values of the declination, dip, and intensity were 
known in Gauss’ time at nearly 100 places. The observations 
at 12 of these (properly chosen) were used to determine the 24 
unknown constants which occurred in the functions Z i &c. Gauss 
then tabulated side by side the observed and computed values of 
the declination, dip and intensity at 91 places on the surface of 
the earth, so that an easy comparison could be made. 

337. In general the agreement was so accurate as to leave 
no doubt on the fundamental correctness of the theory. The 
observations made since Gauss’ time are also in sufficient accord¬ 
ance with the theory. The small discordances which remain are 
ascribed by Gauss partly to errors in the observations and partly 
to the fact that all the observations used do not correspond to 
the same year. The terms beyond the fourth order in (1) may 
have sensible effects and possibly other less influential causes of 
magnetism may exist. 


*' Gauss’ paper is translated in Taylor's Scientific Memoirs, vol. n., 1841. 
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338. The causes of magnetism have been assumed to be 
inside the earth. If there are any external causes, their effects, 
could be represented by including some terms of the first series 
in (1). If the causes were wholly external to the earth the* 
potential would be represented solely by the first series in (1).. 
The vertical force would then be — XnY n /a instead of 2 (n + 1) Z n /a. 
Since the observed vertical force does closely satisfy the latter- 
of these two very different expressions Gauss considers it proved 
that only a small part of the terrestrial magnetic force can be due- 
to causes external to the earth. This argument does not apply 
to the periodical changes of the needle which have not been, 
considered by Gauss. . 


339. Poisson’s theorem. To investigate a general formula 
for the potential of a magnetic body . We resolve the intensity I 
into three components A = I\ B = Ip, G = Iv . Let us find the 
potential due to the first of these. Let QQ'— dx be an element of a 
column LM parallel to x (figure of Art. 222). Let QP = r and let 
Q'n be perpendicular to QP, then Qn — — dr and cosPQQ'——dr/dx. 
The potential of the column at P is then 


/ 


A dxdydz 


cos PQQ' = dydz A 


d(l/r) 

dx 


dx, 


and the potential of the whole magnetic body at P is 

1 


# 


a£-+b£- + c£ 

dx dy dz. 


\ dxdydz. 


Following the same reasoning as in Green’s theorem (Art. 149) 
we put this into the form 




T= I cos i 


. dS 


dA dB dC ' 
dy dz 


r fdA 
J \dx 


dv 


where dS is an element of the boundary and dv of the volume of 
the magnetic body. 

It follows from this equation that the magnetic potential at P 
is the same as that of a quantity of matter distributed partly 
internally and 'partly superficially. The volume density p of the 
internal distribution, and the surface density <j of the superficial 
distribution, are 

(dA dB dC\ T 

p== ~\d^ + d^ + di)’ <r - Icosi ■ 

Here i is the angle the direction of magnetisation at any point 
of the surface makes with the outward normal at that point. 

12 


R. S. II. 
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340. Since the total quantity of attracting matter in each 
elementary magnet is zero, it is evident that the sum of the 
internal and superficial distributions in Poisson's theorem is also 
zero. 

The mass distributed over the surface S of the magnetic body, being j I cos idS, 
is evidently the flux of the vector I across the boundary of S. 

So also, if the surface S' is the boundary of any portion of the body, the mass 
distributed internally is equal and opposite to the flux across the surface S', Thus 
-pdxdydz is equal to the outward flux across the six faces of the Cartesian 
element dxdydz. We may therefore deduce the value of p for polar, cylindrical, or 
other orthogonal coordinates by finding as in Art. 108 the flux across the faces of 
the corresponding element. 

are the polar components of 1 in the directions in which r, 0, 0 
are measured, then (Art. 108) 

1 d(I x r 2 ) 1 d (I 2 sin 6) 1 dl s 

p ~~r 2 dr + rsind dB r sin 9 d(f>* 

.In cylindrical coordinates R , 0, z 

_ld£ x R) ldl 2 dl 3 
~ p ~jR dR +R~d<f> + dz' 


341. Ex. A magnetic shell is bounded by spheres of radii a, b. The 
-direction of the magnetisation at any distance r from the centre is radial and its 
magnitude is Kr n . Find the potential at an internal and external point. 

The internal distribution is p — - (*>’ n+2 ) and the superficial distribution 

. o- 1 =-Ka n and <r 2 = + /c& n on the two boundaries. The potential of all these 
• at an internal point (Art. 04) is 


V : 


r 

T 


4.irf 2 dr 4 t rlr 4ira 2 k (b n+l - < 7 n ‘ H ) 

P- 4- <r 2 - <Ti - = - 4?r -— — 7 . 

r b 1 a 7i + l 


'The potential at an external point is zero. 


342. The force of induction*. The magnetic force at a 
point P of space void of magnetised matter is the force on the 
positive pole of a magnet of unit strength, the positive pole being 
placed at P. To find flie force at a point P situated within a 
magnetic body we imagine an infinitely small spare round P to be 
removed and a positive unit pole placed at P in the cavity. 

Consider the effect of this removal; the attraction of the solid 
distribution of Poisson which once filled the space has disappeared, 
and there is now a superficial distribution on the inside* of the 
cavity. Since the attractions of similar and similarly situated 
bodies on the same point vary as their linear dimensions (Art. 94), 


* The distinction between the magnetic force and the force of induction is due 
to Kelvin and is fully explained in his Theory of Magnetism , Arts. -179 Ac. The 
former name is due to him, and the latter to Faraday and Maxwell. See the 
treatise on Electricity and Magnetism , Art. 428. 
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the solid distribution is not affected by the removal of the infinitely 
small quantity of matter (Art. 101). But the superficial distribu¬ 
tion on the inside of the cavity does affect the force in a manner 
which depends on the form of the cavity. 

Thus the resultant force at a point inside a magnetic body is 
made up of two components. One of these is due to (1) all external 
causes, (2) the whole solid distribution, (3) the superficial distribu¬ 
tion on the external boundary. The other is due to the superficial 
distribution on the inside of the cavity alone. The former com¬ 
ponent is defined to be the magnetic force at a point within the 
magnetic substance . 

343. Let the cavity have the form of an infinitely small 
cylinder whose length is 26 and radius a, and let the generating 
lines be in the direction of magnetisation. Let P be at the 
central point of the cylinder. The superficial surface density, 
being I cos i, is zero along the generating lines and + 1 at the 
two circular ends. The “outward” normal for the cavity tends 
towards the point P and therefore the surface density is -f / for 
the negative end of the cavity and — I for the positive end. The 

21 

acting in the direction of the magnetisation of the body in the 
neighbourhood of P. It appears that the force depends not on 
the absolute dimensions of the cavity but on the ratio of the 
length to the breadth. Hence however small the cavity may be 
made, the force due to the superficial distribution on its walls will 
in general remain finite. If the radius a is infinitely smaller than 
the length 6, the force due to the superficial distribution is zero. 
If the radius is infinitely greater than the length the force is 47 tI. 

The actual force, due to all causes, on a positive unit pole 
situated at the central point P of a cylindrical cavity, whose 
length is in the direction of magnetisation and is infinitely greater 
than the breadth, is the same as the force already called the 
magnetic force at P. The actual force, due to all causes, on the 
pole when situated at the central point of a thin disc-like 
cylindrical cavity, whose plane is perpendicular to the direction 
of magnetisation, is called the force of induction at P. 

By taking cavities of different forms we may contrast the two 
forces in other ways. Let the cavity be of a thin disc-like form, 
the normal to the plane making an angle i with the direction of 

12—2 


repulsion of the two ends at P is 47r/ 
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magnetisation. The distribution on the curved side is ultimately 
zero. The distributions ±Ieosi on the two plane faces act on P 
as if they were distributed on infinite planes; the repulsion at P 
is therefore 4w/ cos i. Thus the actual force on P is the magnetic 
force or the force of induction according as the plane of the cavity 
contains or is perpendicular to the direction of magnetisation. 

344 . Ex. Prove that when the cavity is spherical the force at the centre due 
to the superficial distribution is %ttI (see Art. 93). 

345. It appears from what precedes that the force of induction 
at P is the resultant of the magnetic force at P and a force 4?7r/ 
acting at P in the direction of magnetisation of the body in the 
neighbourhood of P. 

Let A =/\, B — IfjL, C = Iv be the Cartesian components of the 
vector /; X } Y } Z and X 1} Y 1} Z x the components of the magnetic 
force and the force of induction. Let V be the potential of the 
whole magnetic body at any internal point P } as given by Poissons 


theorem, Art. 339. Then. 


X = -dV/dx, 

Xj = X + 4nrA, 

Y=-dVldy, 

F,= F+4ttP, 

Z~ — dVjdz, 

Z l = Z + 477 * (7. 


346. Bodies not uniformly magnetised. When the mag¬ 
netism of a body is not uniform, either in direction or intensitv, 
it becomes necessary to choose special forms for the elements. 

The magnetic lines are curves such that the direction of 
magnetisation at any point is a tangent to the curve at that 
point. In a line of force the direction of the force is a tangent, 
Art. 47. If we draw a magnetic line through every point, of a 
closed curve we construct a tube which is called a magnetic tube. 
When the section of the tube is very small it is sometimes called 
a filament By analysing a magnetic body into elementary tubes 
or filaments we may often find its magnetic potential at any external 
point P with great ease. 

347. Solenoids. Let da be the area of a section of a 
magnetic filament at any point Q, ds an clement, of length 
measured in the direction of magnetisation and I the magnetic 
intensity. Using the same notation as before (Art. :>i (> > wo notice 
that d is the angle in front of the radius vector QP and that 
therefore cos 0= — dr/ds. Hence since dv = da . ds the potential 

of the filament at P is V = f ~ C { V cos 0 = - [Ida l - r t . 
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When the magnetism of the body is so distributed that Ida — dyu 
is constant for each magnetic filament , the body is called a solenoid. 
The integration can then be effected at sight. If R y S be the 
intersections of the filament with the surface of the body, RS 
being the positive direction of magnetisation, the potential at any 

external point P is V = ~ — —3 . 

The potential of a solenoidal filament is independent of its 
form and depends solely on the magnetism Ida of a cross section 
and on the positions of its extremities. A closed solenoid exerts no 
action on any external magnet. 

348. The potential of a solenoid, or of any portion of a 
solenoid , may be found by summing up the potentials of the 
filaments which compose the body. Let any filament intersect 
the boundary in an area dS and let the direction of magnetisation 
make an angle i with the outward normal. Then since 

Ida = IdS cos i, 

the potential of the body is the same as that of a thin superficial 
stratum on the boundary , and this stratum is the same as that given 
in Poisson's theorem (Art. 339). 


349. Since this must be also true for every element of volume 

of the body, it follows that the solid distribution of Poisson must 

i w u 4 . 1 . dA dB dG 

be zero. We have then — p=--—i—^—I— 7 — — 0, 

ax ay dz 

where A y B y 0 are the components of I at the point x y y, z. This 
is a necessary condition that the magnetism is solenoidal. 

To prove that this condition is sufficient. By Poisson’s theorem the potential 
of every portion of a body is equivalent to that of a surface distribution I cos 0 
and a volume distribution p. Let this portion be an arbitrary length l of a 
magnetic filament. The potential of the filament is 

- hfhl- _ Iq 0 — f — ^ g s 
r 0 J r ds 

where the suffixes refer to the ends of the filament. The potential of the fila¬ 
ment is therefore the same as that of a surface distribution I cos 6 and a volume 
1 d(Ida) 


V: 




distribution p'=- 


Since the surface distribution of the arbitrary filament 


~ da ds 

is the same as that given by Poisson, the density p ' of the volume distribution 
must also be the same as p. Hence when p = 0 we must have Ida constant for any 
filament. 


350. Lamellar shells. If the magnetic lines can be cut 
orthogonally by a system of surfaces we can conveniently analyse 
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the body into elementary shells. Let the equation of these 
surfaces be f(x,y,z)-c. Consider the shell bounded by the 
surfaces o and c + do. Let dcr be an element of area at any point 
Q of the first surface, t the thickness of the shell; the volume of 
the corresponding element of the shell is then dv = tdcr . Let t be 
measured in the direction of magnetisation and let I be the 
intensity. The magnetism of the element dv is equivalent to that 
of a small magnet whose moment is Idv and whose axis is normal 
to the surface. The potential at any point P is Idv cos 6jr\ where 
r and 0 have the same meanings as in Art. 347. 

Let dco be the solid angle subtended by da at P, then 
da cos #/r 2 = do) (Art. 26). The potential of the shell at P is 
therefore V=JIdv cos 6jr z = fit dco. 

Here the sign of dco follows that of cos 6. Let that side of da 
be called the positive side to which the direction of magnetisation 
points. Since 6 is the angle QP makes with that axis, the solid 
angle dco is positive or negative according as P lies on the positive 
or negative side of the elementary area da. 

Let P travel from a position 1\ close to da on its positive side to a position P 0 
also close to da on its negative side, the journey being made outside the* elementary 
area. When P crosses the tangent plane to da at some oxtnnml point, the solid 
angle subtended at P changes from positive to negative. The solid angles at 1\ 
and P 2 are 2tt and -27r, hence if we suppose P to travel from 1\, to 1\ through the 
element of area the solid angle is increased by 4-a. 

351. The product It is called, the strength of the clenwnta nj 
shell at Q. When the si l ell is such that the strength is every¬ 
where the same the shell is called a simple magnetic sin*11 and the 
distribution of magnetism is said to be lamellar. If the strength 
varies from point to point, the shell is called a complex magnetic 
shell and the distribution of magnetism is said to be complex 
lamellar. Let It = <£. 

352. When the distribution of magnetism is lamellar the 
potential takes a simple form. Putting co for tin* whole solid 
angle subtended at P by any portion of the elementary shell, we 
find that the potential at P of that portion is 

V = jit d(0 — It (O. 

It follows from this result that if two thin lamellar shells have 
the same rim and the positive sides are turned the same a: ay. the 
potentials and therefore the forces at any point P are etpnd each to 
each. The dimensions of <\> are those of potential. 
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Let a thin lamellar shell enclose a space. The potential at P 
of any portion has been shown to be It ay. Let this portion 
increase and finally cover the shell. If P be inside the empty 
space the solid angle ay subtended at P increases and is finally 47 r. 
If P be outside, the angle ay will presently begin to decrease and 
will be finally zero. It follows that the potential of a closed lamellar 
shell at an internal point is 4<7rlt, at an external point the potential 
is zero . 


353. If a thin lamellar shell is in the presence of a number 
of magnets, the mutual potential energy of any element dv and 
the field is —FIdv by Art. 321, where F is the axial component of 
force at the element dv. Since Idv = cjydcr and <jy is constant when 
the distribution of magnetism is lamellar, the mutual potential 
energy of the whole shell and the field is — cjyfFdcr. The integral 
fFdcr represents the flux of the force due to the field entering the- 
negative side of the shell. 


. df 


pp=- 




■(i) 


.( 2 ). 


354. To determine the conditions that the distribution of magnetism is lamellar. 
Let X, jx, v, expressed as functions of x, y, z, be the direction cosines of the 
tangent at any point R of a magnetic line. The analytical condition that the 
magnetic lines can be cut orthogonally by some system of surfaces is that 
\dx + fidy + vdz can be made a perfect differential of some function f(x, y, z) by 
multiplication by a factor, and the orthogonal surfaces are then f(x, y, z)=c. Let 
p be one of these factors, the three equations 

_df _df 

’ dy' dz 

must then be satisfied by simultaneous values of p and /. If A, B, C be any 
quantities proportional to X, g, v , say A=m\ Ac., we find, by eliminating p/m and/, 

. (dB dG\ ir> fdC d,A \ / dA dll' 

\dz dy) \ dx dz) \ dy dx y 

Let a shell be formed by the two surfaces /= c, /= c + dc. Let x, y, z; x-t-dx, &c. 
be the coordinates of two adjacent points R, S, one on each surface. The thickness 
t of the shell at R is the sum of the projections of dx, dy, dz on the normal at R } 
hence pt—p(Xdx-{-iJidy+ydz)=df. 

The product pt is therefore constant and equal to dc for the shell. Now two 
quantities (say pt and It) cannot both be constant for the same shell, unless I bear 
a constant ratio to p. Thus It will be constant only if I—Pp , where P is a function 
of x, y, z which is constant all over the surface c. Hence P=F (/), and it is 
evident that p' = Pp is another factor which also makes Xdx + Ac. a perfect 
differential, viz. the differential F (/) df. It is therefore necessary that I should 
be equal to some one of the values of p which satisfy the conditions (1). 

Let the magnetism of the body be given by the components A, B, C of the vector 
I expressed as known functions of x, y, z . The necessary and sufficient conditions 
that the distribution of magnetism should be lamellar are that 


A- 


df_ 

’ dx' 


JB = 


df 

dy 9 


C= 


df 
dz * 
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where f is an arbitrary function of x, y , z. The condition (2) that the magnetic 
lines can be cut orthogonally by some system of surfaces is satisfied by these values 
of A, B , G. The function / is called the potential of magnetisation. It must be 
distinguished from the magnetic potential V. 

355 . Ex. Each element Q of a thin spherical shell is magnetised along the 
direction OQ , where 0 is a given point on the surface, with an intensity I which 
varies as the distance OQ. Prove that the potential at any external point P is 
proportional to cos 0/? ,2 } where r is the distance of P from the centre C and 6 is the 
angle r makes with 0(7. 

Eesolve the magnetism at Q into the two directions CQ and 00. Taking the 
former alone, the distribution is lamellar and the external potential is zero. 
Taking the latter, the distribution is uniform and the potential is known. 


356. To find the magnetic force exerted by a lamellar shell of strength <j> on a 
unit pole at P. 

Describe a cone whose vertex is P and whose generators pass through the rim 
or margin AQQ' of the shell, 
and let this cone be cut by a 
sphere, whose centre is P and 
whose radius c is very great, 
in the spherical segment 
BRR'. We replace the given 
shell by another shell with 



its surface the spherical seg¬ 
ment and that portion of the 
cone which lies between the 
rim and the segment (Art. 

352). 

The small magnet equiva¬ 
lent to the magnetism at TT' on any elementary area dS of the cone is “ broadside 
on” to P and the force exerted at P is therefore 0d£/r\ where r = PT. When P is 
on the positive side of the given shell the positive pole of tho small magnet at T is 
directed inwards towards the given shell and the force at P tends outwards in the 
direction indicated by the arrow (Art. 317). Let the angle QPQ' = d^, then 
dS=rd\pdr. The force at P due to the magnetism 

becomes by integration 0 - <pd\p, where r is now PQ. 
term when c is very great. 


on the strip QQ'RR' 
This reduces to its first 


The equivalent magnets which represent the magnetism on the spherical 
segment BRR' are “end on” to P. The force on P due to any elementary area 
dS is 2 <fcdS/c 3 . Since dS = cHu (where dw is the solid angle subtended at P) this 
force is zero when c is very great. 

To find the force at P due to a thin lamellar shell ice divide the rim into elements. 
The force due to the element QQ' is equal to <pdxj/jr and also to <f>dAfr\ where r = PQ, 
QPQ f = chp and dA is twice the area QPQ'. This force acts at P perpendicularly to 
the plane QPQ'. The resultant of these elementary forces is the force on a unit pole 
at P. 


357. We notice that the magnitude of the force due to the elementary arc QQ' 
and its direction relatively to the plane PQQ ' are not changed by rotating that 
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plane about QQ' as axis. The side of the plane to which the force tends (when 
not already obvious) is therefore easily found. If P is brought by the rotation from 
the positive to the negative side of the shell, the force on a positive unit pole at P 
acts in the direction of motion. 

When the rim is a plane curve and the point P lies in that plane, the force at P 
is normal to the plane and equal to (p^dxplr. 


358. To find the Cartesian components of the force at P due to a lamellar shell . 
Let (£, rj, £) be the coordinates of P, (x, y , 2 ) those of a point Q on the rim. 
Let (X, /*, v) be the direction cosines of the normal to the plane PQQ'. The z 
component of force is therefore v<j>dAlr z . By projecting the area dA on the plane 
of xy we have (# -£) dy ~(y - y) dx = v dA. 

Hence Z — f> J ~ — ^ ^ and similarly 

(y-y) dz -( z ~f) d y j dx 7 ~ £) dz 

The integration in each case is conducted round the rim in the positive direction. 
The left-handed system of coordinates being used (vol. 1 . Arts. 97 and 272); the 
positive direction is clockwise as seen by an observer with his feet on the shell and 
his head on the positive side. 

We may put these expressions for the forces into another form. Let 


*-/f. «-/?. *-/?. 


H= 


Then since r 2 ={x- £) 2 + &c., we have ^ ^ 3 s , &c., 


= *( : 


Similarly 


-’-im 

*-*(£-§• r -*\ 


clG_dF 
d% dr] 


-)• 
7 J 


dF _dB l 

d\ di) 


359. To find the potential of a lamellar magnetic body. Let the components 
of I be A = dfjdx, &c., and let r be the distance of a point P from any element of 
volume dr. The potential at P is (by Art. 339) 


V= 


+ f/d/dl/r dfdl/r dfdl!r\ 

, dx dy dz Jr J \dx dx + dy dy + dz dz J 


dv 


=j f i!t!r dS -f^l dv 

1 !v 1 dv 1 

by Green’s theorem. Now = ~ T) cos 6, where 0 is the angle the 

dn r 2 dn r 1 b 

distance r makes with the outward normal (Art. 347). Also = 0 or -4rr 

according as P is without or within the substance of the body. Hence 


f cos ddS , 

v =Jf— r 2 +M/) 


(i). 


t the surface integral j be represented by 12. 


where (/) is the value of/at the point P. 

Let i , „ 

J r ~ 

Then V= Q + 4r (/).(2). 

The components of magnetic force at an internal point P are given by 
X= - dVjdx &c., and the components of magnetisation by A = d(f)/dx Ac. It 
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follows at once from Art. 345 that the components of magnetic induction are related 
to Q by the equations - dQ/dx &c. 

Let Qp 0 2 be the values of 0 at points JP 19 P 2 respectively just outside and just 
inside the surface S. Now cos 6dSjr 2 is the solid angle subtended by dS at P and 
hence, by the same reasoning as in Art. 142, 0 1 -0 2 = (/) (w 1 -w a ), where w 1} w 2 are 
the solid angles subtended at P 2 , P 2 by the elementary area dS. The difference of 
these solid angles is 4 tt by Art. 350. We therefore have - 0 2 = 4 tt (/). If V 1 , V 2 
are the values of V at the same points, P 2 and P 2 , we have by (2) V^Oj and 
V o =0 2 + 47r (/). Hence F 1 =T 2 . The magnetic potential is therefore continuous 
when the point P enters the substance of the magnetic body, but the potential 0 is 
not continuous. 

360. The mutual potential energy of two thin lamellar shells may be found by 

f f COS 6 

the formula W~ ~(p<p' I I —^~dsds , 1 which involves only integrations round the two 

rims. Here ds, ds' are elements of the two rims, e is the angle their positive 
directions make with each other, and 0, <j>' are the strengths of the shells. 

Let us first find the mutual potential energy of the shell whose strength is <p 
and a portion of the other shell which is so small that we may regard its rim as a 
plane curve. Let this plane be taken as the plane of xy and let (£', f) be the 
coordinates of any element da' of the area. The potential energy is by Art. 321 

= - j Zl'dv'= -1 ZI't'dtr’= di'd v '. 

By the application of Green’s method to plane curves (Art. 149) this surface 
integral is replaced by an integration round the rim which in our case gives 
j(Fdi-'+Gdr}'). We now substitute for F and G their values from Art. 358 and 
remember that df' = 0. The expression for the potential energy is then 

-tfjj ^'+dy^+dzdr = S2L5**,. 

To find the energy when the second shell is of finite size we integrate the 
expression just found. Let two adjacent elements touch along the arc AU. When 
integrating round these two elements, we pass over the arc AB in opposite directions 
and therefore for this arc the angle e (being the angle the direction of integration 
makes with an arc ds of the first shell) has supplementary values in the two 
elements. The sum of the integrals for both elements may therefore be found by 
integrating round both as if they were one, omitting the common arc AB. The 
same reasoning applies to all adjacent elements, hence the total energy for two 
shells of finite size may be found by integrating round their perimeters. 

361. The theory of thin lamellar shells derives additional importance from its 
connection with electric currents. According to Ampdre’s theory the forces on a 
magnetic pole due to a closed electric circuit are the same as those of a thin 
lamellar magnetic shell, of proper strength, whose rim is tho closed circuit. 

The direction of these currents may be usefully remembered thus : if the earth’s 
magnetism were due to currents round the axis, their general direction would follow 
the sun, that is, would be from east to west. Now the south pole of the earth has 
been taken as its positive pole (Art. 314). Hence the currents equivalent to a small 
magnet flow round it anti-clockwise when viewed by a person with his head at the 
positive and feet at the negative pole. 

362. Examples. Ex. 1. Prove that the force due to a thin lamellar shell, 
whose rim is a circle of radius a, (1) at the centre is Z o = 2ir0/a and (2) at a point 
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P situated in its plane at a small distance £ from the centre is Z=Z Q (l + 3£ 2 /4a 2 ). 
[Use the formula Z=<f>jd^lr.'] 

Ex. 2. Prove that the potential of a thin lamellar shell whose rim is a circle of 
radius a at a point P distant f from the plane and at a small distance £ from the 

axis is 

where v 2 =a 2 -\-f 2 . Prove also that the component forces at P are 

It is evident from the symmetry of the figure on each side of the plane that the 
potential can contain only even powers of £. . The expression for V is therefore 
correct up to the cubes of the small quantity £. • 

Ex. 3. Prove that the mutual potential energy W of a thin circular lamellar 
shell and a small magnet whose centre G is on the axis of the circle is 

W= - jsin 0 + ^ yT ~ P 2s i n 0 ( 2 sin 2 0-3cos 2 0) + &c.|, 

where a is the radius of the shell, h, l the distances of G from the centre and rim of 
the shell respectively, p the half-length of the magnet, 0 the inclination of its axis 
to the plane of the shell, and M its moment. 

If the magnet G be placed on the axis of the shell at a distance from its plane 
equal to half the radius , the terms of the order p 2 are zero. It follows that the action 
of the shell on the small magnet G is equal to that of another small magnet whose 
moment is M'=ira 2 (pl5 s /5 placed end on at the centre of the shell. A similar theorem 
for electric currents is given by M. Gaugain in the Comptes Rendus , 1853. 

We may obtain this result by expanding the expression for the potential found 
in Ex. 2 in powers of p, then twice the sum of the odd powers after multiplication 
by the strength of the small magnet is the energy required. 

Ex. 4. If tho law of force be the inverse /cth power of the distance, provo that 
the mutual potential energy W of two thin lamellar shells of elementary areas is 

/ O (*-2) QH-1) r r 

where R is the distance between two points one in each area. It appears that we 
cannot extend the theorem to shells of finite area unless the law of force be either, 
the inverse square or the direct distance. 


Electrical Attractions. 

363. Introductory statement*. When certain bodies are 
electrified one evidence of the presence of electricity is the 

* Many theorems in Attractions are important because they are used in the 
theory of Electricity and would seem almost purposeless without some notice of 
these applications. To enable these to be properly understood it is necessary to 
give a brief introductory account of the principles to be afterwards assumed. In 
this statement only so much of these principles is given as is required in what 
follows. Eor example, the experimental proofs of the laws of electricity are not 
described. These may be found fully discussed in Everett’s edition of Deschanel’s 
Natural Philosophy, 1901, in J. J. Thomson’s Treatise on Electricity , and in that 
of Maxwell. 
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attraction exerted on other electrified bodies. For the purpose 
of illustrating the theory of attractions we shall here replace the 
electricity by that system of repelling particles which exerts an 
equal force at every external point. 

364. If m, m' be the masses of two particles we assume here 
that the force of repulsion exerted by one on the other is mm'Jr 2 
(Art. 1). But the masses are not restricted to be positive, two 
particles whose masses are. of opposite signs attract each other. 
The electricity is called positive or negative according as it is 
represented by particles of positive or negative mass. Since like 
particles repel each other the fundamental formulae connecting 
potential and force are X= — dVjdx &c. (Art. 41). 

It is obvious from this definition that either kind of electricity 
may be called positive, provided the other is called negative. 
A convention is therefore necessary. Let a piece of glass and a 
piece of resin be chosen which exhibit no signs of electricity. Let 
these be rubbed together and separated. Each body is now found 
to attract the other. The electrification on the glass is called 
positive, that on the resin negative. If a body electrified in any 
manner repels the glass and attracts the resin, it is positively 
electrified. If it attract the glass and repel the resin, its 
electricity is negative. 

365. When a particle A, say positively electrified, is brought 
into the presence of certain bodies it is found that electricity is 
immediately developed in them. Some positive electricity is 
repelled and driven to the parts of the body most remote from A 
and some negative electricity is attracted to the nearer parts. If 
a second and then a third particle be made to act on the body 
more positive and negative electricity arc developed and separated 
as before. In all these cases the arrangement of the electricity 
when in equilibrium is altered by the approach of a new particle. 
This result is interpreted to mean that when electricity is in 
equilibrium the force acting on each element of the volume of the 
body is zero. If it were not zero, more electricity would be 
developed and the existing arrangement would not be in equi¬ 
librium. It follows that the electric potential due to its own char ye 
and to the external electrical particles is constant thruuyhout the 
body. 
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366. We have here supposed that the electricity is able to 
move without constraint from one element of volume to another. 
A body which permits this transference is called a perfect con¬ 
ductor . There are also bodies in which the electricity cannot 
travel through the volume but is forced to remain in the place 
where it has been developed. These are called perfect non-con¬ 
ductors. There are in nature no perfect conductors and no perfect 
non-conductors, but in some bodies the developed electricity 
travels so easily and in others with such difficulty that they are 
usually distinguished as conductors and non-conductors. Metals, 
fluids and living bodies are conductors, while dense dry gases, 
glass, silk are non-conductors. 

367. If we represent the electricity by repelling points we 
must be able fco apply Poissons theorem to a body which is 
without constraints, Art. 105. We then have 4rrp = — V 2 F, where 
pdv is the excess of the positive over the negative electricity in 
the elementary volume dv. Since X, F, Z are zero in equilibrium, 
Art. 365, this equation gives p = 0. The element therefore contains 
equal quantities of positive and negative electricity. 

This holds at every internal point but not at the boundary of 
the solid, for here the surface constraint comes into play. The 
conductor is supposed to be surrounded by a non-conducting 
medium through which the electricity cannot pass. This medium 
by its pressure constrains the electricity to remain in the con¬ 
ductor. There may therefore be an indefinitely thin layer of 
attracting or repelling particles on the boundary. 

When equal quantities of positive and negative electricity 
occupy an element, that element is said to be neutral. It exerts 
no force at any external point. When there is an excess of either 
kind in any element, that excess is said to be free. In a conductor 
the free electricity resides on the surface. 

368. The potential of the electricity is the same as that 
of an indefinitely thin layer of repelling matter placed on the 
surface of each electrified conductor. We measure the amount of 
the electricity at any point by the surface density of this equivalent 
layer. The whole quantity of electricity is measured by the mass 
of the layer. 

369. Surface density. Since the potential is constant through¬ 
out the interior of a conductor, the theorem of Green proved in 
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Art. 142 takes a simpler form. Let p be the surface density at 
any point P, let X be the normal force in the non-conducting 
medium at a point infinitely close to P and let the positive 
direction of X be from the conductor into the non-conductor , then 
4 < 7 Tp = X . If dn be an element of the normal drawn outwards , 
V the potential due to all causes, this equation may be written in 
the form 47 rp^ — dV/dn. 

The repulsive force on the electricity which covers any element. 
dcr of the surface is \Xpda, (Art. 143). This may be written in 
either of the equivalent forms 27 rp 2 dcr or (X 2 /87 r)dcr. Since this 
is always positive, the direction of the force is necessarily outwards. 

370. If an electrified conductor is joined by a wire of con¬ 
ducting material to the earth its potential must become the same 
as that of the earth (Art. 365). At the same time the potential 
of so large a body as the earth is not affected by any transference 
of electricity to or from it. Supposing the earth to be in its 
ordinary neutral state, the potential then becomes zero. When a 
body is thus joined to the earth, it is said to be uninsulated. 

Electrified bodies are in general supposed to be insulated 
by air, unless otherwise stated. When the density of the air is 
diminished its resistance to the escape of the electricity also 
decreases. When the pressure is still further reduced its resistance 
increases again. A vacuum, that is to say, that which remains in 
a vessel after we have removed everything which we can remove 
from it, is a strong insulator. Maxwells Electricity cfee. Art. 51. 

371. Capacity. If one conductor is insulated, while all the 
other conductors in the field are kept at zero potential by being 
put into communication with the earth, and if the conductor, 
when charged with a quantity E of electricity, has a, potential F, 
the ratio of E to V is called the capacity of the conductor. 

In this definition the capacity is supposed to he independent of the special 
nature of the non-conducting medium which surrounds and separates the con¬ 
ductors. But the medium is itself acted oil and reacts on the conductors. To 
take account of these actions it is necessary to introduce into the definition a new 
factor called the Specific Inductive Capacity of the medium. The effect of this 
factor is a subject for separate discussion. In what follows (until otherwise 
stated) it will be supposed that the medium is such that the effects of tin* induction 
on it can be disregarded. This is the case if the medium is air or generally any 
dry gas. In these media the specific inductive capacity is nearly equal to unity. 

Ex. Let a sphere of radius a be at a great distance from all other bodies 
and let it be charged with a quantity K of electricity. The potential is Kja, 
(Art. 64). The capacity of an insulated sphere is therefore equal to its radius. 
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372. The electrical problem. Let a conductor have a 
charge M of electricity and be acted on by an external charge M\ 
Then in equilibrium a mass M + p of free positive electricity and 
a mass — fi of negative electricity (where is one of the unknown 
quantities to be found) will be arranged on the surface of the 
conductor in such a manner that the sum of the potentials of 
M\ M+fj, and — /j, is constant throughout the interior. The 
electrical problem is to find the superficial density at every point. 
Conversely, if the electricity be thus arranged it will be in 
equilibrium. First, we notice that the component forces at every 
internal point are zero. Next, the tangential component just 
inside the surface is zero and therefore by Art. 146 the tangential 
force at any point of the stratum is zero. The resultant force on 
any superficial element of the electricity is therefore normal and 
by Art. 369 acts outwards. It is therefore balanced by the 
reaction at the boundary, (Art. 367). 

373. Ex. 1. The potentials of an electrical system at the corners of a small 
tetrahedron are F x , F 2 , F 3 , F 4 ; prove that the potential at the point which is the 
centre of mass of particles m l9 m 2 , m 3 , m 4 placed at the corners is X??tF/Xm. 

This follows at once from Taylor’s theorem. [Trin. Coll. 1897.] 

Ex. 2. An insulated conductor of finite volume is charged; prove that the 
electrical layer completely covers the conductor. 

If there were any finite area on the surface unoccupied by electricity, the 
potential must also be constant throughout all external space which can be reached 
without passing in the immediate neighbourhood of repelling matter, Art. 117. 
Hence X=0 both on the inside and on the outside and the surface density would 
be everywhere zero. 

Ex. 3. A conductor is charged by repeated contacts with a plate which after 
each contact is re-charged so that it always carries the same charge E. Prove 
that, if e is the charge of the conductor after the first operation, the ultimate 
charge is Ee/(E-e). [Coll. Ex.] 

When the plate touches the conductor the whole charge on both is divided 
between the two bodies, so that their potentials become equal. If the whole charge 
were increased in any ratio the potentials would be increased in the same latio and 
equilibrium would still exist. It follows that just after each contact the quantities 
of electricity on the plate and the conductor are in a ratio /3 : 1 which only depends 
on their forms. 

Let x n be the quantity on the conductor after n contacts. After the next 
contact, x n+1 -x n is taken from the plate. Hence the ratio of E -x n+1 + x n to 
x n-hi is /3 : 1. Alter the first operation the quantities on the plate and conductor 
are E-e and e, and this ratio also is /3 : 1. To find the ultimate ratio (when n is 
very great) we put x n+1 =x n . We then find x n+1 by eliminating {3. 

Ex. 4. A soap bubble is electrified; prove that the difference between the 
pressures of the air inside and outside is 2Tjr -27rp 2 , where T is the surface 
tension, r the radius and p the surface density of the electricity. 
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374. Two spheres joined by a wire. Two small spheres 
of radii a, b , placed at a considerable distance from each other, are 
joined by a thin wire and the system is insulated from all other 
attracting bodies. The spheres and the wire are made of some 
conducting material. A charge E of electricity is given to the 
system, determine approximately how it is distributed over the 


several bodies. 

Let l be the distance between the centres B of the spheres; 
x, y the quantities of electricity on their surfaces, z the quantity 
on the wire. The electricity is so distributed that the potential 
is constant throughout the interior and therefore the potentials at 
A, B are equal. Since the centre A is equally distant from every 
point of that sphere, the potential at A of the electricity on its 
surface is x/a. Since A is very distant from every point of the 
other sphere, the potential at A of the electricity on the sphere B 
is very nearly y/l. Neglecting the electricity on the wire for the 
moment we have the two equations 


a l~l + b 9 


% + y = E. 


.(i); 


when the radii are very small compared with their distance we 
can reject the terms with l in the denominator. The electricity is 
then distributed over the surfaces of the two spheres nearly in the 
ratio of the radii . 


We shall now prove that the quantity of electricity on the cylindrical wire may 
he neglected if the radius c is sufficiently small. Let 1) be the average surface 
density on the wire, then z = 2irclD. The potential of a cylinder of length l and 
of uniform surface density at the middle point of its axis is 


27TCZ)rf£ 


= 47rcDlog 


©-? 


io gJ, 


,/ n ne+o-y 

very nearly, since c/l is very small. Since V is nearly equal to .r/a or y/h it is 
clear that z can be made as small as we please by using a wire sufficiently thin 
compared with its length. 


375. Ex. 1. A conducting sphere, of radius a , is joined to the earth by a 
fine wire and is acted on by an electrical point Q at a distance h from the centre 
of the sphere. Prove that the electricity on the sphere is - Qnlh. Provo also that 
the mutual attraction between the sphere and the point approximately varies 
inversely as the cube of the distance and as the square of the charge. 

Ex. 2. Two conducting spheres (radii a , h) are joined by a long thin conducting 
wire, and the total charge is zero. A cloud charged with a quantity E of electricity 
passes much nearer to one sphere than the other, but at a considerable distance 
from both. Prove that the transference of electricity from one sphere to the 
other is nearly abEI(a + b) l', where l' is the distance of the cloud from the nearest 
sphere. 
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Ex. 3. Two conducting spheres of capacities c, c' are at a great distance l from 
each other and are connected by a long fine wire. Prove that the capacity of the 
conductor so formed is approximately c+c' - 2 cc'jl. [Coll. Ex. 1900.] 


376. An ellipsoidal Conductor. Let a solid ellipsoid be 
charged with a quantity M of electricity and be not acted on by 
any external forces. We know by Art. 68 that the stratum 
enclosed between the given ellipsoid and a similar and similarly 
situated concentric ellipsoid exerts no attraction at any internal 
point. We therefore infer that the infinitely thin stratum of 
electricity will be in equilibrium, when distributed on the given 
ellipsoid so that the surface density p at any point P is proportional 
to the thickness of the thin shell. By Art. 71 the surface density 

at P is where p is the perpendicular from the centre 

on the tangent plane at P. 


377. Let points on two ellipsoids be said to * ‘correspond” when their 
coordinates referred to the axes are in the ratio of the parallel axes, thus x/a—x'ja' 
&c. Let two curves be drawn, one on each ellipsoid, such that the points on 
one correspond to those on the other and let the spaces enclosed be called 
corresponding spaces. The quantities of electricity on corresponding spaces are 
in the ratio of the ivhole charges given to the ellipsoids. 

This theorem follows at once from the proof in Art. 201, if we regard each 
electrical stratum as a thin homoeoid. It may also be proved by the method of 
projecting one ellipsoid into the other as explained in vol. i. Art. 428. 

Ex. 1. Prove that the quantity of electricity on the portion of the ellipsoid 
bounded by any tivo parallel planes is the same fraction of the whole electricity 
that the portion of the diamet?'al line between the planes is of the whole diameter. 

If a portion of an indefinitely thin shell formed by two concentric spheres 
be cut off by any two parallel planes we know that the intercepted volume is 
proportional to the distance between the planes, (vol. i. Art. 420). Projecting the 
spherical shell into an ellipsoidal one, the plane sections project into planes and 
the theorem enunciated follows at once. 

Ex. 2. Two planes drawn through any diameter POP ' of the ellipsoid intersect 
the diametral plane of POP ' in OR, OR', and D is the diameter parallel to the 
chord RR'. Prove that the electricity E on the lune included by these two 
planes is given by jB = (M/7t) sin -1 ( RR'/D ) where M is the whole electricity on the 
ellipsoid. 

378. The constant potential inside the electrified ellipsoid 
can be found only as a definite integral, (Art. 197). When the 
ellipsoid is one of revolution so that a — b, the integration can be 
effected without difficulty. 

Let the axis of z be the axis of revolution. The quantity of 
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electricity between the planes £ and z + dz is dz.Mj 2c, Art. 377. 
The potential at the centre is therefore 


V 


Mfdz 

2cJ r 9 


r 2 = or + 



Effecting the integrations we find 

T r ^ c “) i 


v= 5 -v log — 

n/(c*- — <r) a 


according as the spheroid is oblate (a > c) or prolate (c > a). The 
internal potential of the prolate spheroid is found more easily by 
taking V to be the potential at the focus, for then r = c + ez. 

The potential of the oblate spheroid is also V = M"(f>/f, where/is 
half the distance between the foci of the generating ellipse and <£ 
is half the angle subtended by 2/ at the extremity of the axis of 
revolution. 


379. We know by Art. 205 that all the external level surfaces of the ellipsoidal 
conductor are confocal ellipsoids. If P be any point situated on the confocal 

whose semi-axes are a' ?/, c f the potential at P is A.U I — * -—-,, 

- J {{a- + \!(b- + \)(,?+-\)}i’ 

where the limits are \=<i--d 2 to oo, (Art. 20s). 


380. The external surface of a conductor charged with a 
given quantity of electricity is not acted on by any external 
body. Prove that the electricity at every point has the same sign. 

Let V 0 be the potential and first let this be positive. If there 
be any point P on the surface at which there is negative 
electricity, dV/dn must there be positive because the surface 
density m is given by 47 t/u = — dVjdn (Art. 3(h)). Hence the 
potential increases outwards along the lino of force at P. But 
this is impossible since the potential at every point between the 
surface of the conductor and the surface of a sphere of infinite 
radius must lie between V {) and zero, (Art. 11 (I, Ex. 2). A similar 
proof applies if V 0 is negative. 

381. A conductor, charged with a given quantity of electricity, 
is acted on by given forces. Prove that there is but one arrange¬ 
ment of the electricity which could be in equilibrium. 

If possible let there be two distributions of the electricity, 
either of which could be in equilibrium, though the potentials 
are not necessarily the same. By subtracting one of these from 
the other, as in Art. 129, we obtain a distribution of electricity in 
equilibrium in which the external forces are absent and the total 
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mass is zero. This distribution must have both positive and 
negative electricity on the surface, but this has just been proved 
to be impossible. 

382. Elliptic Disc. To deduce the distribution of electricity 
on an insulated elliptic conducting disc from that on an ellipsoid 
we put c = 0. Then 

\pj U 4 &V C 2 “"c 2 * 

The surface density p at any point (x, y) of the disc is then given 
, _ Mp __ M 1 

^ ^ ~~ 47 rabc kirdb V(1 — %°i(P — y 2 /b' 2 ) ’ 

where M is the whole charge on the disc. This value of p gives 
the surface density on either side. 

The internal potential due to the electricity on both sides is 
y M CCrdOdr 2 2 __cos 2 0 sin 2 0 

4<7rabJJ r m f(I — r 2 q 2 ) > ® ~~ a 2 b 2 9 
where the limits are r = 0 to 1/q and 6 = 0 to 2ir. Effecting the 
integration with regard to r and writing 6~\ir — we find 

y__ M ri* d(f> 

~ a] o V(1 “ & sin 2 <£) * 

For a circular disc we have, if p be the surface density at any 
distance r from the centre, 

Ml , ir [2irrdr2p Mir 

^=^V(^)’ and F= j—T~ = 2o"‘ 

The capacity M/V is therefore 2ajir. 


383. The quantity of electricity on any elementary area dxdy of the disc is 

~- rr - 772 —— 577 =-.. If then two elliptic discs (say an ellipse and its auxiliary 
4:irab ^/(l - x~ja~ - y-pp) 

circle) have equal charges, the quantities of electricity on corresponding elements 
are also equal, for in these elements xla=x'la' <fec., dxja=dx'!a f <&c. The quantities 
on any corresponding finite areas are therefore also equal. This result follows at 
once from Art. 377. 


384. The potential V' of the elliptic conductor at an external 
point P follows from the result stated for an ellipsoid in Art. 379. 
Let the confocal on which P is situated cut the axis of the disc in 
C, G' and let its semi-axes be d, V, d. We find after putting 
c — 0, A = /r and p, = b tan 0, 

Y' — m [— __= — [ - - ^ 

J {(a 2 + pi 2 ) ( b 2 + p?)}* aj{ 1-e 2 sin 2 0}*’ 

13— 2 
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where the limits are /a = c' to p. = oo and 9 — \ir — to 0 — \tt 
where cj> is half the angle subtended by the minor axis of the disc 
at G or C'. 

For a circular disc the potential at an external point is M<j>/a 
where cj> is half the angle subtended at G by any diameter of the 
disc. 

385 . Ex. 1 . A chord is drawn on an elliptic insulated disc, prove that the 
quantities of electricity on each side of the chord are in the ratio of the segments 
of the conjugate diameter, (Art. 377). 

Ex. 2. Prove that the quantity of electricity on an elliptic sector bounded 
by the semi-diameters OP, OP' is M ty>' - <£)/2 tt, where 4>, <f>' are the eccentric angles 
of P, F and M is the whole quantity of electricity (Art. 383). 

Ex. 3. A similar coaxial ellipse whose semi-axes are na , nh is described on the 
electrified disc. Prove that the quantity of electricity between this ellipse and the 
rim of the disc is 31sJ{l -n 2 ). 

Ex. 4. Prove that the line density of a thin electrified insulated rod is constant. 

Regard the rod as an evanescent ellipsoid in which a and b are zero and c 
finite. The line density p' is such that p'dz represents the mass between two 
planes whose abscissae are z and z + dz. This -we know is Mdz/2c, Art. 377. 

386. Conductor with a cavity- A body is bounded by 
two surfaces S 2 which do not intersect. It is charged with a 
given quantity M of electricity and is acted on by a given system 
of electrical points (mass M x ) situated within S lm 

Let x be the quantity of electricity on S l} M — x that on S 2 . 
These are so distributed that the sum of the potentials of M u 
x and M — x is constant throughout the space between /S 1? # 2 . 
Describe a surface cr between S 1} S, and enclosing S lt then by 
Gauss’ theorem (Art. 106) 47r(AT 1 -f a?) is equal to the flux of force 
across <j, and this is zero. Hence x = -M 1 ; the charge on is 
therefore - and that on S 2 is M + M x . 

387. If the charge M = — M 1} the total quantity on is zero. 
It immediately follows from the argument in Art. 380 that the 
charge on each element is also zero. For by that article, the 
electricity on every element of must have the same sign, which 
is impossible when the whole quantity is zero. The whole of the 
free electricity is therefore concentrated on S L . 

The sum of the potentials of the system M x and of the 
electricity x = — M l is constant throughout the space between 
and $ 2 and therefore throughout all space which can be reached 
without passing in the immediate neighbourhood of attracting 
matter, Art. 117. It is therefore constant throughout all space 
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external to 8 1 and is the same as that at an infinitely distant 
point. The sum of the potentials of M x and x is therefore zero. 

It appears that the form of the surface S 2 may be changed 
without in any way disturbing the electricity on the surface S x . 

388. Let a solid conductor whose boundary is the surface S 2 
be acted on by a given external system of electrical points 
(mass M 2 ) and let the charge given to the conductor be y. The 
condition of equilibrium is that the sum of the potentials of 
M 2 and y is constant throughout the interior. Since this condition 
is not affected by removing any portion of the inside matter the 
equilibrium of the electricity on S 2 will not be disturbed when the 
surface S x is made the internal boundary. 

389. If we now superimpose these two conductors, we have a 
conductor bounded by the surfaces S lt S 2 with a given electrical 
mass M x inside Si and a mass M 2 outside $ 2 . Let the charge 
given to the conductor be M. 

There will now be a charge x = — M x on S x so arranged that 
the sum of the potentials of M 1 and x is zero at all points external 
to $i. There will be charge y^M+M x on S 2 so arranged that 
the sum of the potentials of M 2 and y is constant at all points 
internal to S 2 . The condition that the equilibrium should remain 
undisturbed is that the sum of the four potentials should be 
constant at all points between S u S 2 and this condition is evidently 
satisfied. 

We observe that the distributions of electricity on the two 
boundaries are independent of each other. 

390. Screens. We notice how completely the electricity on 
the surface S x screens the repelling masses M x from observation by 
an external spectator. If the masses forming the system M x be 
moved about in any way within the cavity the electricity on S x 
rearranges itself continually so that in equilibrium the resultant 
force at every external point is zero. 

In the same way if the external masses M 2 be moved about, 
the electricity on the surface S 2 is rearranged and the motion is 
imperceptible to an observer within the cavity. 

391. We shall now prove that there is but one possible distribution in equi¬ 
librium on the two surfaces S l9 S 2 when the charge M and the electrical masses 
ihj, M 2 are given. 

If possible let there be another arrangement. Then subtracting one of these 
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from the other, we have an arrangement of electricity in equilibrium, in which 
there are no internal or external masses, while there are charges x and y on S 1 and 
$2 > whose sum x + y is zero. 

The sum of the potentials of x and y is constant over S 1 and therefore over 
a surface just inside 8 X (Art. 145). This surface contains no attracting matter 
and therefore the sum of the potentials of x and y is constant throughout all space 
within S x . The forces X, X' just inside and just outside are therefore zero. 
It follows that the density of the electricity at every point of S 1 is zero (Art. 142). 

Consider next the surface fif 2 . The total charge on it is zero. Hence, as in 
Art. 881, the charge on each element is zero. 

The two possible distributions must therefore have been the same. 

392 . Ex. 1 . A solid sphere, radius a, is concentric with a spherical shell, 
radii b and c, both being perfect conductors, and charged with quantities E, E' of 
electricity. To find the potential of the sphere. 

The quantities of electricity on the three surfaces whose radii are a, b , c are 
respectively E, -E, and E' + E (Art. 389). By Art. 64, the potentials at any 
points inside the substance of the sphere and shell are respectively 
y E E E r + E y, E' +• E 

If the shell is joined to earth, or if the radius c is very great, in either case 
F'=0 and the capacity of the sphere, viz. J5?/F, becomes abj(b-a). If a and b are 
also very nearly equal to each other, the capacity is very great. Supposing 
the potential of the sphere to be finite, the charge on the sphere and the equal 
opposite charge on the inner surface of the shell are very large. 

When two conductors, insulated from each other, are placed very near each 
other the system is called a condenser. 

Ex. 2. Three insulated conductors A, B, C, are in the form of thin concentric 
spherical shells of radii a, b, c; and are so charged that their potentials are 
F x , F 2 , F 8 . Prove that the charge on the intermediate shell B is 

(a b)(b^ ) • i a ( b ~ c ) r i + b ( c ~ a ) v r + c ( a ~ h ) v s\- [Coll. Ex. 1897.] 

Ex. 3. A condenser is formed of two concentric spherical thin conducting 
sheets, the radius of the inner being b, that of the outer a. A small hole exists 
in the outer sheet through which an insulated wire passes connecting the inner 
sheet with a third conductor, of capacity c, at a large distance r from the 
condenser. The outer sheet of the condenser is put to earth, and the charge on 
the two connected conductors is E. Prove that approximately the force on the 

third conductor is acwj (j^ +c)’r 3 . [Trim Coll. 1897.] 

393. Green’s Method. The law of distribution of a given 
quantity of electricity on a given surface under the influence of 
given forces cannot always be discovered. Two methods of finding 
a solution in certain limited cases are in general use. The method 
of inversion, by which when one problem has been solved the 
solution of another can be deduced, has been explained in Arts. 
168 &c. We shall now proceed to Green’s Method, by which the 
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law of distribution of a certain quantity of electricity can be found 
when the boundary, of the conductor is a level surface of a known 
system of repelling bodies. This method has been already dis¬ 
cussed in Art. 156. Before however proceeding to its application 
we shall give an elementary proof in small type which more fully 
illustrates the principles of attraction. 

394. Let M x , M 2 be two given systems of attracting or repelling particles 
and let S be a surface enclosing M x only within its finite space. If the masses M 2 
were removed and S made the inner boundary of a conductor , a quantity of 
electricity, equal to ~M 1 , would be found on the surface S and its potential 
together with that of the system M x would be zero throughout all space external 
to S (Art. 387). Let this distribution of electricity on S be called E x . 

Let us now change the sign of every element of the electricity E x and constrain 
it to remain, otherwise unaltered, on the surface S. Let this new distribution 
be called E 2 . The quantity of the electricity E 2 is then equal to + M X and the 
potential of E 2 is the same as that of M x throughout all space external to 8. 

Let us next suppose that S is a level surface of M x and M 2 and let the potential 
at any point of S be V 8 . It must therefore also be a level surface of E 2 and M 2 . 
The sum of the potentials of E 2 and M 2 is therefore constant and equal to V 8 at 
all points of a surface just inside S. Since no particle of either E 2 or M 2 lies 
within this surface, the sum of the potentials of E 2 and M 2 is constant and equal to V 8 
throughout the interior of S (Art. 115). 

If S be made the external boundary of a conductor and the system M x removed, 
the distribution of electricity E 2 would be in equilibrium under the influence 
of its own attraction and that of M 2 (Art. 872). We also know that no other 
distribution of the same quantity M x of electricity will be in equilibrium (Art. 381). 

Briefly, E x , when acted on by M x , is in equilibrium if 8 is the inner surface 
of a conductor, and E 2 , when acted on by M 2 , is in equilibrium if S is the outer 
surface. Also E 1 and E 2 differ only in sign. 

The surface density p 2 at any point P of the stratum E 2 when placed on the 
external surface of a conductor follows at once from Green’s theorem, (Art. 142). 
By that theorem 47 rp 2 ~X where X is the sum of the normal forces due to M 2 and 
E 2 at a point just outside the substance of the conductor. But the normal force 
due to E 2 has been proved equal to that of M x . Hence X is the sum of the 
normal forces at P, due to M x and M 2 , measured positively from the conductor 
towards the non-conductor. 

The density p x at any point P of the stratum E x when placed on the inner 
surface of a conductor has the sign opposite to p 2 . Since the non-conductor is 
now on the opposite side of 8 X the density p x is given by the same rule, 4;7rp 1 =X, 
where X is the sum of the normal forces due to M x and M 2 measured towards 
the non-conductor. 

395. We arrive at the following rules. 

1. Let S be any closed portion of a level surface (potential V Q ) 
of a given electrical system, M x being inside and M 2 outside. We 
may remove either the mass M 2 and regard S as the internal 
boundary of a solid conductor acted on by the internal mass M Xj or 
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we may remove M 1 and regard 8 as the external boundary of a 
conductor acted on by the external mass M 2 . In either case the 
density p at P is given by the rule 4 t rp = X. where X is the 
normal force at P due to both M x and M 2 measured positively 
towards the non-conductor. 

2. The quantity of electricity on S is — M 1 or + M x according 
as 8 is an internal or external boundary. 

3. The potential of the electrical stratum at any point R on 
the side opposite to If is numerically equal to that of M lt It 
follows that the stratum and M 1 have not only the same mass, but 
also the same centre of gravity, (Art. 136). Their principal axes 
at the centre of gravity also coincide in direction and the difference 
of their moments of inertia about every straight line is the same. 

4. The potential of the stratum at any point R' on the same 
side as Mj is equal to V s — V 2 where V 2 is the potential of M« at 
R\ when 8 is an external boundary. It follows that when S is 
an internal boundary, the potential at R' is given by the same 
expression with its sign changed. 

396. If the quantity Q of electricity which covers any given 
portion a of the surface 8 is required we use Gauss’ theorem, 
(Art. 106). We describe a surface closely enveloping the given 
portion of S both inside and out, then 4ttQ= JFda. Just inside 
the conductor S the force F is zero and all this portion of the 
integral may be omitted. The required quantity Q is therefore 
given by the above integral, where F is the normal (or resultant) 
force due to the given system il/ 2 , J/ 2 measured towards the 
non-conductor at the element da of the given area, and the 
integral extends over that area. 

When the systems M u 3L consist of isolated particles of 
masses m 1? m 2 &c. the integral can be put into a more convenient 
form. For any one particle m we have, as in Art. 10G, Fd<r=mda> 
where dco is the solid angle subtended at m by da. This elementary 
solid angle is to be estimated as positive when a repulsive force 
emanating from m traverses da outwards into the non-conducting 
medium. Adding up the corresponding portions for all the 
particles, we see that the required quantity Q of electricity is given 
by 47 tQ = 'S.mco. 

Image. When an imaginary system of points, if properly placed on one side 
of a surface, would produce at points on the other side of that surface the same 
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attraction or repulsion ■which the actual electricity on the surface produces that 
system of points is called an image. Thus, when the surface 8 is the external 
surface of a conductor, M 1 is the image of AT a , because the attraction which it 
exerts at points on the other side of S is the same as that due to the electrification 
on S when acted on by lf 2 . 


397. Electricity on a sphere. To find the distribution of 
electricity on a sphere of conducting matter when acted on by an 
electrical point 

Let A be the centre of the sphere, B any external point, BB a 
tangent and DC a perpendicular 
on AB . Let the distances of 
A, B, G from B be respectively 
a, 6, c, so that a is the radius. 

Let the distances of B and G 
from the centre A be / and /'. 

Since a 2 = ff\ the points B 
and G are inverse with regard to 
the sphere. If Q be any point 
on the sphere, the ratio CQ/BQ 
is constant and therefore (by 
putting Q at B) equal to c/6 (Art. 86). We also have, by the 
similar triangles BBG } BAB , c/6 = ajf. 

If then we place at B and G respectively quantities of 
electricity E — fib, E' = —pc*, where p> is any constant, we have 
at any point Q of the surface 



E_ E' _ 
m + cq ~ 


ox 


i.e. the sphere is a level surface of zero potential . We may 
therefore at once apply Green's principles (Art. 395). 


398. If the conducting mass is to be a solid sphere sur¬ 
rounded by a non-conducting medium , we remove the electrical 
point G and distribute the mass E' over the surface so that the 
surface density p at any point Q is given by 47rp = F, where F is 
the normal force at Q due to E and E r tending towards the side 
of the sphere on which the non-conducting medium lies. The 


* Since (7Q 2 /RQ 2 =a 2 //‘ 2 =/7/, it follows that the squares of the mass particles 
which, placed at the inverse points B, G, make the sphere a level surface of zero 
potential are proportional to the distances of those points from the centre. The 
centre of gravity of masses proportional to 1 fE' 2 , - l/E' 2 , placed at B, C respectively , 
is at the centre A of the sphere. This result enables us to apply any of the theorems 
relating to the centre of gravity given in vol. i. 
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stratum thus formed is in equilibrium under its own repulsion 
and the action of the electricity E at the external electrical 
point B. 

The potential of the stratum at any point R outside the 
sphere is equal to that of the electrical point E ' and is therefore 
E'/CR. At a point R' inside the sphere, the potential of the 
stratum is equal and opposite to that of the external electrical 
point E, because the sum of these two potentials is zero at all 
points inside the conductor. 

399. If the sphere is the boundary of a cavity in the conductor , 
we remove the electrical point B. The surface density p, when 
the electricity is acted on by the electrical point E f = -Eajf 
situated at G, is the same as that just found for a solid sphere, 
but with the sign changed (Art. 395). 

The potential of the stratum at any point within the sphere is 
therefore equal to that of E at the same point. The potential of 
the stratum at a point outside the sphere is equal and opposite to 
that of E'. 

Another proof. Let us surround the system by a sphere of infinite radius with 
its centre near C. The point B is now included within the boundary formed by the 
given sphere and the infinite sphere. We remove the point B and spread its 
electricity over the double-sheeted boundary. By Art. 380 the quantity on the 
given sphere is equal and opposite to that of G and is therefore - E' ; th-o quantity 
on the infinite sphere is therefore E + E'. Since this is a finite quantity spread on 
a sphere of infinite radius, both its potential and attraction at points near B or G 
are zero. This electricity may therefore be removed from the field. 

400. We may at once deduce either of the remits given in Arts. 398, 309 from 
the other by an easy inversion xoith regard to the centre A of the sphere , the radius 
being the radius of inversion (Art. 80). 

When the sphere is an outer boundary the potential of a charge E at B together 
with that of a surface distribution p on the sphere is zero throughout the interior. 
When we invert this system with regard to the centre, the distribution on the 
sphere is unaltered while the charge at B is moved to G and becomes Eajf 
(Art. 168). It follows, from Art. 177, that the potential of the same distribution 
on the surface of a spherical hollow together with that of a charge Eaff at G is zero 
at all points outside the sphere. This distribution is therefore in equilibrium when 
placed on the inner surface of a conductor and acted on by the charge at G. This 
last result is the same as that obtained in Art. 399 except that the signs of both E' 
and p have been changed. 

401. To find the surface density p at any point Q in terms of 
the distance of Q from either electrical point. 

The outward normal force F due to the repulsions of the 
points at B and G is the resultant of E/BQ- and E'jGQ'% see 
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figure of Art. 397. Hence resolving perpendicularly to CQ, we 
have sin BQC = — F. sin AQC. 

But BQ sin BQC: AQ sin AQC is equal to the ratio of the per¬ 
pendiculars from B and A on CQ and is therefore equal to 

BC * GA • F — — ^ ^ ‘ a 

BL .LA. .. J*- B qs CA . 

By similar triangles we have BCjCA = b 2 /a 2 , hence (Art. 369) 

4 irpa = aF=s-gQi .(*)• 

In the same way we find by resolving perpendicularly to BQ, 

E'& 


4)7rpa = aF = 


CQ » 


( 2 ). 


Either of these results may he deduced from the other by 
using the known relations E/b + E'/c = 0, b/BQ = cjCQ. Art. 397. 

If the sphere is the boundary of a solid conductor , F is to be 
measured outwards from the sphere into the non-conductor, and 
these expressions give the density at any point. If the sphere is 
the boundary of a cavity , the force F must be taken positively 
inwards and the signs on the right-hand sides of (1) and (2) must 
be changed. 


In both cases let the point (B or C) at which the acting charge is situated be 
called 0 and let the charge (E or E') be called E x . If k 2 be the product of the 
segments of a chord drawn through 0, the surface density p at any point Q on the 


sphere is given by 4ir/>a = - 


Ejk* 

OQ 3 * 


402. In the case of a solid conducting sphere we may super¬ 
impose a uniform stratum of any surface density p 0 . This addition 
changes the potential to F 0 , where F 0 = 47rp 0 a 2 /a. If p' be the 
resulting surface density at any point Q, we have 


** a a BQ 3 a a CQ 3 


..(3). 


The quantities of electricity on the sphere due to the two 
strata respectively are F 0 a and E', and the total quantity is 
E" = F 0 a 4- E f where E' j a = — Ejf. The potential at any external 
point R is the sum of the potentials of two electrical points, one of 
mass E' placed at C, the other of 7nass F 0 a = E" — E' placed at the 
centre A of the sphere . 
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403. The surface density may also be easily found by the method of inversion *. 
Proceeding as in Art. 176 we invert the theorem “the potential of a thin spherical 
stratum of density p 0f radius a, at an internal point P is F 0 = 4 t rp 0 a 2 /a.” Let 7c 2 be 
the product of chords through the centre 0 of inversion, so that the sphere inverts 
into itself. We immediately arrive at the theorem “ the potential at a point P' 
of a thin spherical stratum of density pf—Pu (ft J0Q) s is I </= F 0 ( kJOP '),” where P' 
lies on the side of the sphere opposite to 0. 




Since the expression just found for F 0 ' is clearly the potential at P f of a particle 
V 0 k placed at 0, it follows that “ the sum of the potentials at P' of the electrical 
stratum and of the particle (- F 0 ft) placed at 0 is equal to zero.” Let the arbitrary 
density p 0 he such that - V 0 k = E, then the sum of the potentials at P' of a stratum 
F / ft \ 3 

whose density P=^ / (qq) » and °f the P article E placed at 0, is zero , and is 

therefore constant throughout the space on the side of the sphere opposite to 0. 

If the sphere is to be a solid sphere of conducting matter we place O outside, say 
at B in the figure of Art. 397. If the sphere is to be a cavity in a conducting 
medium we place 0 inside, say at C in the same figure. In either case the density 
of the stratum at any point Q ivhen acted on by an electrical point of mass E at 0 is 
- Eft 2 

given by 47 rp= — OQ*’ ^ ^ 16 conducting matter is at zero potential 


404. In the case of a solid conducting sphere the potential of this stratum 
alone at any point R' within the sphere (being equal and opposite to that of E) 
is -EjOR'. Placing R r at the centre, we see that the quantity FJ of electricity on 
the sphere is given by E'/a = -Ejf where f=OA. We also find the potential F at 
any external point R by inverting the stratum with regard to its centre A as in 
Art. 399. The stratum is unaltered by this inversion. Its potential at R is 

therefore F= ^ If O' be a point such that A 0 . A (/ = a-, the triangles 

OAR', O'AR are similar and OR '. AR = O'R. OA. The potential of the stratum at 
any point R is therefore E'jO'R and is equal to that of a particle of mass E' placed 
at O'. 


405. Lines of force and level surfaces. To simplify the discussion of these 
curves, let us consider the case in which the sphere is at potential zero. We may 

* The first determination of the law of distribution of electricity on a sphere 
when influenced by an electric point was made by Poisson whose method required 
the use of Laplace’s functions. Sir W. Thomson discovered the powerful method 
of inversion and used it to obtain an easy geometrical solution of this problem. 
He also expressed the surface density in a much simpler form than that given 
by Poisson. See Section v. of the Reprint of hi3 papers on Electrostatics and 
Magnetism. The first application of Green’s theorem to this problem is to be found 
in Maxwell’s Treatise on Electricity , &c. 
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then represent the attractions by two electrical points E } E' situated at B, C; in 
our case E'— — Ea/f is negative. We shall put a/f=n for brevity, and we notice 
that n<zl. See figure on page 206. 

The equations of the curves have been found in Art. 323. If (r, 0), (r', 0') are 
the polar coordinates of a point P referred to B and C as origins, BOA being the 
axis of reference, the lines of force and the level curves are given by 
E cos 6 + E' cos E/r+E'Ir'^IC. 

It is clear that the lines of force emanating from one electrical point must either 
pass to the other or proceed to an infinite distance, (Art. 114). 

When a line of force proceeds from B to an infinite distance we equate ' the 
values of K at B and at infinity. Since the radius vector at the origin B coincides 
with the tangent and the angle & is there equal to it we have 
E cos 0 O - E' = (E + E') cos /?, 

where 0 O and /3 are the angles the tangent at B and the asymptote make with the 
axis of reference BCA. Since cos/3 must lie between ±1, we see that cos0 o must 
lie between ~ 1 and 1 - 2 n. 

When a line of force proceeds from G to an infinite distance we have 
E + E' cos 0 O ' =(E+E') cos /3 

hence cos0 o ' must lie between 1 and (2 -%)/n. Since the latter fraction is greater 
than unity, no line of force can pass from C to an infinite distance, except that 
which coincides with the straight line BCA *. 

When a line of force proceeds from B to C we have 
E cos 6 1 -E'=E+E' cos 0/, 

where 0 X , 0/ are the angles the tangents at B, C make with BCA. As cos0 x 
decreases from unity to 1 - n , the sign of cos 0/ is negative and the lines of force 
arrive at G on the side nearest B . When cos 6^1 ~n the line of force at G is 
perpendicular to BGA. When cos 0 X lies between 1 - n and 1 - 2 m the sign of cos 0/ 
is positive and the lines of force enter G on the side furthest from B. When 
cos0 1 d-2rt the line of force goes to an infinite distance. 

To trace the level surfaces we proceed as in Art. 134. The level surface which 
passes through the point of equilibrium X governs the whole figure. This point 
lies in BG produced so that CX=BXfJn. There is a conical point at X , the 
tangents making an angle ±tan -1 /S /2 with BCA produced (Art. 121, Ex. 2). This 
surface when complete consists of two sheets ; one of these passes between B and C 
because its potential is less than the infinite positive potential near B and 
algebraically greater than the infinite negative potential near 0. The other 
sheet cuts ACB beyond B because its potential is less than that near B and 
greater than that at an infinite distance. The two sheets therefore turn from X 
towards B and C , one enveloping C only and the other both B and G. This level 
surface is represented by the thick line in the left-hand figure. Its potential is 
E (1 - fJnYjl, where BG=l. 

The other level surfaces fill up the enclosed spaces and surround the two sheets. 
A few of these are represented by the dotted lines. The level surfaces within the 
smaller sheet and those outside both are at potentials less than that at X, while 

* Since the sphere of zero potential surrounds G (but not B), it is clear that no 
line of force (except CA produced) could proceed from a point on that sphere to a 
point at an infinite distance at which the potential is also zero (Art. 114). It is 
also clear that there can be no points of equilibrium except on the axis BCA. 
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those between the two sheets are at greater potential. The complete level surfaces 
whose potentials are less than that at X and greater than zero are therefore two- 
sheeted surfaces. The two sheets of the level surface of zero potential are a sphere 
inside the smaller sheet and a sphere of infinite radius. 




Since X lies on the axis of reference, any line of force which passes from B to X 
is defined by Ecos $ 1 -E'=E + E' or cos =1 - 2a. If the potential is to continue 
to decrease, this line must make a sharp turn at X, Art. 114. By doing this it 
could either reach C or proceed to an infinite distance in the direction BCA. The 
line of force from B to X is represented by the thick line in the figure on the right- 
hand side. The closed surface formed by all the lines of force which proceed from 
B to X separates the other lines of force into two systems, those inside this space 
pass from B to C, those outside proceed from B to an infinite distance. A few of 
these are represented by the dotted lines. 

The figures represent the level surfaces and lines of force due to two particles 
placed at B and G. When C is surrounded by a spherical conductor the lines of 
force are cut off by the sphere, and exist only outside the sphere. The potential 
being constant within the conductor the level surfaces become indeterminate. 

The figures are only roughly drawn. The outer sheet, for example, of the level 
surface which passes through X should be very much larger. 

406 . Ex. 1. A sphere charged with a given quantity of electricity is acted on 
by an external electrified point B and a tangent from B touches the sphere at Z). 
Prove that the potential at JD of the heterogeneous stratum of electricity is the 
same as if it were homogeneous and its density equal to that of the heterogeneous 
stratum at D. 

Ex. 2. A conducting sphere (radius a) is at potential zero under the action of 
a quantity E of electricity at a point B distant / from the centre A. The sphere is 
cut by a plane perpendicular to the diameter BA. Prove that the quantity of 

electricity on the side remote from B is L-Jl where Q is any point 

on the curve of section. 

Problems of this kind may be solved in three ways : (1) by Gauss’ theorem the 
quantity Q on any area is given by 4lttQ = Eu +E'w' as explained in Art. 306; 
(2) the heterogeneous stratum is known to be inverse of a homogeneous stratum, 
hence Qjk is equal to the potential at the centre B of inversion of the corresponding 
portion of the homogeneous stratum; (3) the result may be obtained by direct 
integration. 

Ex. 3. Prove that the potential at any point R on the diameter BA of 
the electricity cut off by the plane section as described in the last question is 
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Eb 2 1 (EQ EH\ 

2/ ' BE . CE \BQ BH) 
to cut the sphere. 


where EL is the point of intersection of BA produced 


Ex. 4. A spherical insulated conductor, charged with a given quantity E" of 
electricity, is in a uniform field of force defined by the potential Fx. Prove that the 
surface density at Q is given by 47rpa 2 =E" -3aFx where x is the abscissa of Q 
referred to the centre. [In Art. 401 make B very distant and E/BQ 2 = -JP.] 


Ex. 5. A solid sphere being charged with a given quantity E" of electricity is 
acted on by an electrical particle of mass E situated at a distance / from the centre 
A of the sphere. Prove that the mutual repulsion between the sphere and particle 
_ E"E E 2 a E*af 

is F—_ l.-£_ 

p p (p-pf 

Thence show that if the sphere be close enough to the particle, the mutual force 
is attractive ; and if the sphere is uncharged the force is attractive at all distances. 
If the sphere be allowed to fall from rest towards the particle find the velocity in 
any position. 


Ex. 6 . A unit charge is brought to a point B, at a distance / from the centre 
of an insulated sphere, of radius a and charge E ; prove that the total work done is 


E 

/' 


2f 2 (f 2 -a 2 ) 


[Coll. Ex. 1897.] 


Ex. 7. Outside a spherical charged conductor there is a concentric insulated 
but uncharged conducting spherical shell which consists of two segments: prove 
that the two segments will not separate if the distance of the separating plane from 
the centre is <abl(a 2 + b 2 )^, where a , b are the internal and external radii of the 
shell. [Coll. Ex. 1897.] 


Ex. 8 . If a uniform circular wire charged with electricity of line density - e is 
presented to an uninsulated sphere of radius a, the centre of which is in the line 
through the centre and perpendicular to the plane of the circular wire, prove that 
the electrical density induced at any point on the sphere, whose angular distance 
from the axis of the ring is 0 , is 


/W 


Eef sin a 


7 ra {a 2 - 2af cos (0 + a) -f/ 2 }^ {a 2 - 2af cos (0 - a) -f/ 2 } ’ 
where/is the distance of any point of the ring from the centre of the sphere, a is 
the angle subtended at the centre by any radius of the ring, and 


E-. 


r i xr 

1 0 * 


*J{ 1 - 7c 2 sin 2 0 ) d<p, 


k 2 = - 


4a/sin a sin 6 
- 2 a/cos ( 6 + a)+f 2 * 

[Math. Tripos, 1879.] 


The density at any point Q of the sphere due to an element of electricity 
m = ef Bin ad (2$) at a point B on the ring is given in Art. 401 and is a known 
multiple of m/BQ 3 . To effect the integration between the limits 0 and we first 
prove by geometry that BQ is a known multiple of A= N /(1 - 7c 2 cos 2 <f>) and then use 
the theorem (1 - 7c 2 )jA - 8 d0=j’A - 1 d0. This analytical result may be obtained by 
differentiating sin <p cos 0 /A and then integrating the result between the limits 
C and 7 > 7 r. 

407. Electricity on cylinders. We may apply either 
Green's theorem or the method of inversion to find the distri- 
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bution of electricity on an infinite circular conducting cylinder 
when acted on by a thin uniformly electrified non-conducting rod 
placed parallel to the axis either inside or outside. 

Referring to the figure of Art. 397 we See that since CQ/BQ 
is constant, logGQ — logBQ is also constant for all points on 
the circle. Let two non-conducting thin rods infinite in both 
directions be placed at B and G perpendicularly to the plane of 
the paper; let these rods be uniformly and equally electrified but 
with opposite signs. The infinite cylinder whose cross section is 
the circle is then a level surface of the two rods (Art. 43). 

If the cylinder is the boundary of a solid conductor, we remove 
the electrical rod G and distribute its electricity over the cylinder. 
The repulsion of the stratum at any external point R is the same 
in direction and magnitude as that of the rod C. Its magnitude 
is therefore 2m/ CR, where m is the line density of the rod. At 
any internal point R' the repulsion is equal and opposite to that 
of B, Art. 365. 

If the cylinder is the boundary of a hollow in a conductor we 
remove the rod B. The distribution of the electricity on the 
cylinder is the same as that found for the solid cylinder but 
opposite in sign. 

To find the surface density p at any point Q we follow the 
analysis in Art. 401. We notice that the attractions are 2 m/BQ 
and -2m/(7Q instead of EjBQ 1 and E'jGQ 1 . Making the corre¬ 
sponding changes in the result we find that for a solid cylinder 

2 mZ> 2 2 mo' 1 

^irpa-- ^ = C( j. 

The external rod has here the positive line density m. If the 
cylinder is hollow and the internal rod has a negative line density 
— m, the sign of p must be changed. 

408. The same results follow from the method of inversion. Thus let the 
rod be inside the cylindrical hollow as at G. We know, by Art. 183, Ex. ‘2, that if 
the surface density at Q is proportional to l/CQ' 2 the attraction at all external 
points is the same in magnitude and direction as if the attracting mass were 
equally distributed over the rod C. The condition of equilibrium is that the 
attraction due to both the surface density and the rod should be zero at all 
external points. This is satisfied if the surface density have a sign opposite to that 
of the line density of the rod. 

The result for the case in which the rod is outside a solid cylinder may be 
deduced from this by an inversion with regard to the axis of the cylinder, see 
Art. 399. 
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409. Let the positions of the rods B, 0 be given; let 0 
bisect BG, and let BO = 2 t. Let us describe the system of 
co-axial circles whose radical axis is perpendicular to BC and 
passes through 0. Let the length of the tangent drawn from 0 
to any circle be t 9 then obviously B } G are the evanescent circles 
of the system. Let A be the centre of any circle, then 

AB . AC=(AO + OB) (AO — 0(7) = AO 2 — f = a 2 . 

The points B and G are therefore inverse points with regard to 
any co-axial circle. The cross section of the cylinder may be any 
of these circles. 

Since the line densities of the two rods are equal and opposite, 
it follows from Art. 323 that the lines of force are defined by 
0 1 — 0 2 =z /c and the level curves by rjrz^/c', where (r 1} 9i), (r 2 , 6 2 ) 
are the polar coordinates of any point P referred to B and G 
respectively as origins and BGA as the axis of Reference. The 
lines of force are therefore the circles which pass through B and G 
and the level curves are the co-axial circles . 

410. We may also find the law of distribution on two circular 
non-intersecting cylinders {radii a , a') having their axes parallel to 
each other and their charges equal and opposite . 

Let A , A' be the centres of the two circles made by a 
perpendicular cross section of the cylinders. Then two points 
B, G can be found (and only two) which are inverse to each 
other with regard to both circles. Each cylinder is a level 
surface of two parallel rods passing through B and G equally 
electrified but with opposite signs. 

Let the cylinders be solid conductors, each external to the 
other, and let them be separated by a non-conducting medium. 
We remove each rod and spread its electricity over the cylinder 
within which it lies, according to the law found in Art. 407. 
Since the attraction of one electrified cylinder (say A) at all 
external points is the same as that of the rod which was inside 
its conducting matter, the attraction of the other cylinder (A') 
is in equilibrium when acted on by the electrified cylinder (A). 
The electricity on each cylinder is therefore in equilibrium when 
acted on by the other. 

Several arrangements of the cylinders may be made. First, each cylinder may 
be external to the other as just explained, or one cylinder may contain the other 
and be separated from it by the non-conducting medium. In both these cases the 


R. S. II. 


14 



















210 


ELECTRICAL ATTRACTION'S. 


[ART. 413 


rods are removed and each cylinder is occupied by the electricity of the rod which 
was within its conducting matter. Secondly , the cylinders may be separate hollows 
in an infinite conducting medium, or one cylinder may contain the other with the 
conducting medium between their surfaces. In these two cases the rods are not 
removed; each cylinder is occupied by electricity equal in quantity but opposite in 
sign to that of the rod within the nearest non-conductor. 


411. Ex. An infinite conducting cylinder of radius a is placed with its axis 
parallel to an uninsulated conducting plane and at a distance c from it. The 
cylinder is maintained at potential V, prove that the charge (m) per unit of length 


. . V , c + s/(c 2 -a 2 ) 

lS given by ^=l°g- - - 


Prove also that the surface density at any point 


of the cylinder is proportional to the distance from the plane. [Coll. Ex. 1880.] 
Prove also that the mutual attraction between the cylinder and the plane is 
m 2 /(c 2 - a 2 )k [Math. T. 1888.] 

[Let the points A, B (through which the rods pass as described in Art. 407) be 
so placed that the plane bisects their distance apart at right angles. Both the 
plane and the cylinder are then level surfaces of the two rods.] 


412. Electricity on planes. To find the distribution of 
electricity on an uninsulated infinite plate when acted on by a 
quantity E of electricity collected into a point B at a distance h 
from the plate . 

Draw BM perpendicular to the plate and produce it to C so 
that MG = BM. The surface of the plate is 
then a level surface of zero potential of E 
placed at B and — E at G . 

The surface of the plate may be regarded 
as a sphere of infinite radius enclosing con¬ 
ducting matter on the side G. The elec¬ 
tricity ( — E) will then be in equilibrium if distributed on the 
surface so that 47rp is equal to the normal force at Q due 
to the electrical points measured towards the non-conductor. We 



therefore have 47 rp = — ^ sin BQM = — , 

where r = BQ. The total quantity of electricity on the surface is 
— E. We obtain the same results by inverting the sphere described 
on BM as diameter. 


413. Ex. 1. Show that half the whole electricity on the infinite plate is 
comprised within any right cone whose vertex is at the influencing point B and 
whose semi-angle is 60°. 

"Use the theorem 47 rQ — SEw, Art. 896. It also follows that all areas on the 
plate which subtend the same solid angle at the influencing point contain equal 
quantities of electricity. 

Ex. 2. Prove that the quantity of electricity, on one side of any straight line 
X drawn on the plate, is Q= - Ed/ir, where 6 is the angle a plane drawn through X 
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and the influencing point makes with the plate. The angle 0 is measured 
on that side of X which makes Q and 0 numerically increase together, when X is 
moved parallel to itself. 

The solid angle <a subtended at the influencing point is here enclosed by two 
planes. These form a lune on the unit sphere whose area is 20. 

Ex. 3. A spherical body with an electric charge E is at a height h above the 
surface of the earth, the height being large compared with the dimensions of 
the body. Prove that the body is attracted downwards with a force approximately 
equal to E 2 / 47i 2 , in addition to its weight. 

Prove also that its capacity is increased by the presence of the ground in the 
ratio l + a/2/i: 1 approximately, where a is the radius. [Coll. Ex. 1900.] 

414. The planes xOy, yOz intersecting in Oy are the boundaries 
of a conductor; the non-conducting medium being in the positive 
quadrant. The system is acted on by an electrical point at A 
whose coordinates are £ To find the distribution of electricity 
on the planes (1) ivhen the angle xOz is a right angle , and (2) when 
that angle is rrrjn where n is an integer . 

(1) Let us try to find a system of electrical points such that 
the two planes xy 3 yz form part of one level surface. One of these 
points must be at i, all the others will be inside the conductor. 



Describe a circle centre 0, radius OA and let ABA'B' be a rect¬ 
angle. Place at A / a quantity E of electricity equal to that at 

the given point A and at B 3 B' quantities each equal to — E. 

The planes xy 3 yz are then evidently level surfaces of zero 
potential. 

The surface density p at any point Q on the plane xy is then 

/A 4 - T 4 2jg£ 

given (Art. 412) by 4nrp = - A ^ + -jtq, . 

The quantity Q of electricity on the plane xOy is given by 
4 t tQ = tEco = - 4 E(0Ax' - OB'x) = - 4 E9, 
where 6 = angle AOB' and B f Ax' is a straight line parallel to Ox. 
The quantity Q on Oz is —Ed'/ir where 6'=*AOB. 

14—2 
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Ex. A straight line Y is drawn on the plane xy parallel to Oy. Prove that 
the quantity of electricity on the side of Y remote from 0 is -E^jir where </> is the 
angle AYB'. 

415. (2) If the angle xOz = 7r/3 we divide the circle into six 

parts by three diameters and place A, A', A"; B, B\ B" just 
before and just after the alternate divisions. If we suppose each 
A to be occupied by + E and each B by - E, it is obvious that 
both the planes xy , yz are level surfaces of zero potential. In the 
same way we may sketch the figure for the angle xOz = ir\n and 
in all these cases the surface density at any point Q on either 
boundary can be written down by Green’s rule, (Art. 395). 

Ex. Prove that the quantity Q of electricity on the plane xOy is -23 (7r-30)/7r 
where 0 is the angle A Ox . 

416. Ex. 1. A long rod uniformly charged with electricity is placed perpen¬ 
dicular to a large conducting plane and with an end nearly in contact with the 
plane; show that if the plane be put in connexion with the earth, the density 
of the electricity induced on the plane will vary inversely as the distance from 
the rod. [Caius Coll. 1880.] 

Place a similar oppositely electrified non-conducting rod on the other side of 
the plane. The plane is then a level surface of zero potential of the two rods and 
the electricity can be found by Green’s method. 

Ex. 2. A uniformly attracting rod is placed parallel to a large conducting 
plane. Prove that, if the plane is put in connexion with the earth, the density of 
the electricity at any point of the plane will vary inversely as the square of the 
distance from the rod. 

Ex. 3. A conductor is bounded by the surface of a sphere, whose centre is at 
the origin, and by the rectangular planes xy, yz; the non-conducting medium 
being the portion of the positive quadrant inside the sphere. The system is acted 
on by an electrical point of given intensity, situated in the non-conducting medium, 
whose coordinates are x, y, z. Find the surface density at any point of the 
boundary. [Use seven other electrical points situated in the conducting me dium.] 

417. A simple condenser. Let a portion S of the surface 
of a conductor A be so near the surface of another conductor A' 
that the distance 0 between them at any point is a very small 
fraction of the radii of curvature of each surface, and let /3, /3‘ be 
the potentials of the conductors. It is required to find, to a first 
approximation, the distribution of electricity on the neighbouring 
surfaces. 


Let P, P' be two points on the conductors on the same line of 
force; p, p the surface densities at these points; F, F’ the. forces 
just outside the conductors at P,P' measured in the direction PF. 
Then 4 irp = F, 4nrp' = — F'. By Taylor’s theorem 
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As a first approximation, we have F — F r , and 47rp = 


•mi. / 
similarly 4nrp = —g—. 


_ /3 - / 3 \ 

~ e ’ 


Hence, 4nr times the surface density on 


either conductor is ultimately equal to the fall of the potential 
from that conductor to the other divided by the distance. 

We notice that when the potentials /3, ft are given the electrical 
densities on the neighbouring surfaces can be made very great 
by diminishing the distance 6. 

If dcr be an element of the area S, the quantity of electricity 

on S is ^ j-- - j . This is (/3 — ft) S/^ttO when the distance 6 

is constant. 

If the conductor A' is joined to the earth, its potential ft = 0, 
and by the definition in Art. 371 the capacity of S becomes S/kirO. 

To obtain a nearer approximation we take a second term in Taylor’s theorem. 


This is (ft — ft) S/4nr0 when the distance 6 


We then have 




Here, as before, dV/dn — -F, and in the small additional term we write for d 2 V/dn 2 
its mean value, viz. - (F f ~ F)/0. Substituting for F and F' their values 47rp and 


-kirp', we find 


-=-pd+l 


To obtain another equation connecting the nearly equal quantities p and - p', we 
construct a tube of force joining P, F'. Let the areas at P, P' be dcr, dcr', then 

Fdcr—F'dcr', (Art. 127) and therefore pdcr-t-p'dcr'= 0.(2), 

Let R, R' be the principal radii of curvature at P measured positively in the 
direction P'P. Then, as in Art. 128, Ex. 2, 


i + (l L 

d<r + \R 


Solving these equations we have 
a 

47T/.= -3 


These two approximations were given by Green in his Essay on Electricity and 
Magnetism , pages 43, 45. 

418 . Ex. 1. A condenser is formed of two flat rectangular plates, each of 
area A, which are very near together but not quite parallel, one pair of parallel 
edges being at distance c and the opposite pair at distance c'. Prove that the 
A c 

capacity is approximately ^ log —,. 

The lower part of the condenser is fixed in a horizontal position and the other 
is free to turn about a horizontal axis through the centre of its under face. Show 
that a slight tilt which draws one pair of opposite edges together and the other apart 
through l/>zth of their distance will increase the capacity approximately by the 
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fraction 1/3 n 2 of its value. Prove that, when the upper plate is delicately balanced 
on its axis, charging the condenser will make its equilibrium unstable. 

[St John’s Coll. 1897.] 

Ex. 2. A conducting plate A is inserted between two conductors B , B' terminated 
by plane faces parallel to those of A. Let 0, 6' be the distances of B, B' from the 
nearest face of A, and let S be the area of either face of A. If B, B' be maintained 
at equal potentials V 2 and the potential of A be V lt prove that the ratio of the 

quantity Q of electricity on both faces of A to the difference V x ~ V 2 is ~ Q . 

[Coll. Ex.] 

419. Cylindrical Condenser. A long straight electric cable, 
consisting of a conducting cylindrical core surrounded by a shell 
of non-conducting matter whose external surface is a co-axial 
cylinder, is placed in deep water. The perpendicular sections of 
the two cylinders are concentric circles whose external and internal 
radii are a', a. To find the capacity of the cable. 

Let m 1} m 2 be the charges per unit of length on the outer 
and inner surfaces of the shell; a, j3 the potentials of the outer 
and inner conducting media. 

When a non-conducting shell separates two conductors the 
sum of the potentials of the charges on the two surfaces of the 
shell is constant (and therefore zero) at all great distances. It 
follows from Art. 136 that the charges are equal and opposite. 
The proof for the special case of cylinders is nearly the same as 
for the general case. The potentials of the two cylinders at a 
point P in the external conducting medium distant r from the 
axis differ only by constants from 2/n x log r and 2mAogr (Art. 56). 
The sum of these cannot be constant when r varies unless vu — — m x 
(Art. 365). 

The potential of the inner cylinder at a point R in the non¬ 
conducting shell differs only by a constant from 2m« log r while 
the potential of the outer is constant; (Arts. 55,56). The potential 
at R of both cylinders is therefore 

V = 2 nio log r 4- A 

where A is a constant. The difference of the potentials at the 
two surfaces of the shell is 

a — ft = 2 m 2 (log a' — log a). 

The capacity C of a length l of the core, measured by the ratio of 
the quantity of electricity to the difference of potentials, is 

= ji_L- 

a — 2 log a'I a * 
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When the radii a, a! are nearly equal, the thickness of the 
shell is very small and the capacity is very great. Putting 
x = (a' — d)ja } the capacity becomes 


Q __ 1 0 __ 1 „ 1 

* log (1 + sc) ~~ ^ x ~~ * a f — a * 

We may deduce this result from Art. 417. The capacity is 
there proved to be approximately $/47r0, where the area S= 27 ral 
and the thickness 0 = a' — a. 


When the axes of the cylinders bounding the shell are parallel but not coincident , 
we proceed in the same way. Let A, A' be the centres of a cross section of the two 
cylinders ; a, a' the radii, a' > a. Let B, C be the points in which this cross section 
is intersected by the two rods described in Art. 407, G being inside the core and B 
in the water. Let m 2 = be tbe line densities of the rods B , G respectively; 
r 1} r 2 the distances from B, G of any point R between the cylinders. The potential 
at R of the electric cylinders is (by Art. 407) 

V = 2 m 2 log r 2 + 2??^ log r 2 + A 
= 2m 2 log (r 2 /?i) + A. 

When R is on the circle whose radius is a, we have rjr^ajf, where /is the distance 
of B from the centre A. A similar result holds for the other circle. The difference 
of potentials at the two surfaces is therefore 

a — /3 = 2ra 2 (log a! jf - log a//). 

The capacity G f of a length l of the core is therefore 


w 2 i 


l 

log a'I a - log/'//’ 


where /, f' are the distances of the axes of the two cylinders from the external rod 
B. Since /'>/, we see that the capacity is least when the two cylinders are co-axial. 


420. Nearly spherical surface. To find to a first approxi¬ 
mation the distribution of electricity on the surface of an insulated 
conductor which is nearly spherical. 

Let the given equation of the surface be expanded in a series 
of Laplace’s functions 

r = a{l + F 1 +F a + -}.(1). 

The term Y 0 has been omitted because all constants may be 
included in the factor a. The terms F l3 Y 2 &c. are so small that 
their squares can be neglected. Let the required distribution of 
electricity be p = I) {1 -h- Z 1 -h Z 2 -h ...} .(2). 

If the surface were strictly spherical, the distribution of 
electricity would be uniform and every Z would be zero. It follows 
that when the surface is nearly spherical each Z is of the first 
order of small quantities. 

Let (r, 0 } (j >) be the coordinates of any elementary area da of 
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the surface; (r f , 8 ', the coordinates of any internal point P. 

Let dco = sin 8d8d<f>. The potential V of the electricity at P is 


a/(V 2 — 2 rrp + r' 2 ) 


where the limits of integration are 6 = 0 to n r, and <j> = 0 to 27 r. 

This series is convergent for all positions of P which are at a 
distance r’ from the origin less than the least radius vector of the 
surface. Let \fr be the angle the radius vector r makes with the 
normal to the element da, then r^dco = da cos Since ^ is a 
quantity whose square can be neglected, we have r 2 dco = da . 

The electricity is so distributed that the potential V is 
constant throughout the interior, we therefore equate to zero the 
coefficients of the several powers of r' in the series (3). Hence 

for all values of n> 0, J P n = 0.(4). 


We now substitute for r and p their values given by (1) and (2) 
and reject the squares and products of the small quantities Y lt Y 2 , 
&c., Z 1} Z 2 , &c. We then have by Art. 290 

/{— (?&■— 1) Y n 4- Z n ] P n dco = 0.(5). 

Now JY n P n d <0 = Y'n, JZ n P n da> = ^1^’ whcre 

are the values of Y n> Z n when O', <j>' are written for 8, <£; Art. 289. 
We thus find Z' n = Y' n (n — 1).(0). 

The conclusion is that the surface density of the electricity 
on the surface (1) is 

p = P {1 + F 2 + 2F S + ... + (?i — 1) F n + ... }. 

It may be noticed that the term Y 1 is absent from the expression 
for p. The reason is that the surface r = a (1 + Fj) is approximately 
a sphere when F 2 is small, Art. 293, Ex. 3. The surface density 
is then uniform. 

If E be the quantity of electricity on the surface, we have, 
since JY n dco = 0 and the squares of Y n are neglected, 

E = Jpr^dco = 4t7ra?D. 

This equation determines D when E is given. The potential 
at the origin is V=Jprdo) = ^nraD. 

The capacity is therefore equal to a . 
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To find the potential of the stratum at an external point we 
make the expansion (3) in powers of r[r. We then have 




y.n+2 

7n +1 


= SI >a n+i Jda> {1 + &c. + Z m + (n + 2)Y m + &c.} • 

A Y' n + (n+2)Y' n ti- 
= Wj DS-^Tl -“ 


-/n-i-i 


»+2 
/n+i * 


After substituting for Z' n its value, this reduces to 

(?)'+&c. 


F/ = WS f 1+y . a y 
t I r 


421. Ex. 1. The surface r=a (l-b/Scos 2 #), where £ is very small, is charged 
with a quantity E of electricity. Prove that the surface density is 

(1 - jS sin 2 6) Eliira?. 

Ex. 2. A nearly spherical conductor whose equation is r=a(l + 2w w ) is enclosed 
in a nearly spherical shell , the equation of whose inner surface is r=b(l + Zv n ) 
where u n , v n are Laplace’s functions of (0, <p). If the potentials of the solid and 
shell are respectively a and /3, find the potential at any point P between the conductor 
and shell. See Art. 392, Ex. 1. 

The potential at P is, by Art. 283, 

V=Y ri + Y 1 r+& o.+ ^-° + §+&c.(1). 

If the surfaces were truly spherical, the distribution of electricity on each would 
he uniform and the expression for V would take the form A-hB/r where A , B are 
constants. It follows that Y 19 Y 2 , &c. 9 Z 19 Z 2 , &c. are in our problem small 
quantities. Proceeding as in Art. 299 and rejecting the squares of small quantities 

we have 3 r 0 + r 1 a+ Y 2 a* + &c. + ^j~(l-u 1 -u 2 -&Q.) + ^j + &c. = a, 

Y 0 + Y,b + Y^+&o. + ^ (I - v 1 - u 2 - &c.) + & + &c. =/3. 


Equating the functions of like order, we find 

Z, 

a 

Z Q 

b -r) 

These give Y 0 = h ^~ aa '' ” " 

u b-a 


T 0 + |=al 


Z n — ab 


b~a) 




Y„ = Z, 


a' 
Z n 
yh+i 
a n u lft 


=0 


=0 


0 W>1+1 _ a 2n-hl 


= Z 0 a n b n 


b n+l ?/„ — a n+l v n 


b 2n+l . 


Substituting these values in (1) the potential at any point P is obtained, the 
equations of the two surfaces being given. The surface density p at any point P 
of the internal conductor is found from 47rp = - dV/dr , where after differentiation 
we put r = a in the small terms and r = a (1 + 2u w ) in the large term. We then find 
4 tt pa 2 =Z 0 [1 + Zfj. {(n + 2) + (71 - 1) u n 

- (2 n +■ 1) a nJrl b n u n ], 
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where l/ya =& 2n+1 and the summation 2 begins at n=l. The surface density 

p' at any point of the external conductor is found by interchanging (a, b) and (u, v), 
the sign of the first term being also changed. This problem is discussed in a 
nearly similar manner in Maxwell’s Electricity. 

Ex. 3. A shell is bounded internally by a nearly spherical surface whose 
equation is r= 6 (l + 2 v n ) and is acted on by an electrical point situated at its 
approximate centre. Prove that the electrical density p at any point P of the 
surface is given by 4 tt& 2 p = - E {1 - 2 (n + 2) v n }, where the origin is at the electrical 
point, E is the quantity of electricity at that point and the summation 2 begins 
at 7 i=l. 


Ex. 4. A nearly spherical conductor , which is also a solid of revolution with 
the approximate centre near the axis , is placed in a uniform field of force xohose 
potential is Mx where the axis of x is the axis of the solid conductor. Find the law 
of distribution of electricity on the surface when the charge is given. 

The surface being one of revolution about the axis of reference and also 
nearly spherical, its equation referred to an origin on the axis can be expressed 
in the form 

r=a (1 + J 1 P i +A 2 P 2 + &c.) . (1), 

where all the coefficients A x , A 2 , &c. are small. Similarly we may express the 
surface density in the form 

p=P(l+P I P 1 +P 2 Po + &c.).(2). 

If the conductor were accurately spherical, the expression for p would be of the form 
D(1+B 1 gos6) (Art. 406, Ex. 4). It follows that when the surface is nearly 
spherical the coefficients P 2 , B z &c. are small, but B 1 is not necessarily small. 

Proceeding as in Art. 420, we make the potential at an internal point R 
whose coordinates are (/, O') equal to a constant K. 


I - 2rr'q + ?•'-) 


172 + Mr’ cos O' = K. 


where q is the cosine of the angle between the radii vectores r, r'. Expanding and 


equating the several powers of r' to zero, we find 


Q =0 or -ill cos 0' 


(4) 


according as 77 >1 or =1. Here Q n is a Legendre’s function of q. 

To find the constants B x , P 2 , &c. it will be sufficient to put the point 11 in some 
convenient positions. Let us place R on the axis, then q~p, the Legendre’s 
function Q n becomes P n , and cos 0 ' = 1. Wo then have when ?i = 1 


D f (1 + PA + 7? 3 P 2 +...) I\ dco = ~ M .(5). 

Since jP OT P 1 dp = 0, this gives B 1 — ~ ‘dM/M) .( 6 ). 

When 7 i>l we have, since P 2 &c., A x &c. are small 


J{ 1+J8.P, + *o. } {1 - (n -1) .VY- Ac.} P u dp = 0, 

/. J{l + JB a P 3 +&e. - (n -1) AjP, - Ac.} P n dp 

-B 1 {n-l)$\A 1 P 1 + A 2 P., + &c.} P,P n dp = 0.(7). 

The first line presents no peculiarity and reduces to {B n -(n- 1) d n }2/(2re + l). 
Since P,=p the integral in the second line may be written 2.4* ^P K P n pdp. Now 
by Art. 273 (n + l)P„ +J - (2re + l)pP, l + »P n _ 1 =0, 

.-. (2n +1) JP k P u p dp = (n +1) JP« P„ +1 dp + nj P K P n _, dp. 
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This is zero except when K=n± 1. We then have 

r-o t> j 2(n + l) r-n t , * 2?t 

$ Pn+lPnPdp ~ (2 n + l) (2n + 3)' / P n~i-PnP *P - ( 2n+1 ) (2re -1) * 

The latter of these results follows also from the first by writing n -1 for n. The 
second line of the equation (7) becomes 


-*i 


71 — 1 

2n + l 



2 (n+l) , , 2 n } 

2n+3 “ _1 2n-ir 


Finally we have, when n>l, 

H„=(n-l)A K+ („-l)B 1 jgi 3 A n+1 + ^ 1 A n _ 1 } 

If J7' be the quantity of electricity on the surface we have 
JE'-jpr 2 do}= 4ttD a 2 (1 + $ A * JB a ), 


( 8 ). 


4Tl)a 2 =E'(l-fA 1 P 1 ).$). 

Substituting in (2) the values JB 1 , B n and D given in (6), (8) and (9) we find the 
value of the surface density p when the surface of the conductor is given. 

The potential at the origin is K= / krT)ci(l + %A l B^. 


422. Sphere with a ring. Ex. 1. A uniform circular wire (radius &), 
charged with electricity of line density -e, surrounds an uninsulated concentric 
spherical conductor (radius a). Prove that the electrical density at any point 
of the surface of the conductor is 


e 

2 a 




+ 9 



-13 


1.3.5 

2.4.6 


p* 



Ex. 2. A uniform circular wire (centre C), charged with electricity of line 
density -e, influences an uninsulated spherical conductor (centre O), the plane 
of the wire being perpendicular to OC. Prove that the electrical density at any 
point R of the surface of the conductor is 

s ( 2ra +1) P n (cos o) P. n (cos 6) (Tj*, 


where 2 implies summation from n—Q to n = oo. Also a is the radius of the 
sphere, b the distance of any point M on the rim of the ring from 0, a the angle 
subtended at 0 by any radius of the ring and 6 the angle OR makes with the axis 
OC of the ring. 

The potential of the ring at any point Q on the axis referred to 0 as origin is 


F 1= = 


_ M_ _ 

s /(b 2 ~2brQOS a + r 2 ) 



and M— - 27rbe sin a. The potential at any point S not on the axis is found by 
introducing the factor P n (cos 6) into the general term, where 9 is the angle COS. 
The potential V 2 of the spherical layer is given in Art. 294. The sum of the two 
potentials being zero, the value of Y n follows at once. 


423. Orthogonal spheres. The boundary of an insulated 
conductor is formed by two orthogonal spheres. Find the law of 
distribution of a charge of electricity * 


* The problem of finding the law of distribution of electricity on two orthogonal 
spheres when acted on by an electrical point is solved in Maxwell’s Treatise on 
Elect7'icity dbc. He also gives the solution for spheres intersecting at an angle i r/n, 
for three and also four orthogonal spheres. 
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Q' 


Cl 

\Q" 


G;N 

A 


= e. 


Let A , B be the centres, a, b the radii and let AB cut the 
plane DJD' of intersection of the 
spheres in G . Then, as before, 
the distances of A, B, G from D 
are a, b } c. Let mass particles 
E, E\ E" be placed at A , B, G 
such that 

EE'-W 
a~~ b ~ c 

Since the sphere A is a level 
surface of zero potential of the particles at the inverse points B , G 
(Art. 397), it is a level surface of potential e of all the three particles. 
In the same way the other sphere is also a level surface of the 
same three particles and is at the same potential. 

Using Greens theorem, we see that the quantity of electricity 
(a + b — c) e, if distributed properly over the whole surface, will be 
in equilibrium at potential e , (Art. 395). 

The normal force at any point Q on the sphere A due to both 
the points B, G } has been proved to be proportional to 1/CQ Z and 
also to 1/BQ* (Art. 401). The normal force due to the particle 
at A is Eja 2 . We have therefore 

K 




_ e 

~a + BQ 3 




where H, K are some constants. Since two sheets of a level 
surface intersect in the circle DD', the normal force and therefore 
p vanishes when Q is at D (Art. 122), that is when CQ = c or 
BQ = b. The density may therefore be written in either of the 
forms 

±Y\ = lU f h V\ 

\GQJ ) a 

The density at any point Q' on the other sphere is given by 

\GQ f ). 

424. We may also consider the solid bounded by the convex 
portion of the sphere A and the concave portion END' of the other 
sphere. The quantity on the solid is then ea, the potential is e } 
and the electricity is acted on by the external electrified points 
E' = eb y E" = — ec. The densities are given by the same formulae 
as before, except that the sign of that on the concave portion must 




“hi 1 (: AQ) 
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be changed, because the normal force outwards into the non¬ 
conductor (Art. 369) tends towards the centre of the sphere £ 
instead of from the centre, as on the convex portion of that sphere. 

425. Ex. When both portions are convex the quantities Q, Q' of electricity 
on the spheres A , B respectively are 

Q=le{a~c + b + c (a 2 -b' 2 )lab} 9 
Q f: =l,e{a-c + b~-c (a 2 - b*)lab}. 

When one portion, as DND', is concave, the electricity on that portion is 
Q"=%e {a + c - b - c (a 2 - W)jab}. 

426. To find the law of distribution of electricity on a conductor 
bounded by the convex portions of two orthogonal spheres when acted 
on by an external electrical point 

The two orthogonal planes xOy, yOz in the left-hand figure 
are the planes of zero potential of four equal particles A 1} A 2 , 



B 1} B 2 ; A x , A 2 being of positive and B l9 B 2 of negative mass, 
see Art. 414. Let us invert this with regard to any point D. 
Consider first the section by the plane xOz. The straight lines 
Ox, Oz invert into orthogonal circles which intersect in D and in 
another point D / lying in DO produced. The radii a, b of these 
circles are arbitrary because JD is any point. Let their centres 
be A and B as represented in the right-hand figure. The circle 
A 1 B 1 A 2 B 2 inverts into another circle cutting the two former 
orthogonally and (being symmetrical about DOD f ) has its centre 
K in DD'. The radius of this circle is such that the perimeter 
passes through the inverse point of the arbitrary point A x . 

Let the points A ly A. 2 invert into F x , F 2 and the points B x , B 2 
into Gj, 0 2 ; all these four points lie on the circle whose centre is 
K. Since the plane xy is a level surface of zero potential of 
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B l3 the inverse sphere (say the sphere whose centre is A) is a level 
surface of zero potential of F 1} Q l3 Art. 179. It thence follows 
that F lf G 1 are inverse points with regard to that sphere. In the 
same way F 2) G 2 are inverse with regard to the same sphere, while 
F 1} G 2 and G 1} F 2 are inverse with regard to the sphere B. Thus 
F&A, FjG 2 B 3 G 2 F 2 A 3 G^B are straight lines. It also follows 
that if F 1 is external, the other three points F 2 , G ly G 2 are inside 
one or other of the two spheres A and B. 

The ratio of the masses m 3 m' at any two inverse points Q } Q' 
is known by the rule = DQ'/k, Art. 168. The quantities of 
electricity at F l3 F 23 G u G 2 are therefore proportional to their 
distances from D. Let these be 

E 1 = e. DF ly E 2 — e. DF 23 - e.DG l3 E^-e.DG 2 . 

The potential at D of each electrical point is therefore 
numerically the same. We may also use the rule (proved in 
the footnote to Art. 397) that the squares of the quantities of 
electricity which occupy points inverse to a sphere, and make the 
sphere to be of zero potential, are proportional to the distances 
of those points from the centre. Thus EyfEp = AF X /A G ± ; 
EijEf = BF 2 jBG 1 and so on. 

If we take the convex portions of the spheres A 3 B to be the 
boundary of a solid conductor, that boundary will be a level surface 
of zero potential of the four particles at F u G l3 F. 2} 6L Hence 
the quantity of electricity Q = e (DF 2 — DG L — BG 2 ) will be in 
equilibrium under the influence of a quantity E 1 = e.I)F 1 placed 
at F 1 if distributed according to Green’s law. 


427. The surface density at any p>oint P on the sphere whose 
centre is A is found by considering the two doublets F 1} G x and 
F 2 , G 2 . We have by Art. 401 


4i?rpa = 


(F 1 py + (G 2 Ff 


where a 2 and /3 2 are the products of the segments of chords of that 
sphere drawn from F 1 and G 2 . Since p must vanish when P is 
any point D of the intersection of two sheets of a level surface, 
we see that 


4:7rpa = — E x a 2 


1 

(*\py 


g 2 dv i i 
FJ)J (G 2 py\ * 


Since D lies on the sphere B with regard to which F 1: G 2 are 
inverse points, we may write G.D/F.D = 6/^5, Art. 397. Also 
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a 2 = (FjA) 2 — a 2 where a and b are the radii of the spheres whose 
centres are A , B . 

Let the position of the influencing point F l be at an infinite 
distance from the sphere. The electricity at jFi is then infinite 
but its potential, viz. E 1 /BF 1 , becomes the constant e . The 
conductor being at zero potential, the sum of the potentials 
of the electricities at the three remaining points G lf Q 2 , F 2 is 
therefore — e. The positions of these points are evidently A, B 
and G , where G is the intersection of AB and BB\ We thus fall 
back on the case of a solid conductor charged with a quantity of 
electricity e( — BA — BB + BG) and at potential — e ; (Art. 423). 


428. If we insulate the conductor and give it such a charge 
that the potential becomes e, we have, by superimposing the 
density found in Art. 423, 


47 rpa = e 




429. The rule to find the distribution of electricity on two orthogonal spheres 
at zero potential may be summed up in the following manner. The point F x being 
given, we seek (1) the inverse points of F x with regard to the two spheres A and R, 
let these be G lt G 2 ; (2) the inverse point of G 1 with regard to the sphere B or the 
inverse point of G 2 with regard to the sphere A, let this be P 2 . These four points, 
any F being taken with any G } form two doublets. The sphere is a level surface 
of zero potential of each doublet. The ratios of the quantities of electricity at the 
points of each doublet, and the resulting surface density due to each, follow from 
the elementary rules given in Arts. 397, 401. The electricity at any G has an 
opposite sign to that at any F. 


430. Ex. An uninsulated conductor consists of a sphere and an infinitely 
large and infinitely thin plane passing through the centre B of the sphere. If it 
be exposed to the influence of a given charge of electricity at the point F 1 where 
P 2 R is perpendicular to the plane, prove that G 2 being a point on P 2 R produced 
such that BG t is equal to BF lf the superficial density at any point P on the 


1 1 

hemispherical surface nearest to P 2 is proportional to . 

[Math. Tripos, 1877.] 

The infinite plane may be regarded as the limiting case of an orthogonal sphere. 
We then follow the rule in Art. 429. The inverse point of P 2 with regard to the 
plane is G 2 ,the inverse points of F 1 , G 2 with regard to the sphere are G 2 , P 2 . The 
given system of sphere and plane is a level surface of zero potential of these four 
points. We use Green’s method as explained in Art. 401. 


431. Geometrical properties. Ex. 1. Prove (1) that the centre of each of 
the three orthogonal circles lies in the radical axis of the other two, and that the 
orthocentre of the triangle ABK formed by joining the centres is the radical centre 
of the circles. Prove (2) that the diagonals of the quadrilateral P 1 G 1 P 2 G 2 intersect 
in the orthocentre of ABK. 
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The first results have been proved in Art. 426 for the centre K and the two 
circles whose centres are at A and B, and are therefore true for all the circles. The 
diagonals intersect on the polar lines of A and J B, and since the circles are orthogonal 
this is also the intersection of the radical axes. 

Ex. 2 . Prove (1) that ^ + 51 “ jgra “ ]|l= 0 - Prove ( 2 ) that > if P articles 

whose masses are proportional to IJE^ 2 , 1 jE^, — IfE'i 2 , — are placed at the 

points F lt E 2 , G 1 , G 2 , the sum of their moments about every straight line is zero. 
Prove (3) that the centre of gravity of l/Ef and 1/A7 2 2 coincides with that of 1/E'p* 
and l/Eg 2 and also with the orthocentre of ABK. 

We notice that the centre of gravity of each of the doublets 1 /J57 2 2 , - l/E'j 2 and 
1/E 2 2 , 1/_E ' 2 2 is at A, Art. 397. Thus the centre of gravity of all four particles is 
at A. Similarly it is at B and this is impossible unless the results (1) and (2) are 
true. To prove the third result we take moments about the diagonals of the 
quadrilateral F 1 G 1 F 2 G 2 . 


432 . Ex. A conductor is formed by the outer surfaces of two equal spheres, 
the angle between the radii at a point of intersection being 27r/3. Prove that the 
5 /3 — 4 

capacity of the conductor is V .. „ _ a? where a is the radius. [Coll. Ex. 1899.] 

This result follows by inverting with regard to A the second figure of Art. 414. 
The inverse of the electrical point A contributes only the constant potential E/7c to 
the inverse figure (Art. 180). Omitting this point, the inverse of the rest of the 
system is in equilibrium at potential -E/h. By Art. 170 the mass of any portion 
of either system is equal to h times the potential at A of the corresponding portion 
of the other system. In this way without drawing the inverse figure we find both 
the quantity of electricity on the spheres, and its potential. Thu ratio is the 
capacity required. 

The capacity of the inverse system is therefore k‘ 2 V/Q where Q is the quantity 
of electricity on the original system and V its potential at the, centre of inversion. 
In our case the point A in Art. 414 bisects the arc xz and h = a. Also Q = - E and 
V is twice the potential at A of B plus twice that of A' plus that of 11'. 


433 . The boundary of a conductor is formed by the external boundary of three 
spheres which have a common circular intersection , each sphere making an angle tt/3 
with the next in order. To find the law of distribution on this conductor we invert 
the right-hand figure in Art. 414 just as we inverted the left-hand figure of that 
article when we required the distribution on two orthogonal spheres (Art. 426). 

Let the plane of the paper contain the centre of inversion 1) and be perpendicular 
to the common intersection Oy of the three planes. These planus invort into 
spheres whose centres C lf C 8 , G ’ 2 lie on a straight lino perpendicular to DO. Let 
the planes Ox, Oz which bound the conductor invert into the spheres whose centres 
are G lt C 2i the third plane, which is entirely in the conductor, inverting into the 
sphere whose centre is C 3 . In the inverse figure therefore the centres of the 
outer spheres are C 1 , C 2 . Since these centres lie on the perpendiculars drawn 
from D to the planes, the angles C^DCg, C 3 DC„ are each 7 r/ 3 . These spheres have 
a common circle of intersection and D is any point on that circle. 

434 . If the position of the centre of inversion D is arbitrary the six electrical 
points in the figure invert into six F 1} G 1 , F 2 , G 2 , F s , G 3 which lie on the circle 
inverse to that containing A, B, &G. and the general results are very similar to 
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those obtained in Art. 426. If we place D on the circle ABA'B , A"B” (say between 
A and z) our results will correspond to those found in Art. 423 by the use of Green’s, 
method. Let us consider concisely this last case as presenting some novelty. 

Since D lies on the circle ABA'B' &c. the arcs AA', A'A" &c. subtend at D angles-, 
each equal to tt /8 ; hence in the inverse figure also the angles subtended by F x . F 2 ,. 
F 2 F Z , G x G 29 G 2 G 3 , C 1 G z and G Z G 2 at D are each equal to 7 t/ 3 . So again F 1 G 1 
F 2 G 2f F Z G Z subtend equal angles at D. The six electrical points F l9 G x , &c. now 
lie on the diameter C 1 C 2 C 3 . Let a radius vector starting from DA turn round X>,. 
it evidently passes in order through the points F lt G x , C 1 ; F 2 , G 2 , C z ; F Zi G 3 , C 2 .. 
The electrical points and the centres in the inverse figure are therefore arranged 
from right to left in this order. By considering the triangles G 1 DG Z) G 3 DC 2 we see. 
that the three radii are connected by the equation 1 /t* 3 = 1/?^ + l/r 2 . In the same¬ 
way if (£ l5 £ 2 > £s)> (Vi* 7 !*, Vs) are the distances of (F l , F 2 , F 3 ), (G lt G 2 , G z ) from D we- 
have 1 /^ 2 = l/^i -f - 1/^3 » l/ 97 2 =l/i?i + 1 / 173 - The perpendicular p from D on the straight 
.line CiCgCj is given by p J{rf + rf + rf) = V' 2 . 



The points (Fj, G x ), (F 2 , G z ), (F 3 , G 2 ) are inverse points with regard to the 
point C x ; (F z , G s ), (F,, G 2 ), (F 2 , G x ) are inverse with regard to G z , and (F 2 , Go), 
(F lt G z ), (F z , G x ) are inverse with regard to C 2 . The arrangement of the suffixes 
suggests an obvious rule to find the inverse of any point with regard to any sphere. 
The point F x being arbitrarily taken outside the spheres G 1 , C 2t all the other five 
are within the boundary. 

The quantities of electricity at the points Fp F 2 , G-, &g. are respectively 
E x =.e. DF l9 E 2 = e. DF 2 , E\ — -e. DG X &c. by Art. 169 ; the potentials at D of the 
six electrified points are therefore numerically equal. 

Since each sphere is a surface of zero potential of the six points F x , G lt &c. we 
may apply Green’s theorem. In this way we can find the law of distribution on the 
surface formed (say) by the tioo spheres whose centres are G 1} C 2 when acted on by an 
electrical point situated at any external point F x on the diameter C 2 C Z C X . 

435. Let us place the point F x at an infinite distance from the spheres. Since 
the attraction of F x is then zero (though the potential is finite) we may remove this 
point from the system. We now have the case of an insulated conductor bounded 
as before by the spheres G lt G 2 and charged ioith a given quantity of electricity. 

The points G lt G 2 , G z now coincide with C 19 C z , G 2 respectively. Also since 
F x F 2 , F 2 F z each subtend an angle 7 r/S at Z>, the triangle F 2 F Z D is equilateral. The 
potential at D of F x is e. DFfDF l and is therefore equal to e. When the point F x 
is removed from the system (which was at zero potential) the potential F 0 of the 
remaining five is -e. The quantity of electricity on the two external spheres is 
the sum of the electricities at the five points and is therefore the sum of ~er x , 
-er 2 , -er Z) 2e.DF 2 . The capacity is therefore 

0 _ % 7* 1 ?9 2?y a _ 

y^-h + r 2+ ~ + ~ ~ Jirf + rj + wJ ' 
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436 . Three orthogonal spheres. Let ABC be any triangle; a, b, c the 
lengths of its sides. Let AF, BG, CH be the perpendiculars drawn from A, B, O 
on the opposite sides. Let 0 be the orthocentre. Let us describe three spheres 
with centres A, B, C and radii a, ft, y such that the spheres taken two and two are 
orthogonal. Then since the square of the distance between the centres of two 
orthogonal spheres is the sum of the squares of the radii, we have 
a 2 +/3 2 =c 2 , jQ 2 + 7 2 =& 2 , 7 2 + a 2 = 6 2 . 

Let the chord of intersection of the circles whose centres are A, B made by the plane 
of the paper intersect AB in S. Then 
AS 2 - BS*= a 2 - /3 2 = b 2 - a 2 =AR 2 - BRK 
The point S therefore coincides with H. 

The three chords of intersection of the 
•circles, taken two and two, are there¬ 
fore the three perpendiculars AF, BG, 

■CH. If the lengths of these chords are 
respectively 2 /, 2g, 2h, we have af=ft y, 
each of these being twice the area of the 
triangle whose base is BC and altitude/. 

•Similarly bg = ya, ch—aft. 

A circle can be drawn about CFOG , 
hence 

AO .AF-AG .AC = 5c cos A 

= ^ (& 2 + c 2 - a 2 ) = a 2 . 

Thus the systems of points (0, F ), (G, G), (JET, B) are each inverse with regard to 
the sphere A. Similar results hold for the points in each of the lines through 
B and C. 

Let us place at the points A, B, 0 ; F, G, R, quantities of electricity re¬ 
spectively equal to ea, eft, ey; -ef, -eg, -eh, as explained in Art. 423. Also, 
since F and 0 are inverse points with regard to the sphere A, we place at 0 a 
quantity of electricity ti = ef.ajAF, (Art. 397). Since AF .a = 2A where A is the 
area of the triangle ABC, we find Q=eaftyj2A. It appears that O is a symmetrical 
function of the radii of the spheres. 

It follows that any sphere, as A, is a level surface of zero potential of the 
particles placed respectively at (B, H), (F, 0), ( C, G) while its potential due to the 
particle placed at its centre is e. Each of three spheres is a level surface of potential 
e of the seven particles placed at A, B, C, F, G, R and 0. 

Let the external surfaces of the three orthogonal spheres he the boundary of an 
insulated conductor charged ivith a quantity E of electricity, then the law of 
distribution may be found by Green’s method. If p be the surface density at any 
point Q on the external surface of the sphere A , we have by Art. 401 

where t is the tangent drawn from F to the sphere A. If we wish to express our 
results in terms of the radii a, ft, y, we may prove that 

t a =J?-A 9I 4A 2 =a 2 fi-’+iSV + 7 ! <A 
P“ + 7 

The potential is e and the quantity E is 

E = e{a + ft + y-f-g - 7i + a/3y/2A}. 

437 . The law of distribution on three orthogonal spheres may also be deter¬ 
mined very simply by inversion. The three coordinate planes xOy, yOz, zOx are 
level surfaces at zero potential of eight points, four of which are represented by 
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A 1 B 1 A 2 B 2 in the figure of Art. 426 and the other four are on the opposite side of 
the plane of xz . The coordinates of these are ±y, ±z and the charges 
numerically equal. After inversion with regard to any point D the planes become 
orthogonal spheres. We may thus find the law of distribution on the external 
surface of three orthogonal spheres at 'potential zero when acted on by an external 
electrical point F 1 . 

The three coordinate planes and a sphere whose centre is the origin are level 
surfaces at zero potential of sixteen points, viz., the eight described above and 
their inverse points with regard to the sphere. By inverting this system with 
regard to any point D we find the distribution on four orthogonal surfaces at 
potential zero when acted on by an external electrical point F 1 . 

By proceeding as in Art. 427, we deduce the law of distribution when the 
conductor is insulated and not acted on by an external electrical point. Finally, 
by superimposing the two distributions thus arrived at, we obtain the law of 
distribution when the conductor is insulated and acted on by the external electrical 
point F 1 . 

438. Theory of a system of conductors- Let A lf 

A 2 ,...A n be a system of insulated conductors, each being ex¬ 
ternal to all the others. Let p n , pi 2) >-- be the potentials due 
to a charge unity given to A lt the others being uncharged. In 
the same way let p 21} p 22 ,... be the potentials when a charge unity 
is given to A 2 alone, and so on. If we give to A x alone a charge 
E x or to Ao alone a charge E 2 , &c. these potentials will be respec¬ 
tively multiplied by E 1} E 2 , &c. Superimposing these states of 
equilibrium, we see that the potentials inside A x , A 2t &c. when 
charged with E 1} E. 2t &c. are respectively 

Vi=p 11 E 1 -\-p 2 iE 2 +... ] 

V 2 =Pi2E 1 -jrp 22 E 2 -\r ... I.(1). 

&c. = &c. J 

If we now solve these equations we have a second set of linear 
equations which we represent by 

Ei = #11 Vi + ? 2 i V 2 -f... ) 

E 2 = q 12 V 1 -hq 22 V 2 + ... i .(2). 

&c. = &c. J 

The coefficients p n , p 12 , &c. and q n> q 12 , &c. depend only on the 
forms and relative positions of the conductors in the field and are 
independent of the charges given to them. 

The coefficients q n , q. 22 , &c. (in which the two numbers forming 
the suffix are the same) are called the electric capacities of the 
bodies A 1} A 2 , &c. The capacity of a conductor may he defined to 
be its charge when its own potential is unity and that of every other 
conductor in the field is zero. 


15—2 
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The coefficients q 2 8 , &c. (in which the numbers in the suffix 

are different) are called the coefficients of induction. Any one of 
them, as q rS) denotes the charge on A a when A r is raised to 
potential unity, the potentials of all the conductors except A r 
being zero. 

The coefficients p U) p 12 ,p 2Z > &c. are called the coefficients of the 
potential. Any one of them as p r8 denotes the potential of A s 
when a charge unity is given to A r , the charges on all the other 
conductors being zero. 

Since the dimensions of potential are quant ity/distance, it 
follows that every coefficient of potential is the reciprocal of a 
length. For the same reason every coefficient of induction has 
the dimensions of a length. 

439. To prove that p r s—Psr and q rs = q sr . Let the conductors 
A x ...A n when the charges are jE r 1 ...JS r n and the potentials V x ...V n 
be called system I. Let the same conductors when the charges 
are Ej...En and the potentials V 1 '...V n / be called system II. Let 
us treat these as independent coexistent systems. 

The mutual work between two systems has been proved in 
Art. 59 to be equal to the sum of the products of each element of 
mass of either system by the potential of the other system at that 
element. In the body A r each element of electricity in one system 
is to be multiplied by the potential of the other system at that 
body, and the product is either E r V r ' or E r 'V r . We may therefore 
form the equation 

E, Vi + E 2 V( +... = E {’ V 1 + E' V 2 +.(3) 

which may be shortly written HEV' — hE'V. 

Let us now put each of the electricities E u E 2} &c., E.!, &e., 

except E r and Ef equal to zero. Then by equations (1), V 8 — p rs E r> 
V T ' =p sr E s / . The equation (3) then gives p rs = p sr . 

In the same way if we put each of the potentials V lf V 2 , &c., 
Vf V 2 &c. except V r and V/ equal to zero we deduce from (2) and 
(3) q rs — q sr . 

Ex. 1. Three small conducting spheres, whose radii are r 1} r 2 , r 3 , are placed 
with their centres at the comers of a triangle whose sides a, b , c are very much 
greater than the radii. Prove the following approximate relations 

a 2 - r 2 r 3 _ — (ab - cr 3 ) _ - (ac - br„) _ 1 1 112 

ft2r 2 r 3tfll a ^ )Cr H < h2 ~~ a ^ cr 2 ( h3 ~ r l r 2 r 3 a2r l ^ r 2 C “ r» + (l bo ’ 
Proceeding as in Art. 374 we find that the potentials V lt F 2 , F 8 , at the centres 
of the spheres are given by three linear equations of the form V 1 = E 1 jr l + E 2 lc + E.Jb. 




ART. 443 ] 


A SYSTEM OF CONDUCTORS. 


229 


These correspond to equations (1) of Art. 488. Solving these we find E 1 expressed 
as a linear function of V 1 , F 2 , F 8 , the three coefficients are respectively q 12 , q 2 2 * 

Ex. 2. Two insulated electrified spheres (radii r l9 r 2 ) are at a considerable 
distance c from each other; prove that the coefficients of potential and induction 
are approximately given by 

ri2hi=cpu=raPsa = l» 

»sffii= - c 2i 2 =^i^2=n r 2 (l + ?Wc 2 ). 

440. The lines of force. Consider the lines of force which 
intersect the surface of a conductor. Since at any point of the 
surface 4nrp~ — dV/dn, it is clear that the potential decreases or 
increases outwards along these lines according as they intersect 
the conductor at a point of positive or negative electricity, (Art. 114). 

Let a point P travel along a line of force in such a direction 
that the potential at P continually decreases. The line of force is 
said to issue from or terminate at a conductor according as the 
point P crosses its surface in an outward or inward direction. 

It follows that a line of force can issue from a conductor only 
at a point of positive electricity and will then either proceed to an 
infinite distance or terminate at a point of negative electricity on 
some conductor of lower potential. 

If a line of force proceed from one conductor to another, it 
joins points A , B on the two conductors which are oppositely 
electrified. 

441. If a tube of force intersect two conductors , the quantities 
of electricity at the two ends are equal and of opposite signs. 

Divide the given tube into elementary tubes; let the areas at 
the extremities A, B of any one of these be d<r, da'. Let the 
forces at A } B measured outwards from the conductors be P, F\ 
then Pda = — F'da, (Art. 127). Since 47rp = P, iirp' = F' } we 
have pda — — p da'. 

442. The conductor of greatest positive potential can have only 
positive electricity on its surface. For, if any element of its surface 
were negatively electrified, a line of force could terminate at that 
element. Such a line must have issued from a conductor of greater 
positive potential. Similarly the conductor of greatest negative 
potential can have only negative electricity on its surface. See 
Art. 380. 

443. To prove that all the coefficients of the potential (p ll9 
Pm <£c.) are positive and that the coefficient p rs is less than either 
Prr or p S8 . 

Let the body A r be charged with a positive unit of electricity 
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and let all the others be uncharged. Then V r =p rr and V s — p rs> 
by Art. 438. The body A r cannot be entirely covered with 
negative electricity and is therefore not the body of greatest 
negative potential, Art. 442. Any other conductor A s has both 
positive and negative electricity on its surface and cannot be the 
body of greatest positive or greatest negative potential. The 
charged body A r must therefore be the conductor of greatest 
positive potential, and there is no conductor of greatest negative 
potential. Hence all the conductors are at positive potential and 

Prr ^ PrS‘ 

Let the body A s be placed in a hollow excavated in A r and completely surrounded 
by it, then, since A 8 is uncharged, there is no development of electricity either on 
its surface or on the inside of the shell A r} Art. 389. The potential throughout the 
interior of A r is p rr and hence in our present notation p r g=Prr. In the same way, 
if A 8 is enclosed by a shell A t , then p rs =p rt . 

The case in which A s is enclosed by one of the other bodies is thus only a 
limiting case of the theorem and is not an exception. 

444. To prove that q rr is positive and q rs negative, and that the 
sum of the series S = q lr + q 2r + •. • + 2Vr + .. . + gw is positive. 

Let the body A r be charged to potential unity, all the others 
being at zero potential. The charges given to the conductors 
A lf A s , &c. are therefore q lr , q 2r> &c. (Art. 438). The body 
A r is the conductor of greatest positive potential, its charge q Tr is 
therefore positive, (Art. 442). 

The body A s is at zero potential. If there were a point of 
positive electricity on its surface a line of force could issue from it 
and must terminate at some point of lower potential, but there are 
no such points. The body A s is therefore covered with negative 
electricity, that is q rs is negative. 

The unoccupied space outside the system is bounded by the 
surfaces of the conductors and by a sphere of infinite radius. 
Hence the potential at every point of this space lies between the 
greatest and least potential on the boundary, (Art. 116). These 
potentials are respectively unity and zero. The potential of the 
system at a very distant point is the same as if the whole quantity 
of electricity were collected into its centre of gravity (Art. 109) 
and its sign is therefore the same as that of the series & The 
sum of this series must therefore be positive. 

If A s is enclosed by any body A t and both are at potential zero, no line of force 
can pass between A e and the shell A t . There is therefore no electricity on the 
body A S) (Art. 440), and in this case the charge = 0. 
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If A 8 is enclosed by A r and A r be at potential unity, A 8 at potential zero, all the 
lines of force between A r and A s must issue from A r and arrive at A 8 . Tbe body 
A s is therefore charged only with negative electricity (Art. 440) and q rs is negative. 

445. Ex. Prove that when r and s are unequal 

••• 

and when r=s, the sum is unity. Thence show that the series represented by 8 
in Art. 444 lies between 0 and l/p^.. 

The first two results follow from Art. 438, by putting E r = 1 , and every other 
E= 0. The third follows from the first two, since p rT >p r8 . 

446. To find the mutual potential energy W of a system of 
conductors . It has been proved in Art. 61 that W is equal to half 
the sum of the products of each element of mass by the potential 
at that element. As in Art. 439 this product for the body A r is 
E r V r . We therefore have 

F=i(A 7 1 F 1 + ^ 2 F 2 +...) = |2^F.(4). 

By substituting from equations (1) and (2) of Art. 438 we see 
that this may be written in either of the forms 

W = 2 Va + _£>i 2 Eo 4-... | 

= iquV l * + q„r i V a +...] . (5> 

447. Ex. 1. Prove analytically that the expression for W is always positive. 

Since q r8 is negative, let q rs = -p r8 . Hence by Art. 444 q rr >(3 lr +(3 2r + & c. It 
follows from the expression (5) in Art. 446 that 

Ex. 2. A given charge is distributed over a number of conductors so that the 
potential energy of the system when in electrical equilibrium is least. Prove that 
the conductors are at the same potential. [Math. T. 1897.] 

Make the expression (5) for W in Art. 446 a minimum with the condition that 
2 E is given. 

Ex. 8. Energy of condensers. Two conducting surfaces are separated from 
each other by a plate of some non-conducting substance so as to form a condenser; as 
described in Art. 417. Find the potential energy. 

Let /3, §' be the potentials of the conductors; p, p f the surface densities. Let 
dS be an element of area of either surface, 6 the thickness of the conductor at this 
element. The potential energy due to this element is (by Art. 446) 

dW=iPpdS + bp'p'dS .( 1 ). 

Since 47 rp is equal to the fall of the potential divided by the thickness, we have 

4tt/)=(/ 3 - fO/0, W = (£' - p)/e .(2). 

The capacity per unit of area, if measured by the ratio of the quantity of electricity 
on either conductor to the difference of the potentials, is 

Ci = pI(P-P') .( 3 ). 

Using the equations (1) and (2) we can express dW in terms of either (3-(3' or p . 

J o 

We fma dw=(p-p'y-^=2,rpms. 
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The value of W may then be found by integration. If d is constant at all points of 
an area S, and Q the quantity of electricity on that area, we have 
W=2irp i dS = 27rQ 2 dlS. 

In the case of a spherical conductor separated from a concentric conducting 
shell by a thin non-conductor (Art. 392) we have S = Aira 2 . The potential V at the 

centre is --2— = ^, the capacity G is QjV=a 2 je. The potential energy is 

a a + 0 a? 


, , w Q 2 d Q % a 2 V 2 

therefore IT=^=^ =- 20 - 

As a second example, let the condenser be formed by a cylindrical conductor 
separated from a concentric cylindrical shell by a thin non-conductor, (Art. 419). 
The area of a unit of length is £=2ira. The capacity C r per unit of length is 
2rraplip - p r ) which by (2) reduces to al26. The energy per unit of length is 

-Q*l = 9i 

a 20' 


FW 


448. Junction of conductors. Ex. 1. Two conductors A 1 , A 2 , of a system 
are joined together by a fine wire. Prove that the capacity of the united bodies is 
ffii + 2 #i 2 + ?22 • Prove also that this is less than the sum of the capacities before 
the junction. [Coll. Ex.] 

Let the conductors be charged with such quantities of electricity E x , E 2 , &c. 
that the potentials of A lf A 2 are equal. By joining these no change is made in the 
distribution of the electricity. The total quantity on the united bodies is E 1 + E 2 , 
and the n equations of Art. 438 become the following n -1 equations 
E 1 +E. 2 =(2n + 2 g 12 + q 22) V 1 + feu + £23) J's + • ■ • 

•®3 = (?1S + 223)^1 + £83^8+ 

&c. ==&c. 

The results follow at once, since q 12 is negative. 

Ex. 2. Five equal uncharged and insulated conducting spheres are placed with 
their centres at the angular points of a regular pentagon. Another charged sphere 
is moved so as to touch each in succession at the point nearest the centre of the 
pentagon. Prove, that if e v ..e 5 are the charges on the spheres when they have been 
each touched once 


^2 

«1» 

0 

= 0 , 

^2 ^1 j 

«1» 

0 

«3”Cl> 


e l 




«1 

e 4 ~ e l > 

*3> 

e x + e 2 


e 5~ e i> 

e l + e 4> 

e 2 + c 3 


[Coll. Ex. 1901.] 

Let Aj...A 5 be the fixed spheres, A 6 the moveable one. When A e is close to A lt 
but not touching it, we have six equations expressing V v ..V 6 in terms of any 
charges E X ...E 6 which may be given to them, (Art. 438). When A 1 and A 6 touch, 
■Ei and E 6 are so modified that V x =V G , but the sum E 1 -{-E 6 remains unaltered. 
Equating the potentials V 1 and V 6 we see that E x is a linear function of E 2 ...E 6 , 
Let this linear relation be 


E 1 = aE a + /3 (E a + E s ) + 7 (E s + E 4 ). 

Since the five spheres are equal and arranged in a regular figure, this relation will 
hold at each successive contact, provided E x always represents the electricity on the 
sphere which is being touched. We therefore have just after the contacts in order 
have occurred, 


e L — aE 6 , e 2 — a (E 6 - e x ) ■bj3e 1 , e s = a (E 6 - e x - e 2 ) + pe 2 + ye L , 

e 4 ~a (E 6 -e l - e 2 - e s ) + /9<? 3 +7 (e 2 4- e 2 ), 

e 5— a (A 6 - e x - e 2 - e s - e 4 ) + p fa + e 4 ) + 7 fa + e s ). 
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Eliminating a, 7 from these five equations we obtain the two results to be 
proved. 


449. Introduction of a conductor. An insulated uncharged conductor B is 
introduced into the system of conductors A lt A a , &c. Prove that the coefficient 
of potential p^ of any one of the others on itself is diminished. 

Let the body B be brought into its place as an uncharged non-conductor and 
let it suddenly become a conductor. At this instant the potential energy of the 
system, viz. is not altered, because the E of the new body is zero. The 

electricity is not now in equilibrium and must tend to assume a new arrangement. 
It is a dynamical principle that when a system is in stable equilibrium the potential 
energy is a minimum. It follows that in the new position of equilibrium the 
energy is less than before. 

To separate the effect on p rr from that on the other coefficients, let the 
conductor A r alone have a charge, all the others, as well as the new body B, being 
uncharged. The energy before the introduction of B was \E v p VV ’ i and after that 
event became ^E r p' rr . The new value of the coefficient of the potential, viz. p'^, 
is therefore less thanjp rr . 


450. Potential Energy. Ex. 1. A conductor having a charge ^ and being 
at potential V 0 is acted on by a quantity E of electricity situated at an external 
point B; in this state the potential at an external point B' is r B ,. The same 
conductor with a charge Q' and at a potential V 0 ' when acted on by E' placed at B' 
has a potential V B at B. Prove that Q'V 0 -\-E'Vg — QVf + EVg. 

This is the mutual work of the two states described above when regarded as 
different systems, see Art. 439. 

Ex. 2. An uncharged insulated conductor is acted on by a quantity E of 
electricity situated at an external point B. Prove that the potential at any 
external point B' is a symmetrical function of the coordinates of B and B'. 

This theorem is also true if the conductor is uninsulated, for we may join it to 
earth by a fine wire and include the earth as part of the system. 

The first result follows from Ex. 1 by putting Q = 0, Q' = 0, E — E'. 

Ex. 3. The locus of a point B at which a given quantity E of electricity must 
be placed to develop a given quantity Q of electricity in an uninsulated conductor, 
is that level surface of the same conductor (when insulated, charged to potential F 0 ' 
and not acted on by any external point) at which the potential is - QVf/E. 


451. A circular disc. To find the distribution of electricity 
on a circular disc when acted on by an external electrical point 
B situated in its plane*. 

The electric density at any point Q on either side of an 


insulated 


circular disc is 


_ V 0 1 
p ~ 2 tt 2 ( QR. QE')i 


where B, B' are 


* The problem of finding the law of distribution of electricity on a circular 
disc and spherical bowl when influenced by an electrical point was first solved by 
Sir W. Thomson, see section xv. of the reprint of his papers. In the Quarterly 
Journal for 1882 Ferrers found the potential due to the bowl at any point of space. 
He uses the method of spherical harmonics. In the same Journal 1886, Gallop 
applied Bessel’s functions to find the distribution on a circular disc. He also 
investigates the distribution on a spherical bowl and finds the capacity of the bowl; 
for this purpose he uses the method of inversion. 
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the intersections of a chord BQ with the circle. The internal 
potential is V 0 and the quantity 
M of electricity is M — 2aV^jir, 

(Art. 382). 

If we invert this with regard 
to an external point B, with a 
radius of inversion k equal to the ^ 
tangent BD , we shall obtain the 
law of distribution of electricity 
on the same disc when acted on 
by an electrical point at B . 

Let Q be the point inverse to Q , then since R, R' also are 
inverse points, 

QR QR'_ ¥ ¥ ¥ 

Q'R' * QR ~ BQ . BRf BQ . BE ~ BQ 2 
by Art. 172. The surface density p at Q is given by 
( k y V 0 ¥ 1 1 

9 9 [BQ') 2tt 2 BCp • (Q'R'. Q'R)* ‘ 

The potential at any point P' within the disc is V 0 7c/BP\ Put 
V 0 k = E, then the potential of a quantity —E situated at B 
together with that of the distribution 



E 1 {AB 2 ~a?\% 


.( 1 ) 


r 2 t T*BQ'*\a*-AQ*) . 

is zero at all points within the disc. Here we have written 
¥ = AB- — a 2 , QR '. Q'R = a? — AQ' 2 where A is the centre of the 


disc and a the radius. 

The expression (1) gives the required surface density at any 
point Q on one side of the disc when the internal potential is 
zero, and the electricity at B is — E. 


452. To find the quantity M' of electricity on the inverse disc 
we use the rule M' = kV 1 where V 1 is the potential of the original 
disc at the centre of inversion, Art. 170. This gives by Art. 384 
M' = kM$ja, where <j> is the angle subtended by any radius of the 
disc at the apex of the confocal spheroid through B. Since 
M = 2aV 0 / f jr and E = V^k, we have M' = 2 E<fi/ 7 r. Let a\ o' be the 
semi-axes of the confocal which passes through B, then tan <j> = ajc' } 
c' 2 = a' 2 — a 2 and a’ = AB. Hence is also half the angle subtended 
by the disc at the electrified point B } i.e. <j) = DBA . 
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453. To Jind the potential at any external point P' in the 
plane of the disc. The potential at P of the original disc is 
M<f> __ 2F 0 . a 


r=- 


sin -1 —, where a' = AP is the semi-major axis of the 
a ir a J 


confocal through P , (Art. 384). 
inverted disc is therefore 


The potential V' at P' of the 


jr/ 2F 0 . / a BO,BP '' 

V =-Sm 1 ™ .-v;- 


V CP' 


Jc 2 


h 

BP’ 


where h is the length of the tangent BID, and G, the inverse point 
of A, is the foot of the ordinate of D, see Art. 172. 


454 . To find the distribution of electricity on a 'plane circular disc, centre A , 
when acted on by a quantity — E of electricity situated at a point 0 on the axis. 

Let us cover the area of the plane outside the disc (regarded as a non-conductor) 

Eh 1 

with a layer of electricity whose surface density at any point B is p = - 

(Ad 5 * 

and let this layer be fixed in the plane (Art. 412). Then if Q be any point on the 
conducting disc, the induced density at Q is (by Art. 451) 

,_Eh f f xdddx 1 1 /# 2 -u 2 \£ 

P ~Hwj] OB 3 'ST 2 Wq 1 ) 

where x = AB, r=AQ, 6 is the angle QAB. We now substitute 
OB 2 =x 2 + h-, BQ 2 =x 2 + r 2 -2xr cosd, 

where h~OA. We first integrate with regard to 0 between the limits 0 and 2tt, 

using the integral j ———- = 777 ^—or* To effect the integration with regard to x t 
I x — e cos u v/(l — C“) 

write x=hta,nxf/ and express the result in terms of cos \p. The ordinary rules of 
the integral calculus then show that we should put (7i 2 + a 2 ) cos 2 i//=/r ~?/ 2 . The 
limits for x being a to 00 , those for y are 0 to h. We thus find 
,_Eh f-tan _1 £ ^ 2 _^ 2 ^“ r2 
P "^ 2 * (h? + r^ ’ "~a 2 -r 2 * 

The result is that the potential due to the forced distribution p outside the disc 
together with that due to the distribution p f on each side of the disc is zero at all 
internal points. 

Now by Art. 412 an electrical point ~E situated at 0 and an infinite plane 
whose density is that represented above by p (but with its sign changed) exert no 
attraction at all points on the side of the plane opposite to 0 , and the sum of their 
potentials at all such points is zero. 

Superimpose this second electrical system on the first; then the forced 
distributions outside the disc cancel each other. The sum of the potential due to 
- E situated at 0 and that due to the electricity on the two sides of the disc is zero 
at all points within the conducting substance. 

The densities on the sides most remote from and nearest to 0 are respectively 
,_Eh t - tan ” 1 1 , Eh 1 

P ~2rf* (IP+rrf- ’ P ~ P + 2 ^ (Ifl+r^i ’ 

These formulas represent the density at any point Q when the internal potential 
is zero and the disc is acted on by an electrified point -E situated at 0. 
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to i r 2 

Here &=-—■It is easily seen that t—cot\j/ y where \f/ is half the angle 
a 2 ~r 2 

subtended at 0 by the chord drawn at Q perpendicular to the diameter AQ. 

455 . To find the potential of the electrified disc at any external point P, and 
also the quantity of electricity on the disc. 

Consider two discs whose surface densities are respectively 
1 2m f _ i tA 

P 2 _ ( 7 i 2 +r 2 )* \ “ + 2 j' 

Bv differentiation we find that ~ f-v s and that at the rims where r=a and 
J da da a 1 + hr 

tan -1 the densities also have the ratio 2m to a 2 + h 2 . Let V 1 and V 2 be the 

potentials of the discs at external points similarly situated. Now dV^da is the sum 

of the potentials of a disc whose density is dpfida and of an annulus round its rim. 

, , e „ A1 , dV 2 dVj 2m 
It immediately follows that ^ 1 

Now by Art. 384, V 2 is the potential of the electricity on one side of a circular 
disc charged with a quantity M=4:7ra, hence V 1 = 2ircp. If we put m=P/j/27r 2 , V 2 
becomes the potential of a circular area whose density is the sum of the densities on 
the two sides of the disc. We therefore have 

2Eh fee 1 d<£ 


• - 2Eh ( a 1 
2 ~~ 7r Jo a? + 'i 


where <p is the angle subtended by any radius of the disc at the apex of the confocal 
spheroid drawn through P. 

When the point P lies in the plane of the disc, the integration is easy. Let 
x be the abscissa of P, then x is also the semi-axis major of the confocal through 
P and sin y>=ajx. We therefore have 

r = 2E - ( d4> - _!_ _! (a fxt+WXi) 

2 ir J A 2 +a; 2 sin 2 0 ir an {h -a 2 ) j 

When x is infinite, this takes the simple form F 2 =i. N° w at a great 

distance, potential is mass divided by distance; the quantity of electricity on the 
2E a 

disc is therefore — tan ” 1 ~. This is the same as 2E<p l jir where <p x is half the angle 

subtended at the electrified point 0 by any diameter of the disc. 

When the point P is on the axis, we have tan <p = alz where z is the ordinate of 
P. The potential is then 

When z = h, this expression takes the form 0/0. We easily find however that the 
potential at the electrified point 0 is 

Tr E f a 1 ,a\ 

V 2 = — - 0 TT 2 + 7 tan -1 - ). 

7 r \a 2 + h 2 h hj 

When the point P has a position defined by any values of x, z , both the process 
of integration and the final result are somewhat complicated. The whole of the 
work is given by Gallop in the Quarterly Journal , vol. xxi. 

456. Spherical bowl. To find the distribution of electricity on an insulated 
spherical segment with a plane rim. 
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The electrical distribution on the howl may be deduced by inversion from that 
on a circular disc at zero potential with a quantity 
of electricity — E at a point 0 on the axis. 

Let MNbe the rim of the disc, 0 the centre 
and OM—k the radius of inversion. We regard 
0 as the centre of a sphere of small radius e. 

This sphere inverts into a large sphere of radius 
ft 2 /e. The quantity M' on the inverted sphere is 
given by M'—kV x (Art. 180) and is evidently equal 
to -Ek/e. The attraction at any internal point is 
therefore zero but the potential is -E/k. 

The disc inverts into the segment MA'N, the 
sides nearest to or farthest from 0 corresponding 
to the convex and concave sides of the bowl. 

To deduce the density at Q' from that at Q we use the formula of Art. 169 as applied 
to surfaces, Since kfOQ f = OQ/k and OQ 2 = ft 2 + r 2 we deduce that the surface densities 
at any point Q' on the concave and convex sides are respectively 

Pl= 27 2 P^ -tan-1 ^’ Pa=Pl + 27p- 



The sum of the potentials of the electricity on the bowl and of that on the 
sphere of infinite radius being zero, the internal potential V Q of the electricity on 
the bowl alone is E/k. 

Let A'Q'—rA'M—a', OM=k, and let the diameter OA' of the sphere be/. 
We then have since hf=lc 2 


r 2 =AQ 2 = 


ftV 2 

f 2 _ r /2 > 


^ + r 2__ /2-a /2 
u 2 -r 2 “"V 2 -r' 2 * 


The densities at any point on the concave and convex sides of the insulated 
bowl then take the forms 

Pl = ^ “ ta “ _1 *)’ ftl=Pl + 
where F 0 is the internal potential. 


457. To find the quantity M' of the electricity on the bowl, we use the rule 
Art. 170. We have therefore merely to write E = hV 0 in the expression 
for the potential of the disc at 0 (Art. 455) and to multiply the result by h. Let 2a 
be the angle subtended at the centre of the sphere by any radius of the rim , then 
a=ft tan a and ft =/cos 2 a. The quantity M' is therefore given by 
M' f 

^ (sin 2a + 2a). 

The potential V' of the bowl at any point P' may be deduced from that of the 
disc at the inverse point P. The result takes a simple form when P' lies on the 
unoccupied part of the sphere. We then have 

where a' —A'M=f sin a. 


458. Ex. Prove that the density at any point Q' of a spherical bowl at zero 
potential when acted on by a quantity - E' of electricity at any point B' on the 
unoccupied part of the sphere is 

E' 1 f OM 2 ~ OB' 2 \b 

P ~2 tt‘ z (B'q'f\OQ^-OH>p) • 
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See the figure of Art. 456. This follows from the result in Art. 451 by inversion 
with regard to a point 0 on the axis. 

459. Electricity on two spheres*. Two electrified conducting spheres are 
in presence of each other; it is required to find the resultant force due to their 
mutual action. The spheres may be either insulated or maintained at a constant 
potential, say, by being joined to a distant large reservoir of electricity by a fine 
wire. The investigation depends on the following theorem. 

The electricity on a sphere (radius a) is maintained at constant potential and is 
in equilibrium under the action of any number of electrical points. Another 
electrical point A, charged with a quantity E of electricity, is placed at a distance x 
from the centre of the sphere. The new distribution of electricity may be repre¬ 
sented by the addition of a layer on the sphere such that its potential plus that of 
the electrical point A is zero throughout the interior. The potential of such a 
layer at all external points is the same as that of an electric particle E'= -Eajx 
placed at the image or inverse point of A. The increase in the quantity of 
electricity on the sphere is then E', Art. 402. 

If the sphere is insulated , the additional layer representing the change produced 
by A must be such that its mass is zero. The potential of this layer at any external 
point is equal to the sum of the potentials of two electric particles. One of these 
has a mass E'=s - Eajx and is to be placed at the image of A, the other has an 
equal and opposite mass and is to be placed at the centre. The potential inside the 
sphere is then increased by —E'/a or E/x. 

It is evident that the former case is less complicated than the latter. We shall 
therefore in the first instance suppose that both the spheres are maintained at 
constant potential, and finally deduce the case of insulation from the former. 

460. Let the radii of the spheres be a, b, and let the distance between the 
centres A 0 , B 0 be c. Since c is necessarily greater than either a or b, we can 
express the force in a convergent series by regarding ajc and b/c as small quantities 
of the first order. Let the given potentials inside the spheres A, B be u , v. If the 
distance c were very great the quantities of electricity on the spheres would be 
ua=E and vb=F, and the mutual force of repulsion would be EFjc 2 . 

The electrical point E placed at A 0 will disturb the electricity on the sphere B. 
The externa] effect of this disturbance is represented by a mass particle placed at 
the image A 0 f of A 0 with regard to the sphere B. Since this mass is proportional 
to E we represent it by Epf. In the same way the effect of the electrical point F 
is represented by a mass particle Fq 0 ' placed at Bf the image of B 0 with regard to 
the sphere A. For another approximation we seek the images of Af, Bf and so on 
continually. 

To fix our ideas, let 1, pf, p 1 , pf, &c. denote the masses of the series of which 
the first term is a mass unity placed at the centre J 0 . Then p L , p 2 , &c. are within 

* The problem of determining the distribution of electricity over two spheres in 
presence of each other was attacked by Poisson in 1811, who expressed the results 
by definite integrals, see Mem. de VInstitut. There is a solution founded on the 
method of successive images by Kelvin, Phil. Mag. 1853, reproduced in his Tapers on 
Electrostatics and Magnetism , page 86. In Maxwell’s Electricity , edition of 181)2, 
page 281, there is a short discussion of Kirchlioff’s results by J. J. Thomson. He 
also gives references to other papers on this subject. The principle of successive 
influences was first enunciated by Muipliy in his treatise on Electricity, 1833. In 
the case of two equal spheres whose distance apart is 100 times either radius he 
finds the difference of densities at the ends of the symmetrical diameter. 
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the sphere A; p 0 \ jp x ', &o. are within the sphere B. Let / 0 , / 2 , &c. denote the 

distances of 1, p l5 p 2 > & c * from A 0 ; /o', //, &c. denote the distances of pf, p/, &c. 
from B 0 . Then / 0 =0, / 0 ' = 6 2 /c and so on. In the same way, if a unit of mass is 
placed at B 0f let 1, q 0 ', p 1} &c. denote the masses, and g 0 , p 0 ', p l5 p/, &c. the 
distances of the successive points of the corresponding series from B 0 and A 0 
alternately. Then p 0 =0, 9o '=a 2 /c, <& c * We obviously have the following equations 


/n 


p» = 


Pn+1 = 



.(i). 


The corresponding relations for the points of the other series are obtained by 
interchanging a, /, p with b, p, p. 

We notice that all the masses p n , q n are independent of the electrical conditions 
of the spheres and are functions of a, b, c only. If we regard a/c, b/c as small 
quantities of the first order, p n and q n are small quantities of the order 2 n, while 
p n \ q n ' are of the order 2w + l. The distances f n , ff, g nl g n ' are all of the second 
order. We also notice that the distance between the masses p 8 , p t is f 8 ~ft, the 
distance between p 9i q t is c-f 8 -g t , and so on. 

The whole repulsion between each sphere and the other is equal to the repulsive 
force exerted by the fictitious masses inside one sphere on those within the other 
sphere. It is therefore represented by 


X=22 


[ BFp,q t . EFP s'qt 


E*p s p t ’ F»q,g{ ) 

+ (c -/.-/(') 2 ( c - 9 s ~ 9 t'n 


( 2 ), 


where the summations extend from s=0 to co and £=0 to oo , andp 0 =l, p 0 = 1. 
The total quantities of electricity on the spheres are 


E'=E2p n + F2q n ' t F=E2p n ' + F2q n .(3), 

where the summations extend from %=0 to oo . 

It follows that (2) also represents the mutual force X betioeen the spheres ichen 
insulated and charged with quantities E ', F' of electricity. 


461. When the spheres are not very close to each other it is sufficient to take 
a few terms only of this doubly infinite series. Let us reject quantities of the order 
EF/c 2 when multiplied by (a/c) 4 or ( bjc ) 4 . In this case we require only the repulsive 
forces between the points E, Fqf, Ep 1} Fq-j inside the sphere A and the points 
F, Epf, Fq 1 , Epf within the sphere B. Taking any two of these we see (since all 
the/’s and p’s are of the second order) that their distance apart may be regarded as 
equal to c, except in the case of the particles E and Epj and the particles F and 
Fqf. The force between E and Epj is 

E-p ,; _ E V 2 E-p„' f£ . . 

(e-f a ')- c‘ c 2 c .^ 


with a similar expression for that between F and Fq n \ 
therefore X= —*- + + ^ 


The whole repulsion is 

.( 5 ), 


where E'=E + Fqf + Ep ± + Fqj | 

F^F+Epj + Fq^Ep!') . 

It is evident that E' and F' are the quantities of electricity on the spheres. 
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Since the masses 1, p Q \ p l9 Pi occupy successive inverse points we have when 
terms of the fourth order are neglected 



these results follow directly from (1). Substituting these expressions in (5) and 
again rejecting all terms of the fourth order, we find 


3a6 \ -B a p ] 2ft* (g +5) ) P 2 fa 2n 2 (fl + fr) ) 

“ c 2 \ + c 2 ) c 2 \c c 3 j c 2 [c + c a (. 


•( 8 ), 


where w=JE/«, v=Fjb are the given potentials of the two spheres. 


462. To find the force of repulsion when both the spheres are insulated we 
notice that the expression (5) gives the force between the spheres when charged 
with the quantities JB', F' of electricity and that their potentials are respectively 
u=Eja f v=Fjb . It follows immediately from (5) that 

E'F' Jg*26» P /2 2q3 

£»2 ^3 q 2 ^3 **••*•••***•*•••*»•••••*»** ( 9 )* 


463 . When the spheres are close to each other the method of finding the 
functions p n , q n , &c. by continued approximation becomes laborious. If we put 
p n = l/P n and eliminate f n ' and p n ' from the equations (1) we arrive at the equation 

a 2 _ 52 

of differences F n+1 + P n _ x = ——- P n . 

The solution is obviously 

F n =Ah nj rBh- n , where h + j — °-————. 
n h ab 

We shall suppose that h is the root which is less than unity. To find the constants 

c 2 — b 2 

A , B we have by (2) the conditions P 0 =1, P 2 = — . In the same way we find 

that P n f satisfies the same equation of differences, with the conditions 
c c 


b* 




The reader will find methods of reducing the doubly infinite series for the force 
X to a single series, and also a discussion of the case in which the two spheres are 
in contact in Kelvin’s Papers on Electrostatics , &c. 3 page 89. 


464. Ex. 1. Two conducting spheres touch each other externally and are 
charged with electricity. Prove that the density at the point of contact is zero. 
[Use Art. 142.] [Murphy.] 

Ex. 2. A conducting sphere, of radius a , having an electric charge E, is in 
front of a large plane conducting surface connected to earth, its centre being at a 
distance c from this surface, which is large compared with a. Prove that the 
sphere experiences an attraction towards the plane which is approximately equal to 

E 2 ( a [l \ 

4F~ V 1 + 2e 2 ) * [ yfc Coll. 1897.] 

Place on the other side of the plane at the same distance a second sphere of 
equal radius and let its charge be - E. The required attraction is the force A, given 
by (9), which one sphere exerts on the other (Art. 461). 

Ex. 3. Two equal conducting insulated spheres of radius a are placed with their 
centres at a distance c apart in a uniform field of force, of intensity F t and whose 
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direction is at right angles to the line joining the centres of the spheres. Show that, 
if the spheres are initially uncharged, their mutual repulsion will be 

^ [l - 2 (jJ -8 g)° +.] . [Math. Tripos, 1900.] 

The force F acting alone would cause a distribution of electricity on each sphere 
whose surface density is p = ky , where 47raft = 8P (Art. 406, Ex. 4), and the straight 
line joining the centres of the two spheres is the axis of x. The potential at any 
external point of a thin layer of surface density ky placed on a sphere is the 
y component of the repulsion of a solid sphere, of density ka, (Art. 92). This, 
potential, again, is the same as that of a small doublet, or quasi-magnet, whose- 
moment is a?F placed at the centre with its axis parallel to the axis of y, (Art. 316).. 

Such a doublet (strength m, length l ), if placed at the centre A of one sphere, 
would change the distribution of electricity on the other sphere. By Art. 459, the 
changes produced by each mass m acts at external points like a second mass, 
particle m'~ -majc, placed at the inverse point of the particle m. These form an 
inverse doublet of strength m' and length Z'=ia 2 /c 2 . This inverse doublet has 
therefore a moment ~a?F {a/c) 3 and is placed at the inverse point of the centre A, 
with its axis parallel to that of the first doublet. 

To find approximately the mutual action of the two spheres, we consider each to- 
be occupied by two doublets. The force exerted by one broadside doublet on 
another is proved in Art. 320 to be The force exerted by one of the 

larger doublets on the other is therefore 3a 6 P 2 /c 4 . The force exerted by each large 
doublet on the opposite small one is 3a?F { - a?F (a/c) 3 }/?* 4 , where r=c~ a 2 /c. This 
when doubled reduces to — 6a 9 P 2 (c 2 + 4a 2 )/c 9 . The force exerted by one small 
doublet on the other is of an order higher than the terms given in the enunciation. 
Adding these together we arrive at the result to be proved. 


Ex. 4. Two spheres (centres A , B ; AB=c; radii a , b) are charged with 

electricity and mutually influence each other. Let an< ^ 

potentials of the sphere A at any internal and external point respectively, the point 
being situated on the line AB (Art. 294). Prove that/must satisfy the equation 


of 


fr\ a 2 b _ ac-ar \ ^ 

\a/ c 2 -b 2 ~cr^ \c 2 ~ b 2 - cr) 


where h and k are the potentials of the two spheres. 
If the spheres are in contact, deduce 


bk 

c-r 9 


. mz *( 1 mz \_hz_ hmz _ 

zj\ -z)- ^ + “ / y ~~ t +z )- a a{wi+(l-wi) s} ’ 


where m = bf{a + b) and r[a = l~z. 
equation is zf(l-z) = 


Prove also that a solution of this functional 


mh n i-t i 

a Jo 1- 


fmjz — 

t t 


Deduce the potential of the sphere A at any point P not on the axis. See Art. 178. 

To prove these results, let F be the function corresponding to / for the other 
sphere. Equate the potentials inside the spheres to h and k. Then eliminate F. 
See Poisson’s two memoirs, Mem. de VInstitut, dbc., 1811, pages 1 and 163. Also 
Plana, Mem. de &c. Torino , ser. 11 . vol. vii., 1845, and vol. xvi., 1854. 


R. S. IT. 
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Magnetic Induction . 

465 . When magnetism is induced in a neutral body A by the 
influence of a magnetised body B , it is supposed that each element 
dv of the volume of A becomes magnetic*. Let R be the resultant 
magnetic force (Art. 342) on. a positive unit pole situated in the 
element, due to the influencing body B and the induced magnetism 
in A. In an isotropic body the axis of magnetisation of the 
element dv is in the line of action of the force R. The intensity 
I is nearly proportional to the force R provided that force is not 
very large. We therefore put I = kR. When k is positive the body 
is said to be paramagnetic and the direction of magnetisation 
coincides with that of the force F, when k is negative the body is 
diamagnetic and these directions are opposite. The value of k for 
soft iron is positive and great, but for bismuth it is negative 
and very small. Thus for soft iron k may vary under different 
circumstances from 10 to nearly 200, but for bismuth (which is 
one of the most highly diamagnetic substances known) k is about 
1/400000. The coefficient k is called the magnetic susceptibility ; 
it is also called Neumann's coefficient 


466 . Let Z7be the magnetic potential of the magnetism of the 
influencing body B and H that of the induced magnetism in A. 
Let V= U+H be the potential due to all causes. Let (l, m, n) 
be the direction cosines of the direction of magnetisation of any 
^element dv of the body A, It immediately follows that 

We may in Poissons manner represent the potential due to 
the induced magnetism by that of a distribution of fictitious 
matter throughout the volume and over the surface of the body A. 
The density p of the former is given by 

r — {t? + dJ 3T + ^ar} -HW+™.). 

Here we have introduced the condition that k is constant for 


* The mathematical theory of induced magnetism was first given by Poisson, 
Memo ires de V Institute 1824. The difference between his theory and that of Weber 
cannot be discussed here. The reader will find the fundamental principles of 
induced magnetism explained in the reprint of Kelvin’s papers. The theory of 
Faraday and Maxwell, that the dielectric is the seat of a peculiar kind of stress, 
does not come within the limits of a treatise on attractions. 
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the body A . Since the element dv is outside the body B and 
inside A we have 

V 2 [T = 0, V 2 0 = — 4i7Tp ; .\ (1 + 4nrk) p = 0. 

It follows that when the magnetic susceptibility is constant, the 
volume density p is zero. The potential of the magnetism induced 
in the homogeneous isotropic body A at any internal or external 
point may therefore be represented by that of an imaginary layer of 
matter on the surface of that body. The surface density <r of this 
layer is known by Poissons proposition to be <r = I cos d , see 
Art. 339. 

If F is the normal component of force at any point P close 
to the surface but in the substance of the body, the surface 
density at P is cr = kR cos 8 = ± kF\ the upper or lower sign being 
used according as F is measured positively from P in direction 
pointing outwards or inwards from the boundary. 

467. The actual distribution of induced magnetism is both 
solenoidal and lamellar . Since p = 0 the condition that the 
magnetism is solenoidal is satisfied, (Art. 349). 

The level surfaces due to the acting forces are defined by 
Z7+ H=c. Each element of the body is magnetised at right angles 
to the level surface which passes through it, and, since I = kR, the 
intensity is inversely proportional to the normal distance between 
two consecutive level surfaces c and c + dc (Art. 46). The dis¬ 
tribution is therefore lamellar, Art. 351. 

468. The boundary condition. Let F l3 F 2 be the normal 
components of the magnetic force due to all causes at points 
P 2 , P 2 respectively just inside and just outside the stratum but 
situated on the same normal. Let these forces be measured 
positively in each medium from the stratum on its boundary. 


Then by Arts. 142, 466, 

F ± + Fo = 4nr<r, cr = — kF x .(2). 

From these we deduce the equation 

(l + 4wi)P 1 + P a = 0 .(3). 


469. When two substances, both of which are susceptible of 
induced magnetism, are separated by a surface S the conditions at 
the boundary are slightly altered. Let k lt k 2 be their respective 
susceptibilities, F l3 P 2 the normal components of the magnetic 

16—2 
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force in the two substances at any point P of the boundary S, each 
being measured positively from S. 

The surface of each substance is bounded by a fictitious layer 
whose surface densities are respectively 

<Ti — — k-pFi > 0‘2~ k 2 F 2 .(4). 

The minus sign is used because each F is measured inwards as 
explained above. 

We then have by Green's theorem (Art. 142) 

47r(<7 1 + <r 2 ) = Pi + P 2 .(5). 

Eliminating <r a , cr 2 we deduce the condition 

(1 + 47 rkj) Fj + (1 + 47t/£ 2 ) F 2 = 0. 

The coefficient 14- 47 rk is called the magnetic permeability and 
is often represented by the letter /x. The equation then takes the 
form /^iPl + foFz = 0 .(6). 

It is often convenient to measure the normal forces F lf F 2 in 
the same direction. Let either direction of the common normal to 
the separating surface be chosen as the positive direction , we deduce 
from (6) the following theorem. The normal forces just within the 
two substances at any point of the boundary (when there is no 
charge on the boundary) are inversely as the permeabilities of the 
substances . 

When the body is not susceptible of magnetisation k = 0 and 
therefore /x = 1. In a paramagnetic body Ic is positive and /x is 
greater than unity. In a diamagnetic body 1c is negative and /x is 
less than unity. 

470. In some applications of this theory to electricity the 
separating surface S is also occupied by a thin layer of matter 
capable by its repulsion of inducing polarisation in the two media. 
This layer is to be regarded as part of the influencing body. Let 
p be its surface density. 

We then have by Green’s theorem (Art. 142) 

47r(p + <r 1 + o- 2 ) = A’ 1 + ^; .(7), 

as in Art. 469. Eliminating a u a„ by using the fundamental 
equations <r 1 = — fc 1 F 1 , <r 2 = — LF 2 we arrive at the generalised 
equation ft ^F 1 + p. 2 F 2 =4<irp .(8). 

All the conditions are included in the two statements briefly 
expressed by a = - kF and the equation (8). 
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471. Let H represent the resultant magnetic force and B 
the magnetic induction at any point P respectively. When the 
magnetism of the body is due solely to induction, the direction of 
magnetisation coincides in direction with that of the magnetic 
force H, (Art. 465). It follows that the force of induction B (being 
the resultant of the magnetic force H and a magnetic force 47 t/, 
Art. 342) must also coincide in direction with that of the magnetic 
force. We therefore have B = ff + 4nrl } and since I~kff y this 
gives B = {iff. 

The equation (6) of Art. 469 then asserts that the normal 
component of the magnetic induction at P is unaltered in magnitude 
when P passes from one medium into another , the components 
being measured in the same direction along the normal. 

472. We know by Art. 144, that the tangential component 
of the magnetic force is unaltered in magnitude when P passes from 
one medium into another , the components being measured in the 
same direction along the tangent. The magnetic potential at P 
is also unaltered, (Art. 145). 

Let ff 19 H 2 be the resultant magnetic forces in the two media 
at any point P of the boundary; 6 l9 0 2 the angles their directions 
make with the normal at P, then 

H l sin 6x = ff 2 sin 0 2> H 1 cos d x — {a 2 ff 2 cos d 2 , 
tan Oil fa = tan 0 2 //^ 2 * 

When therefore a line of magnetic force passes from one 
medium into another in which the permeability is greater than 
in the first its direction is bent away from the normal. 

473. Specific inductive capacity. In the problems on 
electricity which have been hitherto solved in this treatise the 
non-conducting medium or dielectric which surrounds the con¬ 
ductors has been supposed to be air or some other gas. But the 
capacities thus determined do not agree with experiment when 
some solid non-conductor is substituted for the air. In this case 
the elements of the solid become excited in such a manner that 
each assumes a polarity analogous to the magnetic polarity induced 
in the substance of a piece of soft iron under the influence of a 
magnet. To take account of this state, called polarisation , we 
apply the same analysis as that used for induced magnetism. 

We suppose each element dv of the dielectric to become an 
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elementary doublet whose poles are occupied by equal and opposite 
quantities of electricity. The direction of polarisation is that of 
the electric force F due to all causes and the intensity is I = kF. 
This polarity is then replaced by a fictitious stratum of electricity 
on the surface of the dielectric whose repulsive force at any point 
is equal to that of the polarised dielectric. One effect of the 
repulsion of this stratum is to alter the potential of each conductor 
and therefore to change its capacity. 

The coefficient 1 4- 47 rh is called the specific inductive capacity 
of the dielectric and is generally represented by the letter K. It 
is evidently analogous to the permeability yu in the theory of 
magnetism. The two however differ in this particular; the 
specific inductive capacity of a dielectric is very approximately 
independent of the intensity of the electric force, while the 
permeability is not an absolute constant but varies with the 
magnetic force when that force is not small. The reader will 
find in J. J. Thomson's Electricity and Magnetism (Art. 154) a 
diagram which clearly exhibits the variations of fx produced by 
changes in the magnitude of the magnetic force. 

A short table is given in Deschanel’s treatise (edited by Everett) Art. 158 of 
the corresponding values of the magnetic force H, intensity J, and permeability /i, 
for a specimen of soft iron. 


s= 

0-3, 

1-4, 

3*5, 

4-9, 

10*2, 

78, 

585. 

1= 

3, 

32, 

574, 

917, 

1173, 

1337, 

1530. 


128, 

299, 

2070, 

2350, 

1450, 

215, 

34. 


The values differ in different specimens. We notice that as the magnetic force 
increases, fi is at first nearly constant, then rapidly increases and arrives at a 
maximum and again decreases. The value of fi depends also on the temperature. 
At first it increases slowly with the temperature but at such high temperatures as 
600° to 800° the rate of increase is very rapid. It then begins to decrease as 
rapidly as it rose. 

The specific inductive capacities of the following substances are taken from 
J. J. Thomson’s treatise, (Art. 07). Solid paraffin 2*29, sulphur 3-97, Hint glass 
6*7 to 7-4, distilled water 70, alcohol 20. 

474. Effect of the substitution of a solid dielectric 

for air. Let there be any number of closed conductors A 1} A 2 , 
&c. separated from each other by air as the non-conductor. Let 
E lf E 2 , &c. be the charges on the conductors, U u U 2 , &c. the 
constant internal potentials, p u p 2 , &c. the surface densities at any 
points Qj, Q 2) &c. on the several conductors. 

When the conductors are separated by a dielectric of specific 
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inductive capacity K we represent the repulsions and attractions 
of the dielectric by equivalent strata placed on the boundaries of 
the conductors. Let their surface densities be respectively cr 3 , ov 
&c. We suppose that the dielectric is uniform so that there are- 
no equivalent strata in the field except those on the surfaces of 
the conductors. If the dielectric have a boundary at an infinite 
distance both the force and the density vanish at that boundary. 

Let us assume as a trial solution that cr 1 = \p 1 , cr 2 = Ap 2 , &c.. 
where A is an unknown constant multiplier which is the same at. 
every point of every conductor. The sum of the potentials of all 
the conductors at any point P in the field will then be changed 
by the introduction of the dielectric in the constant ratio 1 to 1 + X. 
The potentials U l3 U 2 , &c. will also be changed in the same ratio* 
and will remain constant. The conditions of equilibrium will 
therefore not be disturbed (Art. 372). 

The test that the trial assumption leads to a correct solution 
is that all the boundary conditions can be satisfied by the same 
constant value of A. The conditions at the boundary of any 
conductor A are given in Art. 470. These are 
cr = — kF, KF + IFF' — 477 -p, 

where K has been written for g. In our case, F and F f are the 
normal forces respectively just inside the dielectric and just inside 
the conductor. The latter being zero, we have 
cr — — JcF, KF — 47 rp 3 cr = A p. 

Eliminating F and a, and remembering that 1 -f 47r/b = K, we 
have at once 1 + X—l/K. Similar equations apply at the boundary 
of each conductor and give the same value of A. 

The result is that the distribution of real electricity on the 
surfaces remains unaltered , but the potential inside each conductor 
is changed by the attractions and repulsions of the dielectric and 
reduced to 1/Kth part of what it was vjhen the separating medium 
was air. 

475. To find the change of force at any point. Since the 
surface density of each equivalent stratum is A times that of the 
real electricity at the same point, the force X r at any point P in 
the field, due to both the equivalent strata and the real electricity, 
must coincide in direction with the force X at the same point P 
due to the real electricity alone, and the magnitudes are such that 
X '« (1 + A) X. We therefore have X' = X/K 
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If, when the dielectric is introduced to replace the air, the 
'potentials of the conductors are kept unaltered , the charges of real 
electricity are increased in the ratio 1 to K and the force at 
any point will then be unaltered. The force which one conductor 
exerts on another will be increased in the ratio 1 to K . 

The potential energy is W —^Vm (Art. 61) where m is the 
quantity of electricity on the conductor whose potential is V. It 
follows that the energy will be divided or multiplied by K 
according as the charges or the potentials are kept unaltered. 

476. The case in which one conductor A is entirely surrounded by a shell 
formed by another conductor B needs some special attention. We suppose at first 
that there are no other conductors in the field. The separating medium being in 
the first instance air there is a distribution of electricity on the external surface S 
of A and the internal surface S' of B. Let the surface densities at any points Q, Q' 
be respectively p and //. If the conductor B has no external boundary, but extends 
to infinite distances, the distributions on S and S' are such that the sum of their 
potentials is constant throughout all space external to S' and is the same as at an 
infinite distance. The potential at every point external to S' is therefore zero and 
the charges on S , S' are equal and opposite. We may now remove any portion we 
please of the neutral matter outside the surface S' and reduce the conductor B to a 
finite size. 

In this state of the system, there is no electricity on the external boundary of 
the shell B. The potential of the system is zero within the substance of the con¬ 
ducting shell B and equal to some constant a within the conductor A. See Art. 3S6. 

When the whole space between A and B is filled with a dielectric , we represent 
its repulsions by those of equivalent strata placed on the surfaces S , S'. Assuming, 
as before, that their densities are <r = Xp, a' = Xp', where X is some constant, we find 
that the conditions at the boundary of A (viz. <r= - hF, KF=4:7rp) give immediately 
1 + X = 1/IL The conditions at the other boundary give the same value of X. 

The result is that the distributions of real electricity on S and S f remain 
unaltered, but the potentials inside A and B are reduced to IjKth. part of what they 
were when the medium was air. The potential inside B was zero and remaius zero. 
The potential inside A becomes a/K. 

The capacity of the conductor A (being measured by the ratio of the charge to 
the potential, when the conductor B is at potential zero, Art. 371) is therefore K 
times as great as lohen the two conductors were separated by air. 

477. Effect of external conductors. Let us next suppose that the external 
surface S" of the shell B is charged with electricity and that other conductors are 
placed in the field outside S". These additions to the system will not disturb the 
equilibrium of the charges on the surfaces S, S', but will increase the potential 
throughout the interior of S" by some constant Supposing the conductors A and 
B to be separated by air, the potentials inside B and A become ft and a + fi = a.'. 

The system thus formed (as explained in Arts. 389, 390) consists of two parts 
which are independent of each other. Let us therefore fill the space between the 
shell B and the conductor A with a dielectric of inductive capacity K , leaving the 
conductors outside the shell still separated by air. The distributions of electricity 
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on S and S' are not disturbed by this change, the potential inside B remains equal 
to ft, but that within A becomes a!'~ft + ajK where a = a' - ft. The difference between 
the 'potentials of A and B is therefore decreased in the ratio 1 to K. 

The capacity of the conductor A (if measured by the ratio of the charge on A to 
the difference of the potentials of A and B) is therefore K times as great as when A 
and B xoere separated by air . 

478. A plane dieleetric. Two conducting plates of infinite extent are placed 
with their nearest plane faces A and B parallel to each other and at a distance 8. 
A plate C, of specific inductive capacity K and thickness t, is introduced into the 
intervening space with its two faces parallel to the planes A and B, the space on 
each side of G being occupied by air. Find the effect of the introduction of the 
dielectric G on the capacity and potential energy of the system. 

Let a, b be the distances of the faces L, L' of the dielectric C from the planes 

A, B, L being the nearest to A and V to B, then 0=a+£+ b. 

Let p and p' = - p be the surface densities of the charges on the planes A and B. 
Let <r and c' = - cr be the surface densities of the strata on L and L' which are 
equivalent to the polarity of the dielectric. 

At a point P between the planes A and L the force P, measured from A towards 

B, is constant and equal to ±Tp (Art. 22). The constant force P', measured in the 
same direction, at a point R between L and L' is found from the condition that the 
induction is unchanged when P crosses the boundary of the dielectric (Art. 469), 
hence KF'=F . At a point Q between 1/ and B the force is again F=4arp. 

Let a, ft be the potentials at the planes A , P, and X, X' those at L } L\ The 
force at a point P distant x from A is - dVjdx=F, .*. V=a-Fx. Similar reasoning 
applies to the points Q and R. We have therefore 

X=a-j Fa, X'=X — P'£, /3 = A' — Fb. 

Adding these three equations together and substituting for P, F' their values, we 
find ft — a = — 4xp ( a + b + tj K) 

= -4rp(0-i + £/.K).(1). 

The capacity G (when measured by the ratio of the charge on either of the 
conductors A, B to the difference of their potentials) is given by 

c =4,r • 

We notice that this is independent of the position of the dielectric (7. 

If the whole space between the plates A, B is filled with air, we have t = 0 and 
the capacity is 1/47T0. The capacity is therefore increased by the introduction of 
the dielectric G. When the dielectric G fills the whole space between the plates 
A , P, we have t = 8 and the capacity is K times as great as wheu the separating 
medium was air. 

The potential energy per unit of area due to the charges ± p on the plates is by 
Art. 61, W=i2BV=§pa-%pft=y(a-ft). 

We may express this result either in terms of p or a -ft. We have by (1), 

It follows that the introduction of the dielectric decreases or increases the potential 
energy according as the charge p or the difference of potentials is kept unaltered. 

The force per unit of area which one conductor A exerts on the other B is §Fp 
(Art. 143). Since P=4xp this becomes 27rp 2 . The force is therefore not changed 
by the introduction of the dielectric C provided the charges are kept unaltered. 
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If the difference of the potentials is kept unaltered, we substitute for p from 
equation (1). The force per unit of area is then (/3 - a) 2 /87r (6 - t+t/K) 2 . 


479. A cylindrical dielectric. The outer and inner boundaries of two 
conductors A, B are infinite co-axial circular cylinders whose radii are a, b. A 
co-axial circular cylindrical dielectric C of specific inductive capacity K is introduced 
into the space between A and B, the rest of the space being filled with air. To find 
the effect of the shell C on the capacity and potential energy. 

Let p , />' be the densities of the charges on the surfaces A , B of the conductors; 
<r, <t' those of the strata on C whose repulsions represent the forces due to the 
dielectric. Let the radii of the two surfaces L, U of the shell C be ci f , bL being 
nearer A than B. Let a, (3 be the potentials at the conductors, X, X' those at the 
surfaces L, JJ . 

The repulsion of any one of these cylinders at an internal point is zero. At an 
external point the force varies inversely as the distance r from the axis and is equal 
to 2m/r where m is the charge per unit of length (Arts. 55, 56). For the cylinder A, 
m=-2irpa. 

The force at any point P between A and L is Airpa/r. Putting r—a and using 
the rule that the product of the force and K is unaltered when P passes into the 
dielectric (Art. 469), we see that the force just outside L is 47 rpa/a'K. The force at 
any point R between L and L' is therefore Airpajr'K where r' is the distance of R 
from the axis. Similarly the force at a point Q between L' and B is 4^7rpa]r" 
where r" is the distance of Q from the axis. 

We now find by easy integrations 

X — a = ~ 4 tt pa log , X' - X = - log ~7 » /3 — X' = — 47rpa log —. 

Adding these together we have 

P - a = - 4 lr P® ( lo S \ ^ lo «? + lo S ^.(!)• 


The capacity C per unit of length (measured by the ratio of the charge on A to the 

difference of potentials) is given by ~=log - - (l - log %. 

ZCj CL \ JtL J Cl 


Since the whole quantity of matter given by Poisson’s equivalent strata is zero 
(Art. 340), we have era' + cr'b' = 0. Also since the potential of the whole system at 
any point external to B is constant, the quantity (pa + p’b + era' A-cr'b') log r is 
independent of r, and this is impossible unless pa + p'b = 0. The charges on the 
conductors A and B are therefore equal and opposite. 

The potential energy per unit of length (Art. 61) is given by 
W = h (2irpa a + 2irp'b (3) = irpa (a - (3), 

which can be expressed in terms of either the charge or the difference of potentials, 
by substituting from (1). 


480. A repelling point of mass E is placed at a point A in a 
medium of inductive capacity K; prove that the potential at any 
point P distant r from A is E/Kr. 

The point muy be regarded as the limit of a small sphere of 
equal mass, radius a , whose specific inductive capacity is unity. 
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This sphere is then the inner boundary of the dielectric and the 
equivalent distribution on its surface must be taken into the 
account. The force due to the charge E at all points just inside 
the surface is EJa? and, a being small, all other forces in the field 
may be neglected. Since there is no real electricity on the 
sphere, the normal forces on each side are inversely as the specific 
inductive capacities (Art. 469). The force at all points just out¬ 
side the sphere but within the substance of the dielectric is 
therefore F = EjKd 2 . The surface density cr of the stratum on 
the sphere is cr — — kF, and is therefore uniform. The resultant 
repulsion of the charge E together with that of the uniform stratum 
is therefore EjKr 2 at all points external to the sphere (Art. 64). 

If another charge of mass E' be at a point B distant r from A , 
we replace it by a small sphere of mass E' and radius b. The 
force on the sphere E' due to a uniform distribution of attracting 
matter on this sphere is zero, (Art. 65). When therefore two point- 
charges, separated by a uniform dielectric , repel each other , the 
force is EE'jKr 2 . 

481. Problems on dielectrics. To find the effect of in¬ 
duction on a dielectric we have generally to begin with a trial 
solution. Sometimes we assume the density of the equivalent 
stratum on the boundary S of the dielectric to be an unknown 
constant multiple (say X) of some quantity suggested by a corre¬ 
sponding problem when the dielectric is air (Art. 474). We can 
then deduce the potentials on each side of the equivalent stratum 
and determine the constant \ by using some one of the forms of 
the boundary condition. 

In other cases it is more convenient to assume some expressions 
for the potentials Cl, Cl' due to the repulsions of the dielectrics; 
these must be suggested by the circumstances of the case. They 
must obviously satisfy the following conditions, (1) the functions 
12, Cl' must satisfy Laplace’s equation at all points not occupied 
by attracting matter, and be finite and continuous each on its own 
side. If the medium on one side of S extend to infinity, the 
potential corresponding to that side must be zero at an infinite 
distance. (2) The two functions 12, Cl' must be such that at 
every point of S 3 

0 = 0 ', pf v {Cl+U) + ^~,(Cl'+U) = 0, 

















252 


DIELECTRICS. 


[art. 482 


where dv , dv are elements of the normal to S, measured positively 
from S, and U is the potential of the influencing body. These 
are called Poisson's conditions. When 12 has been found, the 
magnitude and direction of the induced polarity follow from 
equations (1) of Art. 466. The surface density of the equivalent 
strata can be found by (4) of Art. 469. 


482. Ex. Find the polarisation induced in two media of capacities K lt K 2 
separated by a plane and acted on by an electric charge E situated at a point B which 
is in the first medium, at a distance BM=h from the separating plane. 

First solution. Produce BM to G and make MG=h, see the figure of Art. 412. 
Let (r l9 rj), (r 2 , rf) he the distances of any two points P l9 P 2 in the two medi$ 
from B f G respectively. Assume as a trial solution that the potentials due to aU 

M 


causes at P l9 P 2 are 


1, . 

1 -Kin n' 




•(i), 


where M, N are two unknown constants. These potentials are finite at all points 
unoccupied by matter, zero at infinity, and satisfy Laplace’s equation. They 
must also satisfy the boundary conditions V 1 =V 2 and E 1 F 1 +E 2 F 2 = 0 : at all points 
which make r , 1 / =r a . We find by resolution 

Nh 


E 

•*•35 


*=(-t +ar ) 5 > 

+ M=N, - j^+M)+/OV=0. 


• ( 2 ), 


These equations give M and N t we therefore have 


Vi 


■E/1 , K,-K, 

EiVi Eh-A'., 


£)• 


2 JE7 1 


From these the values of the components of polarisation IZ, I?n, In follow at 
once, Art. 4C6. 

The density <r of the equivalent layer on the boundary plane at a point P distant 
r from either B or C is given by 

1 jfir a -jKi 2hE 

r 3 • 


<r= — k 1 F 1 - 


4 tt (A 2 + A 1 )A 1 

In forming the trial solution (1) we may assume that the potential at a point P : 
in the first medium is the sum of the potentials due to the electric point B and any 
imaginary electric points properly placed in the other medium. No electric point 
(other than the real point B) in the first medium can be used, because the potential 
would then be infinite at that point. Similarly in forming a trial potential at P 2 
in the second medium, any suitable imaginary points situated in the first medium, 
but none in the second, may be used. 

Second solution. Instead of assuming some values for the potentials V lt V 2 , we 
may take as our trial assumption some form for the density cr of the equivalent 
layer on the plane. By referring to Art. 412 we are led to the assumption 
. 2 Eh 


cr = \ 


47rr 3 * 


The repulsion due to the stratum at any point P on either side is the 

same as that of a charge XE situated at a point (B or G) on the side opposite to P. 
The normal forces on each side of the separating plane (measured from that plane) 
due to the electric point at B and the stratum are therefore 

Eh 

A' 7 ‘ "J r 3 * ‘ ") r** 
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The boundary condition K 1 F 1 +KJP , 2 =0 gives at once \= ■ 
this value of X is constant the trial solution is verified. 


K2-K1 
(K 2 + K 1 )K 1 - 


Since 


The value of <r thus found obviously agrees with that found in the first solution. 


The potentials are evidently 


Vi= 


E XE 
£* i + n" 


„ E \E 
+ r 4 ‘ 


483. Effect of the substitution of a dielectric shell for 
some of the air. A conductor A is surrounded by another B at 
zero potential, the space between being occupied by air. Charges 
E and — E being given to these bodies respectively, let V 0 be the 
potential inside A . Let a shell G in the space between A and B 
be bounded by two equipotential surfaces L , II of the charges on 
A and B, L being the nearest to A. Let J7, TJ' be the potentials 
at these surfaces. If a dielectric of capacity K be siobstituted for 
the air in the shell G (the rest of the space between A and B being 
still occupied by air) the whole effect of the dielectric is to diminish 

the potential in the interior of A by ^1 — (Z7— tT), see Art. 476. 

This theorem is due to Kelvin [reprint, &c. Art. 45]. 

When the separating medium is air the potential of the 
system at the interior surface S' of the conductor B and at every 
point without its surface is zero (as explained in Art. 476) while 
the potential at the surface and within the interior of A has some 
constant value a. 

Let us place on the surfaces L , L r indefinitely thin layers 
whose surface densities <r, a are respectively given by 47 ra = XF 
and 47 ra = — XF' where F, F' are the normal components of 
force due to the charges on A and B , both forces being measured 
from A towards B. The total masses of' these layers are re¬ 
spectively XE and — XE (Art. 156). 

Since L is a level surface, the potential due to the charge on 
it at any external point P is \V lt where V Y is the potential at P 
due to the charge £on i; and at an internal point Q its potential 
is X(U— F 2 ) where V 2 is the potential at Q due to the charge 
— E on B (Art. 156). Similar remarks apply to the layer on the 
surface L' except that the sign of X is altered. 

Hence at any point P external to both L and L\ the effect of 
the introduction of one stratum is to increase the potential by 
XVi and the effect of the other is to decrease the potential by the 
same amount. The potential at any external point is therefore 
unaltered. 
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At any point Q internal to both L and L' the potential is 
increased by the sum of X ( TJ — F 2 ) and — X ( U' — V 2 ). The 
potential is therefore increased by the constant quantity X (U — U'). 

At any point R between L and L' the potential is increased 
by the sum of XF 2 and — X (C/ 7 — F 2 ). The potential is therefore 
increased by X(F— U'), where F is the potential at R due to the 
given charges on A and B, i.e. F= F x + V 2 . 

The introduction of these strata therefore increases the 
potential inside A by a constant quantity and does not alter 
the potential within the substance of B. The electric equilibrium 
of the two conductors is therefore not disturbed . 

The layers placed on L and I! will be the equivalent strata of 
the dielectric C if the densities <j, a are respectively equal to — k 
times the normal components of force due to all causes at points 
just within the two boundaries of the dielectric each measured 
from its own stratum. The potential at a point R just outside 
L being F+X(F— U') the outward normal force (obtained by 
differentiation) is (1 + \)F. We therefore have the two equations 

a = — k(l + X)F, 4i7rcr = XF. 

Hence 1 + X = 1 /K. The conditions at the other boundary give 
the same value of X. 

The effect of the introduction of the dielectric is not to alter the 
level surfaces, but to decrease the potential a in the interior of A by 
a known quantity . 

Since no restriction has been placed on the size of the external 
conductor B, we may replace it by a sphere of infinite radius. 
The charge on its surface being finite, we may then eliminate 
that conductor altogether from the field. Kelvin’s theorem may 
therefore be applied when the shell G surrounds a single conductor 
A , provided the boundaries of G are equipotential surfaces. 

484. Let us now suppose that the shell 2> and the conductor A are placed 
in a field of constant potential (sec Art. 477), so that the potential at every point is 
increased by the same quantity /3. The electrical equilibrium is not disturbed, but 
the potentials inside the conducting matter of II and A (when separated by air) 
become respectively /3 and /3 + a = a'. Each of the potentials U, U’ is also increased 
by /3, but their difference is not altered. 

After the introduction of the dielectric shell C, the potential inside II remains /3, 
while that inside A becomes a - (U~ capacity C (if measured by 
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the ratio of the charge Q on A to the difference of the potentials of A s B) is then 
given by |=a'-p-(l -^(V-V). 

When the dielectric Jills the whole space betioeen A and B , we have 77= a', 77' = p; 
so that the effect of introducing the dielectric is to multiply the capacity by K. 

The potential energy of the system is by Art. 61 equal to ^ZEV. The effect of 
introducing the dielectric shell G is to diminish the internal potential of the shell 
A , leaving that of B unaltered. The potential energy is therefore diminished by 




(U-TT). 


485. Ex. 1. A spherical shell (whose inner radius is c) and a solid concentric 
conducting sphere (radius a) are charged with quantities ±E of electricity. The 
space between is filled with two dielectrics separated by a third sphere of radius b . 

Prove that the capacity y is given by ^ i i . [Coll. Ex.] 

This result follows at once from Kelvin’s theorem (Art. 483). Let Q be the 
charge on the sphere of radius a. When the separating medium is air, the 
potentials V and U at the surfaces of the spheres a and b are 
V=:Qla-Qlc , 77= Q/b- Q/c> 

The effect of the dielectric is to reduce the potential within the sphere a to the 
value F'=F-(l-i) (F- U]- (l-BjU. 

The capacity required is Q/F'. 

Ex. 2. A spherical conductor of radius a is surrounded by a concentric 
spherical conducting shell of radius b and the space between is filled with a 
dielectric of specific inductive capacity jae~ p2 lp^ (where p = r/a) at a distance ?• from 
the centre. Prove that the capacity of the condenser so formed is 2y.aJ(e c -e) 
where c = Zr/< 2 2 . [Coll. Ex. 1896.] 

Ex. 3. Prove that the capacity of two parallel plates, separated by air and 
placed at a distance apart equal to 0, will be increased 7i-fold by introducing between 
them a slab of substance whose specific inductive capacity is K and thickness 
n-1 KO 


n K -1 


where n<K. 


[Coll. Ex. 1900.] 


Ex. 4. A condenser is formed of two parallel plates, whose distance apart is h , 
one of which is at zero potential. The space between the plates is filled with a 
dielectric whose specific inductive capacity K increases uniformly from one plate to 
the other. Prove that the capacity per unit area of the condenser is 

IQ-iqi. IC 2 
Ml / l0S AY 

where and K 2 are the values of IC at the surfaces of the plates, the inequality of 
the distribution at the edges of the plates being neglected. [Math. Tripos, 1899.] 
Ex. 5. Three closed surfaces 1, 2, 3 are equipotentials of an electric field; if an 
air condenser is constructed with faces 1, 2, its capacity is A ; with faces 2, 3 the 

capacity is B ; if with 1, 3, the capacity is G. 

If a dielectric K fill the space 1, 2 and one K' fill 2, 3, prove that the capacity of 

the condenser having 1, 3 for faces is i = -j~^ -f- —. [St John’s Coll. 1898.] 

G Ah. BK 


_ 111 
Pr0Ve O = I + R- 
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Ex. 6. A condenser consists of two confocal ellipsoids, the squares of whose 
semi-axes are respectively a 2 , & 2 , c 2 and a 2 + u , &c. If the dielectric be air and jS 
the capacity for electricity, prove that 

2 _ fu _ du _ 

0 ] 0 {(a? + tt)(V 2 + u) (c 2 + u)}& 

If the dielectric be a solid arranged in ellipsoidal shells confocal with the 
conductors, and such that the specific inductive capacity of each shell is inversely 
proportional to the volume of the enclosed ellipsoid, prove that the capacity is 
2 Kdbcju, where K is the specific inductive capacity of the innermost layer. 

[St John’s Coll. 1879.] 


486 . Ex. 1. A charge E is placed at a distance/ from the centre of a sphere 
of s.i.c. K and outside the sphere. Prove that the potential at any point inside the 


sphere at a distance 
mation extends from n =0 to oo 


, ,, . JE 2n +1 

from the centre is — 2 —-- 

/ Kn + n + 1 


(?) v ~ 


where the sum- 
[Coll. Ex. 1897.] 

Let o-—'ZA n P n represent the surface density of the charge equivalent to the 
polarity of the dielectric. We write P n instead of Y n because the system is 
symmetrical about the straight line joining the charged point to the centre of 
the sphere. The potentials due to this stratum are given in Art. 294 at points 
inside and outside the sphere. Adding to these the potentials of the external charge 
and using the equation (6) of Art. 469 we obtain the result to be proved. 

Ex. 2. A sphere of s.i.c. K is placed in air, in a field of force due to a potential 
X a (before the introduction of the sphere) referred to rectangular axes through the 
centre of the sphere, where X n is a solid harmonic of degree n. Prove that the 

2a+ 1 


potential inside the sphere is ; 




[Coll. Ex. 1898.] 


n +1 + Kn 

Ex. 3. Find the potential at any point when a sphere of specific inductive 
capacity K is placed in air in a field of uniform force. 

A circle has its centre on the line of force which passes through the centre of 
the sphere and its plane perpendicular to this line of force. Prove that if the plane 
of the circle does not cut the sphere, the presence of the sphere increases the 

K— 1 

induction through the circle in the ratio 1 + 2 —~ sin 3 a to 1, where 2a is the 

lx + 2 

angle of the enveloping cone drawn from any point on the circumference of the 
circle to the sphere. [Coll. Ex. 1896.] 

Proceeding as in Ex. 1 we find that the potential due to all causes at any point 

outside the sphere is V' — F a ^ where F is the given force of the 

field. The flux of force through the circle is then - j 2?rt/dij, Art. 107. 


Ex. 4. A circular wire is situated in a uniform magnetic field, with its piano at 
right angles to the lines of force; prove that the effect of introducing into the 
middle of it a sphere of soft iron of permeability which exactly fits its section, is 
to increase the induction through it in the ratio of 3 to 1 +2//x. 

[By Art. 471 the induction is /x times the flux.] [St John’s Coll. 1896.] 

Ex. 5. A spherical shell of radii a , b (bxi) and specific inductive capacity K is 
placed in a field of uniform force F; prove that, if 1<\ is the force in the space 

within both spheres, ^ = 1- ( L \ [Coll. Ex. 1899.J 
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Ex. 6 . An infinite solid with a plane face is acted on by a small magnet, of 
unit moment, situated at a point E outside the solid, the axis of the magnet 
being perpendicular to the plane face. Prove that the magnetic potential at any 

point P within the solid is where r=EP, 6 is the angle EP makes with 

(p + l)r 2 

the axis of the magnet and fi is the permeability of the solid. [Coll. Ex. 1897.] 
We represent the repulsion of the solid by that of a thin stratum of variable 
density <r on its surface. The normal force at a point Q close to that surface is due 
ultimately to the repelling matter in the neighbourhood of Q and is therefore 2ir<r* 
If Z be the normal force due to the magnet, the condition at the boundary is 
(27 to + Z) jl t + (27r<r - Z) = 0. 

This gives by Art. 316 “jiy ^ where r’ — EQ and z is the distance of 

E from the plane. The potential due to a stratum z/r ' 3 is given in Art. 412, that, 
due to o is then deduced by differentiation as explained in Art. 93, Ex. 3. Finally 
the given result is obtained by adding the potential of the magnet itself. 

Ex. 7. A sphere of specific inductive capacity K and of radius a is held in air 
with its centre 0 at a distance c from a point A where there is a positive charge E*. 
Prove that the resultant attraction on the sphere is 

[ale x*~Pdxl 

0 1-^J' 

where (3=(K-1)I{K+1). [Math. Tripos, Part n. 1897.]' 

The potential at an internal point is given in Art. 486, Ex. 1, thence the surface 
density o of the stratum equivalent to the polarity of the dielectric may be found by 
an obvious differentiation, Art. 466. If E be the distance of any elementary area 

E c-ap 
JR 2 " ' 




dS of the sphere from A, the resultant force on the sphere is X 


The expansion of - 


J3* 


^ = Is(«+X)P M ft n , where 




E 


-odS. 


ajc, is found by differentiating 


that for cjE (Art. 264) with regard to 7i. The integrations can be effected at sight 
by using Arts. 288 and 289. The series thus found for X agrees with that obtained 
by expanding in powers of ajc the result given in the enunciation. 

Ex. 8 . The space between two concentric conducting spheres is filled on one 
side of a diametral plane with dielectric of specific capacity A, and on the other 
side with dielectric of specific capacity K\ The inner sphere is of radius a and has 
a charge E. Prove that the force on it perpendicular to this diametral plane is 

K ~ K ' E * [Coll. Ex. 1901.] 


(K+K'f 2a 2 * 


The potential V in either dielectric is 2 ^4 n r w + 


, but since V must be 


independent of 6 both when r=a and r—b we find F=A+R/r. Since V has the 
same value on both sides of the diametral plane (Art. 481) for all values of r 
between r=a and r=b, this formula, with the same values of A and B, gives the 
potential in both dielectrics. By Art. 470, we find that the real densities p, p' on 
the two halves of the sphere are given by 47 rp = AB/a 2 , 4717 /=A'B/a 2 . Since 


2ir (p + p’) a 2 =E, we find — = ^-7 = 2 ^ ’ Til6 pulling force 0n an element 

pdS is £ pdS . (- dV/dr), which reduces to 2irp 2 dS(K . We now write dS = 27ra 2 sin d . dd 
and multiply by cos# to resolve the force parallel to x. The integral from 6 = 0 to 

it. s. 11 . 17 
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§7r gives the resolved force on half the sphere. Interchanging K and K’ we have 
the resolved force on the other half. The difference is the force required. 

Ex. 9. A dielectric hemisphere of radius a and inductive capacity K is placed 
with its base in contact with the plane boundary of an otherwise unlimited 
conductor. Prove that the potential at any point of the field outside both the 


( K— 1 a z \ 

r - r2 ) * w -^ ere origin is 

at the centre of the hemisphere, and <r is the surface density of the charge on the 
plane conductor at a great distance from the hemisphere. [Coll. Ex.] 


487. Magnetic shells. Ex. 1. An iron shell (radii a , 5, a>b) is placed in a 
field of uniform magnetic force /. Eind the induced magnetism and the force X 
inside the hollow. 

Put p=Sl' n , p' =2-2T n for the surface densities on the spheres. Their potential 
within the material is 

'The boundary conditions to be satisfied are 

dQ 


p= - kF l = - k ^ -/cos $ + — 


), P'=-*(/cos0-~) 


where a and b are to be written for r respectively after the differentiations have 
been effected. These show that T w = 0, Z n =0 except when n=l. We find 


;s kf cos $ 

= ~"~TT 


^A + 8irk(l- 

wlicro N=9 (1 + 4xfc) + 2 (4 tJ:)'- |l- ^ 
the hollow, due to all causes, are 




- 9 kf cos d 

_ , 


V^l^ + ZJr-fx, 


X = 


The potential V and force X inside 




" dfi + (/«• — 1 )". ‘2 (1 — (b/a f) ‘ 

Ex. 2. A solid uniform sphere (radius a) is placed in a uniform field of force 
whose potential is -/re, say the magnetic force of the earth. Prove that the 
potential of the induced magnetism at all external points is the same as that of a 

concentric simple magnet whose moment is 

M + & 

Ex. 3. A small magnet of moment M is placed at the centre of an iron shell, 
radii a , b. Prove that the potential at any point external to the shell, due to all 

eause‘-> is ,)fL where v~bla and fi is the permeability of 

r a 9 m 4 ir(i-r) 

the shell. Thence show that if m i* s great and p not noarly equal to unity, the 
potential is zero. In this case the induced magnetism on the shell neutralises that 
of the magnet at all external points. 


488. To find the surface integral of the magnetic induction 
thromjh ang closed surface S. 

To find the component of the magnetic induction at any point 
P in a direction 7 TV, we construed a dise-iike cavity at P which 
has its plane normal to iVV. The normal component of the 
induction is then the same as tile actual normal component of 
force at P due to all causes, (Art. 343). 
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To find the surface integral of the magnetic induction we 
remove a thin layer of matter all over the surface 8 or, at least, 
over that part of 8 which lies within the magnetic body. We 
shall now apply Gauss’ theorem to the repelling matter situated 
within the internal boundary of this empty shell, i.e. within the 
surface S. 

Since each magnetic molecule has two equal and opposite poles, 
and no magnet lies partly within and partly without the empty 
shell, the algebraic sum of the magnetic matter within the surface 
S is zero. For the sake of generality, let us suppose that there 
may be other repelling particles (besides the magnetism) situated 
within S. Let M be their total mass. 

Let H be the magnetic force, B the magnetic induction and 
I the intensity of magnetisation at any point P of S. Let 6 , & 
and i be the angles their directions respectively make with the 


outward normal at P. Then 

B cos & = H cos 6 +• 47t/ cos i .(1). 

Applying Gauss’ theorem to the surface S, we have 

47tJI7 = JB cos 8 r dS .(2), 

= f(H cos 0 + 47tZ cos i) dS .(3). 


489. Another proof. We may also arrive at these results very easily, if we 
first replace the magnetism by Poisson’s solid and superficial distributions. Let / 
be the density of the solid distribution, I cos i the surface density. If the surface 
8 lie wholly within the magnetic body, the superficial distribution on the body will 
be outside S. We then have by Gauss’ theorem 

(M+jp'dv) =j*Ucos $dS .(a). 

Since Poisson’s rule applies also to any portion of a magnetic body (Art. 340) we 

have also jp'dv+jlcos idS=0 .(^3), 

where the surface integral extends over the surface S . Eliminating p' we have 

4;irM = { (H cos 6 + 4c.Tr! cos i) dS .(3). 

If the surface S intersect the boundary of the magnetic body, we suppose 1=0 at 
all points of S which are outside the body. 

We must also include on the left-hand side of (a) that portion of the superficial 
density on the body which lies within S ; let this portion be called /. At the same 
time we must add J to the left-hand side of (/?), since {I cos i dS only extends over 
that portion of the surface S which lies within the body. When therefore we 
eliminate jp'dv, the quantity J also disappears and we again arrive at (3). 

490. If there is no repelling matter besides the magnetism, 
M= 0. We then find that the surface integral of the magnetic 
induction across any closed surface S is zero. 


17—2 





















491. If the magnetism is wholly induced we have B = fj J H ) 
and & = i, (Art. 471). We then have 


4<ttM = / jjiH cos idS .(4). 

We infer that in a dielectric of specific capacity K the oatiuard 
flux across a closed surface S of K times the normal force is equal 
to 4 < 7 r times the repelling mass inside. This is also called the 
outward induction across the surface S. 

492. Let us apply the modified form (4) of Gauss’ theorem 
to a Cartesian element of volume of a dielectric. The value of 
the right-hand side of (4) for the two faces perpendicular to x is 
(as explained in article 108) d(KX)dydz. Treating the other 
faces in the same way and writing M=pdxdydz } we find 

d(KX) d(K7) d(EZ) 
iirp= -^- + -df- + ~dT~- 

If we use the potential V, this becomes 



where p is the density of any real repelling matter which may 
occupy the space S independently of the Poisson volume density 
p due to the presence of the heterogeneous dielectric. 


If we write I=/c£T, (Art. 471), the equation (/3) takes the form 
j p'dv+$kll cos ddS=Q. 

Applying this also to a Cartesian element we have 

, d ( 1 dV\ d ( 1 dV\ d /, dV\ 
p ~ Tc [ k JZ) + 7iy (' k dii) + Tz (' k dl) . (6) ’ 

where p' is the density of Poisson’s solid distribution. 

The equation (a) becomes in the same way 

. , t . d-V d 2 F dW 

- 4 ^ + / ,)= ( ^ + _ + ^, . (7) . 

Since + any one of these three equations follows from the other two. 


493. To deduce, the condition at the common boundary of two dielectrics from 
the modified Gauss equation (4). 

Let a thin stratum of repelling matter of surface density m separate two 
dielectric media of capacities K , K'; see Art. 470. We follow the same reasoning 
as in Art. 147, but writing ICX, KY, KZ for A”, 1", Z. If we take x normal to the 
separating surface we then have 

{K'X' ~ KX) dy dz + ^ ^^^ tdy dz — 4 tt indy di. 

In the limit this becomes K'X' - KX = ‘iirm i 


•f 
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where Z, Z' are the normal forces on each side of the separating stratum, both 
measured in the same direction, viz. from the medium K towards the medium K f . 
This of course is the same as the result arrived at in Art. 470. 

We may put this argument in another way. Let us enquire what form the 

equation (5), viz. ± ( KX ) + J y ( KY ) + 5 .(5). 

assumes when the specific inductive capacity changes from K to K’ at any surface . 
Taking x normal to the surface we notice that dV/dx increases rapidly on crossing 
the surface, while dVjdy, dV/dz do not. The left-hand side of (5) is therefore 
ultimately reduced to its first term. Integrating from x=0 to #=t, we have 
K'X' — KX=4:7rp f t = 4tirm. 


494. As an example , let us consider the problem solved in Art. 482. At all 
points in the medium which contains the point charge E, the density />=0, except 
at that charge, while in the other medium />=0 at all points. We may therefore 
take as the trial values of the potential 


, T L M 
7i= 


y 2 — ~ 9 


since these satisfy equation (5) of Art. 492 at all points at a finite distance from E. 
To find L we apply (5) (or equation (4) of Art. 491 from which (5) was derived) to 
the points of space near the charge E. To avoid the difficulties of infinite terms, 
we shall choose the equation (4). Taking as the surface 8 a sphere whose centre 
is at E and whose radius is a, we have 


‘iwE=K j H cos idS=K j (^- 2 - ^^cosi'^ a?dw, 

where i' is the angle rf makes with the normal to the sphere. In the limit, when 
a is very small, we reject the term containing M. We immediately have L=EjK , 
and the solution may then be continued as in Art. 482. 

We notice that, when a is not very small, the term containing M is zero by 
Gauss’ theorem (Art. 106) because the point C from which r{ is measured lies 
outside the surface S. 


495. To deduce from the extended form of Gauss theorem an 
expression for the potential of an electric system. 

By Art. 61 the potential energy of a system of repelling 
particles is W = \%Vm — ^JVpdv, 

where V is the potential and p the density at the element of 
volume dv. If there be no repelling particles within the element, 
then for that element p = 0. The integration extends throughout 
the volume of some closed surface S within which all the repelling 
particles lie. Substituting for p its value given in Art. 492, we 
have 



where K is the specific inductive capacity of the medium which 
occupies the element dxdydz . 
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We now integrate each term by parts, following Green’s method, 
(Art. 149). We have 



where the square brackets imply that the term is to be taken 
between the limits of integration. These are represented by A to 
B in the figure of Art. 149. Treating all the terms in the same 
way, we have 


87 rW=-lirV^d<r+J If 



If the integration extend throughout a sphere of large radius 
E, the product VdVjdn is of the order 1 /E 3 while da is of the 
order E 2 . The surface integration therefore vanishes when the 
integration extends throughout all space. We thus find 






dv. 


Ex. Find the potential energy of the system described in Art. 478. 

We have 8irlV=\ KF~dx, where F= -dV/dx and W is the energy per unit of 


area. 

Between A and L, F-iirp, A r =l and the limits of integration are x = 0 to a. 
Between L and //, and the limits are x~a to a + t. Between JJ and B, 

F -- l 7 rf>, A'~ 1 and the limits are x = a + t to 0. Outside A and B, F= 0. Effecting 
these integrations and adding the results, we arrive at the result given in Art. 478. 
In the same way the energy of the cylindrical condenser described in Art. 479, 

is given by KttTF= j F~dv + j^ (F~jK)dv + j^ F‘ 2 dv, 

win re /<’:= in pair and dv 2 nr dr. This evidently reduces to the result given in the 
artieie just refened to. 




THE BENDING OF BODS. 


Introductory Remarks . 

1. Our object in this chapter is to discuss the stretching 
bending, and torsion of a thin rod or wire. We may define a rod. 
as a body whose boundary is a tubular surface, of small section. 
The surface is therefore generated by the motion of a small plane 
area whose centre of gravity describes a certain curve and whose 
plane is always normal to the curve. The curve is generally called 
the central axis or central line of the rod. 

The rod or wire is to be so thin, that, so far as the geometry of 
the figure is concerned , it may be regarded as a curved line having 
a tangent and an osculating plane. Although this limitation will 
be generally assumed it will be seen in the sequel that some of the 
theorems apply to rods of considerable thickness. It is not pro¬ 
posed to enter into the general theory of the elasticity of solid bodies, 
except where it is necessary for the elucidation of the point under 
discussion, and even then the reference will be restricted as far a& 
possible to the most elementary considerations. 

2 . In general the deformation of the body will be regarded as 
very small, so that each element of the body is only slightly 
strained from its natural shape. It will therefore be assumed that 
the whole effect, when properly measured, of any number of dis¬ 
turbing causes may be obtained by superimposing their separate 
effects. 

3 . By reference to Art. 142 of the first volume of this treatise, 
it will be seen that the action across any section G of a thin rod 
A B consists of a force and a couple. On this is founded the 
mathematical distinction between a string and a rod. The action 
across any section of the former is a force, called its tension, which 
acts along the tangent to the string, Yol. I., Art. 442. In the case 
of a rod the force may act at any angle to the tangent and there is 
in addition a couple. 
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4. Let P be any point of a body, let a closed plane curve be 
described round P of indefinitely small area, and let this area be 
<o. If the body is a fluid it is the fundamental principle of hydro¬ 
statics that the action between the fluid on one side and the fluid 
on the other side of the area co consists of a force whose direction 
is perpendicular to the plane of the area. It is thence deduced 
that the magnitude of this force or pressure is the same for all 
inclinations to the horizon of the elementary curve provided its 
area remains unaltered. If the body is an elastic solid, the action 
across the plane is also a force, but its direction is not necessarily 
perpendicular to the plane of the area and its magnitude is not 
necessarily the same for all inclinations of the plane. 

In discussing the mechanics of a rod, its cross section, though 
very small, is not to be regarded as infinitely small. If we divide 
any section into elementary areas, the action across each element 
will be an elementary force, and the resultant of all these will be, 
in general, a force and a couple, Vol. I., Art. 142. 

The Stretching of Rods. 

5. To determine the simple stretching of a straight rod by a 
force applied, at one extremity , the other being held fast 

The relation which exists between the force and the extension 
of the rod has already been discussed in the first volume of this 
treatise under the name of Hooke’s law. If l 1} l be the unstretched 
and stretched lengths of the rod, co the area of the section of the 

I — IT 

unstretched rod, Tco the tension, then —j~ p ’ where E is a 

constant depending on the material of the rod and is usually 
calk'd Young's modulus. 

When a rod is stretched we know by common experience that 
its breadth and thickness are also altered. r l hese lateral changes 
follow a law similar to Hooke’s law except that the modulus E is 
not, necessarily the same as that, lor extension. The study of these 
lateral cent ructions belongs properly to the theory of elasticity and 
only a simple case will be considered here. 

©. Till! substance of a homogeneous body is called isotropic when the properties 
of a solid of (ini/ piven form and dimensions cut from it are the same whatever 
directions its sides may have in the body. The substance is called audotropic when 
the properties of the solid depend oil the directions which its sides have in the 
body. We shall suppose that the material of which the rod is composed is 
isotropic. 
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7. Theory of a stretched rod. Let the unstretched rod form a cylinder with 
a cross section of any form and size. When stretched the rod becomes thinner, so 
that the several particles undergo lateral as well as longitudinal displacements. 
There is one fibre or line of particles which is undisturbed by the lateral contraction. 
Let this straight line, which we may regard as the central line, be taken as the axis 
of x , and let the origin be at the fixed extremity of the rod. We suppose that the 
stretching forces at the two ends are distributed over the extreme cross sections in 
such a manner that after the rod is stretched these sections continue to be plane 
and perpendicular to the central axis. It will appear from the result that the force 
at each end should be equally distributed over the area. 

Let x, y , z be the coordinates of any particle P in the unstrained solid, x+u , 
y + v, z + w the coordinates of the same particle P r of matter in the deformed body. 
Then u, v, w are such functions of x, y , z that the equations of equilibrium of all 
the elements of the solid are satisfied. We shall now prove that if we take u=Ax, 
v = - By , w=z-Bz all the equations of equilibrium may be satisfied by properly 
choosing the constants A and B. According to this supposition the external 
boundary of the stretched rod will be a cylinder and the particles of matter which 
occupy any normal cross section of the unstrained rod will continue to lie in a 
plane perpendicular to the axis when the rod is stretched. 

Let PQRS be any rectangular element of the unstrained solid having the faces 
PQ and PS perpendicular to the central axis. By the given conditions of the 
question this element assumes in the strained solid a form P'Q'R'S' in which all the 
angles are still right angles and the sides parallel to their original directions. The 
direction of the stress across each face of the strained element is therefore perpen¬ 
dicular to that face. To measure these forces we refer each to a unit of area. Let 
N xf N y , N z be the forces, so referred; let these act on the three faces which meet 



at the corner P' and are respectively perpendicular to the axes of x, y, z ; we shall 
regard these forces as positive when (like the tension of a string) they pull the 
matter on which they act, and as negative when (like a fluid pressure) they push. 

Let a , b, c and a (1 + a), b (1 + /3), c (I 4 - 7 ) be the sides of the element before and 
after the deformation. Then N x , Ny, N z are functions of a, /3, 7 , see Art. 489, 
Yol. 1. We shall expand these functions in ascending powers of a, /3, y and since 
we here confine our attention to a first approximation, we shall neglect all the 
higher powers of a, 7 . Assuming the lowest powers in the expansion to be the 
first, we have N x = ko. + X (|S + 7 ), 

the coefficients of and 7 being the same because the medium is isotropic. For 
the same reason the stress N y must be the same function of /3 and 7 , a, that N x is 
of a and 7 . Thus N v =k[ 3 + X (a+ 7 ). 

In the same way N z may be derived from N x by interchanging a and 7 . To make 
these more symmetrical, it is usual to write them in the form 

A T a = 2 / aa-hX (a + jS + 7 ), N v = 2/*j3 + X (a + + 7 ), N z = 2 /ry + X (a + /3 + 7 ). 
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The constants X and ja are the same as those chosen by Lam4 to measure the 
elastic properties of a solid j see his Lemons sur la th&orie mathematique de Velasticite 
des corps solides. 


8 . In the problem under consideration the sides dx, dy , dz of the unstrained 
element become dx + du, dy + dv, dz + dw. It follows that a = ~, /3 = ~ , y=~|. 

Substituting the assumed values of u , v , w, we have 

N x =2{jlA + X (A - 2 B), N v = - 2 pB + \(A - 22?), N,= -2/H3.+ X (A - 2B). 


These values are independent of x, y, z , so that the opposite faces of any element 
wholly internal are acted on by equal and opposite forces. It follows that every 
internal element is in equilibrium. 

Consider next the elements which have one or more of their faces on the 
boundary of the rod. Such faces must be parallel to the central axis and in a 
vacuum are not acted on by any pressure. It is therefore necessary for their 
equilibrium that the constant forces represented by N y and N g should be zero. 

We therefore have — = —, N x =^-~' ^ 

A 2 (X + ju) X + /a 

Since Ax is the extension, By the contraction of a rod of length x and breadth y 
and N x is the stretching force per unit of area of the section, it follows that 


increase of length _ 
original length 


X + /A 




decrease of breadth 
original breadth 


iN*. 


' fi (3\ q- 2p) "' XJ original breadth 2/* (3X + 2ju)" 

Comparing the first of these with the statement of Hooke’s law given in Yol. i. 
Art. 4K<), we see that the constant E, usually called Young’s modulus, is the 
reciprocal of the coellicient of Y z . If E f be the corresponding coetlicient for the 

2(X + /i) . 

' A p ’ " X 


decrease of breadth we have K = 




It follows from tliis solution that wlien a rod has been stretched, each fibre (or 
column of particles parallel to the central axis) is stretched and contracted indepen¬ 
dently of the others and exerts no action on the neighbouring lib res. The total 
force required to produce a given extension is therefore independent of the form of 
the cross see.tion provided its area remains unaltered. 

In this investigation the action across each of the six faces of the element is 
normal to that face. In many problems in elastic solids this simplicity docs not 
exid, and there are tangential actions also across the faces. For the discussion of 
these questions the reader is referred to A Treatise an the Mathematical Theory of 
Jilasta-ity, by A. H. II. Love, 1<S*>2. 


9. Ex. 1. Show that K and hE' are the forces which would stretch a rod of 
unit section to twice its original length and half its original breadth respectively. 
Sho%v also that E' is greater than 2 E. 

If the stretching tension he Y,., r tin* volume*, ov the increase of volume, prove 


Ex. 2. If the side faces of tin* rod are; exposed to a uniform normal pressure 
equal to p per unit of area, prove that the force required to produce a given 
extension is less than that in a vacuum by Xp/(X i p) per unit of area of cross 
section. 
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The Bending of Rods . 

10 . To form the equations of equilibrium of a thin inextensihle 
rod bent in one plane. 

First Method. In this method we consider the conditions of 
equilibrium of a finite portion of the rod or wire. The method 
has been used in Vol. I. Arts. 142—147 to determine the stress at 
any point of a rod naturally straight and slightly bent by the 
action of given forces, and the same reasoning may be applied to 
rods whose natural forms are curved. 



Let P be any section of a thin rod APB regarded as a curved 
line. Let T and U be the resolved parts of the stress force along 
the tangent and normal at P , and let L be the stress couple. 
These represent the mutual action of the two parts AP , PB of the 
rod on each other. These stresses are then obtained by considering 
the conditions of equilibrium of the portions AP } PB separately. 
Let F 1} P 2 &c. be forces acting at the points D 1; Z) 2 &c. of the 
portion PB in directions making angles S l5 S 2 &c. with the tangent 
at P. Taking any directions along the tangent and normal at P 
as positive, let T and U act on the portion PB in these directions; 
we then have by resolution 

T + SPcos 8 = 0, J7+ SP sin 8 = 0. 

In the same way if p lf p 2 &c. be the perpendiculars from P on 
the lines of action of the forces, we have by moments L + S Fp = 0. 
These three equations determine T, U and L when the form of the 
curve is known. 

11. Second Method. In this method we form the equations of 
equilibrium of an elementary portion of the rod or wire. 

Let PQ be any element of the rod and let the arc s be measured 
from some fixed point D on the rod up to P in the direction AB, 
so that s = DP. Let the stress forces of AP on PB be represented 
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by a tension T acting, when positive, in the direction PA and a 
shear U acting in the direction opposite to the radius of curvature 
PC. Then the stress forces of QB on QA are represented by 
T+ dT in the direction QB and U + d U in the direction QC, these 
directions being represented in the figure by the double arrow 
heads. Let the stress couple at P on PB be represented by Z, the 


C 



positive direction being indicated by the arrow head on the circle 
at P; then the stress couple at Q on AQ is represented by L + dL 
acting in the opposite direction, i.e. in that indicated by the double 
arrow heads on the circle at Q. Let Pds, Gds be the impressed 
forces on the element PQ resolved in the direction of the tangent 
PQ and normal PC, taken positively when acting respectively 
in the directions in which the arc s and the radius of curvature p 
are measured. Let dy\r be the angle between the tangents at P 
and Q, and let be so measured that ^ and s increase together. 

Resolving the forces in the direction of the tangent and normal 
at P, we have 

— T 4 ( T 4- dT) cats dyfr - (l r -\- dU) sin d\\r 4- Fds = 0, 

— IT 4 ( U 4 -dll )eos d\jr + (T + dT) sin dy\r 4- this = 0. 


In the limits these hmnnc 

d T — ITdyjr 4 - Fds = 0.(1), 

dU+ Tdyfr -t GUs‘ = 0.(2). 

Also taking moments about P 


— Z 4~ (Z 4* dL) 4- ( U 4 d L> ) (/,9 4 i (jrds (( Is ) = 0, 

dL * Uds = 0.(3). 
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.(4). 


Writing d^fr = dsjp, these equations take the form 

f-S+r-J 

as p 

? + ^ +e .o> 

p as 

^r+ V =o 

as 

If each element of the rod is acted on by an impressed couple, 
as well as by the impressed forces Fds , Gds, it must be taken 
account of in the equation of moments. Let Ids be its moment 
taken positively when the couple acts on the element PQ in the 
opposite direction to the couple L. We then add Ids to Uds in 
equation (3) and therefore add I to the left-hand side of the last 
of equations (4). 

The positive directions . The positive direction of the couple L 
at P on that part of the rod towards which the arc s is measured 
is opposite to that in which the angle d^r = dsjp is measured. The 
positive direction of the shear U on the same part of the rod is 
opposite to that in which the radius of curvature is measured. 
The positive direction of the tension at P on the same part of the 
rod is opposite to that in which the arc s is measured. 


12 . When we compare the advantages of the two methods of solution we notice 
that the second gives differential equations which must be integrated, and the 
constants must be determined by the conditions at the extremities. On the other 
hand the first method, though it gives expressions for T , 17, and L, introduces into 
the equations the action of all the forces on the finite arc PB. When, therefore, 
the form of the strained curve is so well known that we can calculate the resolved 
parts and the moments of the impressed forces the first method gives the required 
stresses at once. When however the form of the strained curve is very different 
from that when unstrained, and is itself unknown, the second method presents 
several advantages over the first. 


13. Experimental Results. When a thin rod or wire is 
bent under the action of forces we have to determine not merely 
the components of stress, i.e. T , U and L , but also the form of the 
strained rod. The equations of equilibrium found above supply 
three equations, so that a fourth is required to make up the 
necessary number. For this purpose we have recourse to experiment, 
Vol. I., Art. 148. If p 1} p are the radii of curvature at any point P 
before and after the deformation, the stress couple L is given by 


\p pj 


( 5 ), 













270 


BENDING OF RODS. 


[art. 16 

where K is some constant depending on the material of which the 
rod is made and on the section at P. It is usually called the 
flexural rigidity of the rod. This expression for L agrees very 
well with the results of experiment when the change of curvature 
is not very great. 

Since the moment L represents the product of a force and a 
length, it is evident that the dimensions of K are represented by 
a force multiplied by the square of a length. If E be Young’s 
modulus for the material of the rod and co the area of the section, 
Eco will represent a force, so that the constant K is often written 
in the form K = Ecok 2 , where k is a length. 

It will be shown further on that in certain cases cok 2 is the 
moment of inertia of the area of the normal section about a straight 
line drawn through ifcs centre of gravity perpendicular to the plane 
of bending. This result does not agree so well with experiment as 
that represented by (5). 

14. It is hardly necessary to remind the reader of the remarks 
made in Vol. I. Art. 490, on the limits to the laws of elasticity. 
When the stretching or bending of the rod exceeds a certain limit, 
the rod does not tend to return to its original form, but assumes a 
new natural state different from that which it had at first. In 
all the reasoning in which the equation (5) is used, it is assumed 
that the bending is not so great that the limit of elasticity has 
been passed. 

15. The theoretical considerations which tend to prove the truth of the 
equation (5) depend on the theory of elasticity and therefore lie somewhat outside 
the scope of the present chapter. As however this theory clears up some of the 
difficulties which belong to the bending of rods, it does not seem proper wholly to 
pass it over. One case can be presented in a simple form, and that case will be 
discussed a little farther on after the use of the equation (5) has been explained. 

16. The work of bending an element. To find the work 
done hy the stress couple L when the curvature of an element of the 
rod is increased from its natural value 1 jp 1 to the value l/p 2 . 

Let PQ be an element of the central line and let ds be its 
length. As PQ is being bent, let ^ be the angle between the 
tangents at its extremities; let p be its radius of curvature. If ^ 
be the value of ^[r when the rod has its natural form, the stress 

couple L is L = K (1 - = K 

\p pj as 




WORK OF BENDING. 


271 


ART. 17] 

The work done by the couple L when ^ is increased by dty is 
— Ld^ } (see Vol. i. Art. 292). The negative sign is given to the 
expression because, as explained in Art. 11, L is measured in the 
direction opposite to that in which is measured. The whole 
work done by the couple when ^ is increased from ^ to is 

therefore equal to — \K. . 

Replacing ^ by their values in terms of p 2 , we see that 
the work Wds done by the couple L may be written in either of 

the forms Wds = — \K ds = . 

* \p% pJ 2A 

If the change of curvature at every point of the rod is known, 
the whole work done by the stress couples in the rod may be found 
by integrating the first of these expressions along the length of the 
rod. If however the change of curvature is unknown, and the 
couple is given, the work is found by integrating the latter 
expression. 

Resilience. Resilience denotes the quantity of wort that a spring, or elastic 
body, gives back when strained to some stated limit and then allowed to return to 
the condition in which it rests when free from strain. The word “ resilience ” used 
without special qualifications may be understood to mean extreme resilience or the 
work given back by the spring after being strained to the extreme limit within 
which it can be strained again and again without breaking or taking a permanent 
set. See Kelvin’s article on “ Elasticity ” in the Encyc . Brit. 1878. 

ft l -17. Deflection of a straight rod. A heavy rod, originally 
straight , rests on several points of support A, B, G &c. arranged 
very nearly in a horizontal straight line, and is slightly deflected 
both by its own weight , and by a weight W attached to a point H 
between B and C. It is required to explain the method of finding 
the deflection at any point of the rod and to determine the relations 
which exist between the stresses at successive points of support 

Let A , B , G be three successive points of support. These are 
so nearly on the same level that the distances AB = a, BC = b, 
may be regarded as equal to their projections on a horizontal 
straight line. To simplify the process of taking moments the 
order of the letters used is exhibited in the upper figure, as if 
they were all strictly in a horizontal line, instead of being only 
very nearly so. 

Let x be measured horizontally from B in the direction BC. 
The rod, when bent by its weight, will assume the form of some 
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curve which differs very slightly from the nearly straight line 
ABC . Let y he the ordinate at any point Q, between B and C, 
measured positively upwards , from a horizontal straight line drawn 
through B and let the radius of curvature be positive when the 
concavity is upwards. The stress couple at the point Q is Kjp ; 
when p is positive the fibres of the under part of the rod are 
stretched while those above are compressed, hence the stress couple 
at Q acts on QC in the clock direction and on BQ in the opposite 
direction. Let the shear at Q be U and let its positive direction 
when acting on QC be downwards. 



Let Lo and U 2 be the couple and shear at a point D indefinitely 
near to B on its right-hand side. Let w be the weight of the rod 
per unit of length, then the weight of JDQ is wx } and this weight 
acts at the centre of gravity of DQ. Let BH = Taking 
moments about Q for the finite portion BQ of the rod, we have 

— =L 2 — U 2 x — W(x — f) .(1). 

P 

The term containing W is to be omitted when Q is on the left- 
hand side of H } i.e. when x < 

In forming the right-hand side of this equation the rod has 
been supposed to be straight and horizontal, because the deflections 
are so small that only a very small error is made by neglecting the 
curvature. If this were not so, the shear would not be vertical, 
and the arm of its moment would be different from that used in 
the equation. In the same way the thickness of the rod has been 
neglected, and in all its geometrical relations the rod is regarded 
as if it were a line coincident with its central axis, Art. 1. 
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The rod is supposed to be of such material that a considerable 
effort is required to produce a slight curvature; the coefficient K 
is therefore large . On the left-hand side of the equation all the 
small terms cannot be rejected because these are multiplied by K . 
It is however sufficient, in a first approximation, to retain only the 
largest of these small terms. We therefore put 

U + ^Yl -, _+ 

p * dtc*\ + Wj -cfo 3 * 

The upper sign must be taken because p is measured positively 
when the concavity is upwards, and in this case dyjdx is increasing 
and therefore d^y/dx* is positive. 

The general rule followed in these problems is , (1) that all 
terms not containing K are formed on the supposition that the rod 
has its natural shape , (2) that in all terms containing K as a factor 
only the first power of the deflection y is retained . The natural 
shape in our case is a horizontal straight line. 

18. The equation (1) now takes the form 

K < ^ = L i -U i x-\wa?-W{x-^) .(2) 

where x is restricted to lie between x — 0 and x — b and the term 
containing W is to be omitted when x < Let L 2 and U 2 be the 
stress couple and shear at a point D' indefinitely near B on its 
left-hand side, and let P 2 be the pressure of the point of support 
B on the rod upwards. Consider the equilibrium of the small 
portion B'D of the rod. The stress couples and the stress forces 
at the extremities act on this element in the directions opposite 
to those represented in the figure, the weight wds acts downwards 
and the pressure i? 2 upwards. We have, by taking moments about 
D' } and resolving, 

L 2 '-~L 2 =U 2 ds-%w(dsy + R 2 .BD' = 0| 

U 2 — U 2 — i? 2 = — w ds = Oj * 

Hence in the limit 

L' = L 2> TJi- U 2 = R 2 .(3). 

If we take a point P between A and B so that BP represents a 

d*y 

negative value of x, we have K = L 2 — U 2 x — \wx % ...(4), 

where x is restricted to lie between x = 0 and x = — a. Since 
L 2 = L 2 this equation differs from (2) only in having U 2 written 
for U 2) the term in W disappearing naturally. 


11. s. II. 


18 
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Lastly, if U be the shear at any point of the rod we have by 
equation (3) of Art. 11 = .( 5 )* 

It is evident that the two arcs AB, BC of the rod must have 
the same tangent at B and therefore the same value of dyfdx. It 
follows from the first of equations (3) that the stress couples on 
each side of B are equal; the two arcs have therefore the same 
curvature . But the shears on each side of B differ by the pressure 
jR 2 , and therefore there is an abrupt change in the value of d?yj da? 
at a point of support . 

These equations are sufficient to determine the stresses when 
the terminal conditions are known. But the integrations must be 
effected for each span separately and the conditions at the points 
of junction allowed for. To shorten the mathematical labour we 
require some method of passing over a point of discontinuity. This 
is effected by the theorem or equation of the three moments, by 
which a relation is found between the stress couples at any three 
successive points of support. 

19. Equation of the three moments*. Let us integrate 
(2) over the length BQ of the rod. The limits for every term, 
except the last, are x = 0 to so, and for the last term x = £ to so. 
We thus have 

K iwx~^) = L ^ ~ ~ i F 0 “ & .< 6 ) 

where ft is the inclination of the rod at B to the horizon. 
Integrate again, 

K(y — ftx) = \Lf? — UqX 3 — ^wx A ~^W (x — £) 8 .(7). 

Eliminating U 2 between (2) and (7) and writing L = Kd 2 yjdo(?, 
we have 

6K (y - ftx) = (L + 2Xo) + {wx* + TP? (x - f) (2x - f) .. .(8). 

This equation holds at any point Q between H and G. When 
Q lies between B and H, the term with W is to be omitted. 

Since U 2 does not appear in the equation, it also holds when Q 

* The theorem of the three moments in its first form is due to Clapeyron, 
Gomptes JRendus, 1857, Tome xlv. ; but it has been greatly extended since then. 
A sketch of these changes is given by Heppel in the Proceedings of the Royal Society , 
1870, vol. xix. The extension to include the case of variable flexural rigidity is due 
to Webb, Proceedings of the Carnb . Phil. Soc. 1886, vol. vi. The allowance for the 
yielding of the supports is given by K. Pearson, Messenger of Mathematics , 1890, 
vol. xix. 
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lies between A and B, provided x is then regarded as negative. 
Let y-L and y z be the altitudes of the points of support A and 0 
above B. The equation (8) becomes when x—b and x~ —a 
6K (y z - fib) = (L 9 + 2 L 2 ) b> + *w5* + Iff (6 - f) (25 - f) 

6K (y 2 + /3a) = (Z 2 4- 2L 2 ) a 2 4- {wa 4 . 

Eliminate /3 and we find 

6 K = L,a + 2 L, (a+ i) + L 3 l 

+ \w (a* +b°)+W £ ( -r£) _ ( 2 A _ -f) ..( 9 ). 

Here w is the weight of a unit of length of the rod. If the 
spans AB , BO have unequal values of w 9 say w 1 and w 3 , we write 
\ 4- w z b z ) for the fourth term on the right-hand side. 

This important relation between the stress couples at any three 
successive points of support is usually called the equation of the 
three moments . By help of this equation, when the stress couples 
at two of the points of support are known, the stress couples at all 
the points may be found. 

To find the shear at the point B of support, we take moments 


about either G or A . We then have 

Z 3 = Z 2 - U 2 b-iwfr- F(5-g) .(10) 

= Lo + U 2 'a — \wo .( 11 ) 


which may also be derived from (2) by putting x — h and x —— a. 
The pressure R 2 on the point of support may then be found by (3). 

If the point H at which the weight W is attached lie between 
A and B instead of B and G , we reverse the positive direction of 
x. Let the distance BH = % measured positively from B towards 
A. The last term of (9) must then be replaced by 

m«-r)(2a-n/a- 

This may also be derived from the last term of (9) by writing — 
for f and — a for b. 

20. The equation of the three moments when written in the 
form (9) may be regarded as the relation between the ordinates 
y 1} y 3 of any two points and the stress couples L 1} L z at those points. 
It may be used, for example, to find the deflection y % at the free 
end of a rod where X 3 = 0. 

21. If the rod rest on n points of support, the equation of the 
three moments supplies n — 2 equations connecting the n stress 

18—2 
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couples L ly L 2 ,...L n at the points of support. Two more equations 
are therefore necessary to find the n couples, and these may be 
deduced from the conditions at the extremities. 

If one end of the rod is free, and at a distance c from the 
nearest point of support, the stress couple L n at that point of 
support is found, by taking moments about it, to be L n = — ^wg 2 . 

If an extremity rest on a point of support the stress couple at 
that point is zero. 

If an extremity be built into a wall so that the tangent to the 
rod at that point is fixed in a horizontal position we may imagine 
that the fixture is effected by attaching that end of the rod to two 
points of support indefinitely close together. The required condi¬ 
tion at that end then follows at once from the equation of the three 
moments. Let L n+1 be the couple at the wall, L n that at the 
nearest point of support and let c be the distance, then writing 
a = c, b = 0 in the equation of the three moments we have 

L n + 2 Ln+i = 0. 

The pressures on the points of support may be obtained by 
combining equations (10), (11) and (3). If jR 2 be the pressure on 
the rod measured upwards at B , we find by eliminating U 2 , UJ 

The case in which W = 0 has also been attained in Vol. I. Art. 145. 

The weight W has been included in the equation of the three 
moments to facilitate the calculations. It is however evident that 
we may regard the point of the rod to which the weight W is 
attached as a point of support at which the pressure is known. 
Such a point may be included in the equation of the three 
moments as one of the three consecutive points A, B, 0. The 
deflection at each of these points being unknown, the extended 
equation of the three moments fails to determine the stress couple. 
But the pressure being known, the equation (12) gives an additional 
equation connecting the stress couples, and the extended equation 
of the three moments then gives the deflection. 

Yielding of the supports. In some cases the points of support 
are the tops of vertical columns which are themselves elastic. Let 
the bases of the columns be on the same level, h l} lu &c., z lt z 2 &c. 
their original altitudes and their altitudes under pressure; <r 1P 
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(To &c. their sectional areas, then for any column h — z = hRjEa. 
We have therefore the additional equations 


JS 2 -K3 0 

, 2/3 =-, &C. 

Pi p 2 p 3 

where j9 a = Ej &c. and J? is Young's modulus. 


Vj — Zj — z 0 = — 

* ' p* 


22 . Ex. 1. A uniform rod, weight W, is supported at its extremities; the de¬ 
flection at its middle point is observed and found to be h. Show that the value of the 
constant K for the rod is given by 4 8h . K=5a z W i where 2 a is the length of the rod. 
If the inclination to the horizon of the tangent at either end of the rod be observed 
by a level and found to be 0, show that the value of K is also given by Ar=a 2 JF/60. 

This example shows how the value of K may "be found by experiment for any 
given rod. 


Ex. 2. A uniform heavy rod is supported at its extremities A, G and at its 
middle point B; A and G are at the same level and B such that the pressures on 
the three supports are equal. Prove that the depth of B below AG is 7/I5ths of the 
whole central deflection of the beam AG when supported only at its ends. 

This example shows that when a long heavy bridge is supported on three columns 
of equal strength , their summits ought not to be on the same level . 


Ex. 3. A heavy rod rests on a series of points of support which are very nearly 
in a horizontal line. Let A , B be any consecutive two of these points, a their 
distance apart, y l9 y 2 their altitudes above a horizontal plane. Let L lt L 2 be the 
stress couples, 0 2 the inclinations of the rod to the horizon at A, B. Prove that 
K (tan 0 2 - tan 6-f — J (Lj + _L 2 ) a+ T \ wa z , 

K (y 2 - Vi - a, tan 6-f = | (2 L x + L 2 ) a? + ^ loa 4 -. 


The stress couples having been found, the first of these equations enables us to 
find the inclination of the rod at any point of discontinuity when the inclination at 
some point is known. The second determines the inclination at any one point. 

Ex. 4. A uniform slightly elastic rod rests on five supports in the same 
horizontal line, two at the ends and one at each of the points found by dividing the 
rod into four equal parts. The second and fourth supports from either end are now 
removed. Prove that the ratio of the new to the old pressure on an end support is 
as 21 :11. [Coll. Ex. 1893.] 

Ex. 5. A uniform bridge of weight W' formed of a single uniform plank is 
supported at its ends: a man of weight W stands on the bridge at a point whose 
distances from the ends are a and b. Prove that the deflection just under the man 
is db{W' (a 2 -h3ab + b 2 ) + 8Jrab}/24(a + b)B, 

where E is the bending modulus. [Coll. Ex. 1893.] 

Ex. 6. A naturally straight weightless wire of flexural rigidity G has its ends A 
and B built in horizontally at the same level, and is slightly bent by a weight W 
attached to it at a point Q. Prove that the deflection y at a point P in AQ is given 
1 W 

by the equation Cy=.-— i BQ 2 .AB 2 {3AQ.BB-BQ.AP). 

Find the points of inflection of the axis of the wire and show that the point at which 
the axis is horizontal is in the longer segment, and that its distance from the 
corresponding support is bisected by one of the inflections. [St John’s Coll. 1898.] 
Ex. 7. A uniform heavy beam rests on three points of support, A and G at its 
ends and B at the middle. The middle support is at first so placed at a depth y l 
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below AC that the beam is entirely supported by A and C. The support B is then 
gradually raised to a height y 2 above AG such that the beam is wholly supported by 
B. Prove that as B is being raised, the pressure at B is proportional to the height 
raised. Prove also that the ratio y 1 : y 2 is equal to 5:3. [Fidler’s Treatise on 
Bridge Construction, 1893.] 

23. Britannia Bridge. Ex. 1. A uniform heavy beam ABC is supported at 
its extremities A, G and at its middle point B, and the three points are in one 
horizontal line. Prove that 3/16ths of the weight is supported at either end and 
5/8ths at the middle point. We notice that the pressure at the middle support is 
more than three times that at either end. 

Prove also that the stress couple is a maximum at a point which divides either 
span in the ratio of 3 : 5, but the stress couple at either of these points is 9/16ths of 
the stress couple at the central point of support. Prove that the latter is equal to 
the stress couple at the middle point of a beam supported at each end whose length 
is equal to that of either span. 

Prove that there is a point of contrary flexure in each span dividing it in the 
ratio 1 : 3. 

Ex. 2. A uniform beam is supported at its extremities and at two other points 
dividing the beam into three equal spans, all the four points being on the same 
level. Prove that the pressures on the supports are in the ratios 4 :11 :11 : 4. 

Ex. 3. A uniform beam ABODE is supported at its extremities A , E and at 
three points B, G, D, all five being on the same horizontal line. To assimilate this 
problem in some measure to the case of the Britannia Bridge the two middle spans 
are supposed to be twice the lengths of the outside ones, i.e. BG = GD=2AB~2DE. 
Prove that the pressures on A, B , G are in the ratios 4 : 27 : 34. 

The examples in this article are taken from a treatise on The Britannia and 
Conway Tabular Bridges by Edwin Clark, resident engineer, 1850. 

The tubes AB, BG, CD, DE, which form the four spans of the Britannia Bridge, 
were raised separately into their proper places and then rigidly connected into one 
long tube. The connections at 15 and D were such that the tubes adjacent to each 
had a common tangent. The junction at C was however so arranged that the 
tangents to BG and CD should make a small angle with each other. The object of 
this was to diminish the inequality between the pressure on G and that on either B 
or D. It was found convenient to make the angle between the tangents equal to 
2 tan - * 1 *002. In Example 3, given above, the analytical condition to be satisfied at 
C is that the tangents to BG and CD should be continuous, but in the bridge the 
condition is that these tangents should make a known small angle with each other. 

24. Ex. 1. A rod without weight is supported at its extremities A , G and at 
some other point B , all three being in the same horizontal line. Given weights P, 
Q are suspended at the points D, E, bisecting AB and BG. Show that the inclination 
to the horizon of the tangent at A and the deflection y at the weight P are given by 

32 (a + b) K tan a = - Pa 2 (a + 2b) + Qab 2 , 

7G8 (a + b) Ky = - P (7a +106) a 3 + 9 Qa 2 b 2 , 

where AB — a, BC=b. 

It appears from this result that when the point of support B bisects AG and 
Q = 3P the tangent at A should be horizontal. Moseley describes three experiments 
with different rods supported on knife edges by which this curious result has been 
verified. See his Mechanical Principles of Engineering and Architecture, 1855. 
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Ex. 2. A uniform thin rod of length 2 (a+ 6) rests on two points of support in 
a horizontal line whose distance apart is 2 a. Show that, if the middle point and 
the two free ends are on the same horizontal line, 6/a must be the positive root of 
the cubic 3T* 3 + 9r 2 - 3r - 5=0. 

Ex. 3. A uniform heavy rod rests on any number of points of support in the 
same horizontal line. Let A, B f <7, D, E be any consecutive five of these, and let 
their distances apart be a, 6, c, d. Prove that the pressures P 2 , P 3 , P 4 , at B, G , D 
are connected by the linear relation aH 2 +^R 3 + yB 4i =^o5, where 
a —a? (6 + c) (c + d ) (b + c + d), 

/3=(a + 6) (c + d) {6 2 (d + 2c) + 26c (a + d)+c 2 (a+26)+ad(6 + c)}, 

7 =d 2 (6 + c) (a + b) (a + b + c) t 

$=z(a + b) (b + c) (c + d) (b + c + d) (a + b + c) (a + b + c + d). 

Ex. 4. Prove that the deflection y at any point Q between B and G, in Ex. 3, is 
given by 

-6Kby=BQ . GQ {L 2 (b + CQ)+L 3 (b+BQ) + £wb (b 2 +BQ . CQ)}. 


Ex. 5. A wire is bent into the form of a circle of radius c, and the tendency at 
every point to become straight varies as the curvature. Show that, if it be made to 
rotate about any diameter with a small angular velocity w, it will assume the form 

of an ellipse whose axes are 2 c » wi being the mass of a unit of length, 

and ju/c the couple necessary to bend the straight line into the circle. [Math. T. 1868.] 


Ex. 6 . A heavy elastic flexible wire originally straight is soldered perpen¬ 
dicularly into a vertical wall. If the deflection is not small prove that the 
difference between the tension at any point P and the weight of a portion of the 
wire whose length is the height of P above the free end is proportional to the square 
of the curvature at P. [May Exam.] 

Ex. 7. A flexible wire is pushed into a smooth tube forming an arc of a circle, 
and lies in a principal plane of the tube ; prove that it will only touch it in a series 
of isolated points, and that if it only touch the inner circumference at one point, 
the pressure there will be 4P cos a (sin a - sin 7 ) /a 2 sin 2 a, where a is the inner radius 
of the tube, 2 a the angle subtended at the centre by the wire, 7 the angle at which 
either end of it meets the wire, and E the coefficient of flexibility. [Math. T. 1871.] 

Ex. 8 . Three very slightly flexible rods are hinged at the extremities so as to 
form a triangle, and are attracted by a centre of force attracting according to the 
law of nature situated in the centre of the inscribed circle. Show that the curvature 
of any side, as AB, at the point of contact of the inscribed circle varies as 
cos ^A + cos^P - cos £ C 
cos J G 

Ex. 9. Equal distances AB, BG , GL> are measured along a light rod which is 
supported horizontally by pegs at B , D below the rod and G above. A weight is 
now hung on at A, producing at that point a deflection. Find how much B must be 
moved horizontally towards A that the deflection may be unaltered when the peg T> 
is removed. [Coll. Exam. 1888.] 


25. Ex. 1. A uniform heavy rod rests symmetrically on 2m+ 1 supports placed 
at equal distances apart, and the altitudes are such that the weight of the rod is 
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equally distributed over the supports. Show that the altitude y p of the support 
distant pa, from the middle point, is given by 

24 "It ^ (y » ~ y ° ] = w - X > (6m 2 -l) + (G^-l) (2m + l)}p 2 , 

where a is the distance between two consecutive points of support and pa is the 
length of the rod beyond either of the terminal supports. 

We first see by taking moments about the pth support that the stress couple L p 
at that point is a quadratic function of p. The extended equation of the three 
moments is L p + 4L p+1 + L p+2 + \ war = {y p +z - %1/p+i + yp) 6AT/ a 2 . 

By an easy finite integration, or by the rules of algebra, it follows that y p is a 
biquadratic function of p . Since there can be no odd powers of p, we have 

y p -y 0 =Ap i +Bp 2 . 

The values of A and B are then found by applying the equation of the three 
moments to any two convenient spans. 


Ex. 2. A uniform heavy rod rests on m supports placed at the same level at 
equal distances a from each other, one being at each end. Prove that the stress 
couple at the wth point of support is 


B n —-^wa? | — 1 + 


(1 - k m ~ l ) h - (1 - h m " 1 ) 7c w “ r 




where h and 7c are the roots of 7i 2 + 47c + l=0. Prove also that the pressure on the 
?ith support is aR n =Zwar-§L n except when ?i = l or m. 

The equation of the three moments is an equation of differences and may be 
solved in the usual manner by assuming L n =A+Bh n + Gk n . The constants B , G 
are determined by the conditions that L tl =0 when n= 1 and n=m . It is also 
evident that h = - tan -fair, h = - cot -fair. 


26. Flexural rigidity not constant. If the rod is not uniform the equation 
of the three moments takes a more complicated form. We shall first suppose the 
flexural rigidity K to vary from point to point of the rod, but the weight per unit 
of length to remain constant. We start as before with the equation (2), Art. 18. 
Let us multiply this equation by (6 - x)jK and integrate over the length J3Q. Since 

/'(&-*) 

where y 2 and ft have the same meaning as before, we find 

y$-i>P=~^dx~w .(i.). 

Substituting for U 2 from (10), this becomes 

?/ 3 - bp = L 3 B + L 2 B' + wB" + W.G, 

, „ fbx(b-x) 7 -n, fb(b-x) 2 fbx{b~x) 2 

wtae B=j o bK dx, 

G = {b-()B-J b dx. 

The left-hand side of (I.) is the elevation of the point G of support above the 
tangent at B. The equation obtained by integrating over the length AB is similarly 

?/i + afi = I^A -f L 2 A' + wA ", 

where A, AA " are obtained from B, B', B " by writing a for b. 
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Eliminate £ and we have 


yjL+yj. 

a b 




— B 

+I's~j;+ W 




which is the equation of the three moments when the flexural rigidity is not uniform. 

When the weight w per unit of length is not constant , we may include the weight 
in the term W . We put W=wdx and integrate that term throughout each of the 
spans. 


27. A bent bow. A uniform inextensible rod , used as a low, 
is slightly lent by a string tied to its extremities . It is required to 
find its form. 

Taking the string as the axis of x, the statical equation is 

eviden % j =±K %= T y .o)> 

where T is the tension of the string. Let A, B be the extremities 
of the rod, G a point on the rod at which the tangent is parallel to 
the string. Let OG be the axis of y. Then since dyjdx vanishes 
when x = 0 and decreases algebraically as x increases, d 2 yjdx 2 is 
negative. In forming (1), p has been taken as positive, we must 
therefore give the second term the negative sign. Putting T=Kn 2 
for brevity, the equation gives y = A cos nx .(2), 


0 r 



where h is the versine of the arc formed by the bow. It is obvious 
that unless the conditions of the problem make h small, we cannot 
reject the terms containing (dyjdx) 2 in the expression for p in 
equation (1). 

The form of the curve given by the equation (2) is sketched in 
the diagram. It appears therefore that the bow may take the form 
ACB , the string being attached at A and B . It may also take the 
form ACB ' with the string attached at A and B\ and so on. 


28. We may' easily find a second approximation to the 
solution of the differential equation. This is perhaps necessary, 
for, owing to the smallness of the inclination of the rod to the 
string, if the ordinates near B were slightly decreased, a considerable 
change might be made in the distance OB. 

If we substitute for p its full value, the differential equation 


-S“"’ i '{ 1+ (s V1, 


■(31 - 


becomes 
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Expanding the right-hand side we have 



We see that the terms on the right-hand side are of the third 
order of small quantities. We therefore assume as a trial solution 

y = k cos cnx 4- Bk s cos 3 cnx .(4) 

where k is a small quantity analogous to h, and c, B are as yet 
undetermined constants. Substitute in the differential equation 
and neglect all powers of k above the third, we then have 
(1 — c 2 ) n 2 k cos cnx + (1 — 9c 2 ) BkVc 2 cos 3 cnx 
= — | ri z (k cos cnx) (&W sin 2 cnx) 

= — § n*k 3 c 2 {cos cnx — cos 3 cnx). 

The equation is therefore satisfied if we put 

1 — c 2 = — | n 2 kV; /. c = 1 + B — ~ n 2 . 

The solution to the third order of small quantities is therefore 


y—k cos cnx - -$%n 2 k 8 cos 2>cnx .(5) 

where c exceeds unity by the small quantity t \?i 2 F. Let, as before, 
h represent the distance OG; we have y — h when x = 0 , hence 

h = k — .( 6 ). 

Let the lengths of the string and the rod be 2 a and 21, then 
when x~a, y = 0, and the least value of a i s given by cna = ^rr. 
We also have 

z= /r { i+ ©t dx=a(i+ .<*> 


when terms above the order Jc s are neglected. Eliminating a, we 


have 


l = ^0 ~(1 + i^) = 2^(1 + -(3) 


when the fourth powers of k are neglected. 

Since n* = TjK we have = J (l + tV ^ 

Hence + . 


.(9) 


when the fourth powers of hjl are rejected. This equation 
determines the tension necessary to produce a given deflection 0G = h. 


29. Let us regard the half GB of the bow as a uniform rod 
having one end C and the tangent at G fixed while the other end 
B is acted on by a force T whose direction is parallel to the 
tangent at C. 
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Let the length l be given, then the equation (8) shows that k 
is imaginary unless l exceeds 7r/2n. Let n 0 = 7r/2Z and let T 0 — Kn Q 2 
be the corresponding value of the force T. It follows that the rod 
cannot begin to bend unless the force exceeds T 0 , where T G = 

Let T=T 0 (1 + £) where £ is a small quantity, then 
)l = 7! 0 ( l+£f). 

The equation (8) gives 

n = n 0 ( 1 + -&n 0 2 k 2 ) ; .\ k 2 = S2P£/i r 2 . 

Since dkjd% is infinite when &=0, we see that k (and therefore 
also h ) increases much more rapidly than the force does. A slight 
increase in the force makes a considerable change in the value of k. 


30. When the terms containing dy/dx are included in equa- 

tion (1), we have - K = T V .(10). 

where accents denote differential coefficients with regard to x. 
Multiplying by y f and integrating, we find 


1 — cos yfr = ^n 2 (h 2 — y 2 ) .(11), 

where ^ is the acute angle made by the tangent at any point P 
with the string of the bow. 

Let y = h cos <£, then sin = \nh sin cf>. The equation may be 
written in the form d^fr/ds = n 2 y. Put e~\nh, substitute for y 
and ^ and integrate between the limits $ = 0 to s = l, we then have 

d<j> 


nl 


firr 

Jo (T^ 


.( 12 ). 


i o (1 — e 2 $m 2 <f))% 

If the length l and the force T are given, n 2 = TjK is also known. 
This equation then determines e and therefore h. 

The integral (12) is lessened by writing unity for the denomi¬ 
nator. We then have nl > \tt. Since n 2 = TjK it immediately 
follows that the tension or force must exceed the value of 7r 2 Kj^l 2 . 
This is the result already arrived at in Art. 29, and it has now 
been proved without the use of series. The equations (8) and (9) 
of Art. 28 may be obtained by expanding the integral (12) in 
powers of e 2 and neglecting all powers of e above the second. 

31. The importance of the case considered in Art. 29 lies in 
its application to the theory of thin vertical columns . The rod 
may be regarded as a vertical column having the tangent at its 
lower end C fixed in a vertical position, while a weight, much 
greater than that of the column, is supported on the upper ex¬ 
tremity. It appears from what precedes that if the weight on 
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the summit is gradually increased, the column will remain erect, 
without bending, until the weight becomes nearly equal to a 
certain quantity depending on the flexibility and dimensions of 
the column. 

Since the constant K is equal to Ea>k 2 (Art. 13) it follows that 
the bending weight, for columns of the same kind, varies as the 
fourth power of the diameter directly, and as the square of the 
length inversely. This result is usually called Euler’s* law. 

Columns yield under pressure in two ways, first the materials 
may be crushed, and secondly the column may bend and then 
break across. In some cases both effects may occur at once. If 
the column is short it follows from Euler’s law that the bending 
weight is large, so that short columns yield by crushing. Long 
columns on the other hand break by bending and are not crushed. 

Many experiments have been made to test the truth of Euler’s 
law. The results have not been altogether confirmatory, possibly 
because Euler’s law applies only to uniform thin columns, in which 
the central line in the unstrained state is a vertical straight line. 
For the details of these experiments we must refer the reader to 
works on engineering. See also Mr Hodgkinson’s Experimental 
researches on the strength of pillars, Phil. Trans. 1840. 

In this investigation we have supposed that the weight has been placed centri- 
cally over the axis of the column. The weight of the column itself has also been 
neglected and no allowance has been made for the shortening of the column due to 
the weight it has to support. 

32. Heavy columns. Ex. 1. A vertical column in the form of a paraboloid 
of latus rectum 4 m with its vertex upwards is fixed in the ground. Show that it 
will bend under its own weight when slightly displaced if the length be greater than 
7 r (2Em/u?)i, where w is the weight of a unit of volume, E the weight which would 
stretch a bar of the same material and unit area to twice its natural length. 

Ex. 2 . A vertical cylindrical column of radius r is fixed in the ground. Show 

that it will bend under its own weight if its length be greater than c u l ■ J , 
where c is the least root of (c) = 0 . 

Let A be the area, r the radius of a section of the column (supposed to be thin 
and straight) at a distance x from the base C , then (Art. 13), K=EAh*. When the 


* Euler, Berlin Memoirs , 1757. Petersburg Commentaries , 1778. Lagrange, 
Acad, de Berlin , 1769. Poisson, Trait€ de Mecanique , 1833. See also Thomson 
and Tait, vol. i. Art. 611, where some figures are given. Also the Proceedings of the 
Roy. Irish Acad. 1873, where Sir R. Ball notes an error in Poisson’s analysis. In 
the Proc. London Math. Soc. 1893, vol. xxiv., Prof. Love discusses the stability of 
columns. A discussion of Euler’s theory is contributed to the Canadian Society of 
Civil Engineers, 1890, by C. F. Findlay, C.E. 
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column is a paraboloid and r 2 =4m {l~x), when the column is a cylinder 

Ah 2 is constant. In the figure of Art. 27, let x ', y' be the coordinates of any point 
P' between P and B. Taking moments about P the differential equation is seen to 

be j\vA'dx' .{y~y% 

where A' is the area of the section at P'. Differentiating this equation with regard 
to x , we find after some reduction 

where £=Z-a;, /3 2 =w/2m.E, and the column is supposed to be a paraboloid. 

At the free end where £=0, we have %dyjd £±0 and, since the stress couple is 
there zero, d 2 y/d£ 2 =0. At the base where £=Z we have dy/d% =0 and this leads to 
the condition that the column cannot begin to bend unless lj3 > tp. 

When the column is a cylinder, the differential equation becomes 

&y , 4u? y d u _ n 

which may be reduced to Bessel’s form. To effect this put dy/d^=^ k z, p=p, we 
then see that X=J, /*=§-. 

Both these examples are due to Prof. Greenhill, Proceedings of the Camb. Phil. 
Soc. 1881, vol. xv. 

33. Theory of a bent circular rod. A uniform thin straight rod without 
weight is bent without tension into the form of a circular arc of great radius; it is 
required to find the stress couple at any point P. See Art. 15. 

We shall obtain a particular solution of this problem by making an hypothesis 
which simplifies the process, and which we afterwards verify by showing that all the 
equations of equilibrium are satisfied. 

We assume (1) that all filaments of matter parallel to the length of the rod are 
bent into circles with their centres on a straight line perpendicular to the plane of 
bending. This straight line will be referred to as the axis of bending. We assume 
(2) that the particles of matter which in the unstrained rod lie in a normal section 
continue to lie in a plane when bent, (3) that this plane is normal to the system of 
circles above described. 



Let A BCD be a short length of the straight rod bounded by two normal planes 
AOG, BMD. To examine the small changes which this length undergoes we take 
the plane AOG as that of yz and let some perpendicular straight line OM be the axis 
of x . To avoid confusing the figure only the lines on the positive octant have been 
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drawn. Let the plane of xz be the plane of bending, so that the axis of y is parallel 
to the axis of bending. Thus OA is the axis of z, OC that of y. Let QB be any 
elementary filament parallel to the axis of x , let (0, y , z), (x, y, z) be the coordinates 
of Q and B. Let the positions of these points and lines in the bent rod be denoted 
by corresponding letters with accents. According to the hypothesis A'O'O', B'M'D' 
are normal to all the filaments of the bent rod, and (when produced) these planes 
intersect in the axis of bending. Any filament, such as Q'B', is a circular arc whose 
unstretched length is OM. 

The rod being bent without tension, the filaments near A'B' are compressed 
while those on the opposite side of the rod are extended. There is therefore some 
surface such that the filaments which lie on it have their natural length. This 
surface is usually called the neutral surface , and the lines on it parallel to the length 
of the rod are called neutral lines. Since the filaments on this surface are circular 
arcs of the same length with their centres on the axis of bending, the neutral surface 
is a cylinder which cuts the plane of yz in a straight line parallel to the axis of 
bending. Let the origin O' be taken on the neutral surface, the axis of x is there¬ 
fore a tangent to a neutral line, and the unstretched length of every filament, such 
as Q'B', is equal to OM or O'M'. Let p be the radius of curvature of this neutral 
line. Since the rod is thin, all the linear dimensions of the mass ABCD are small 
compared with p. 

When the unstretched length QB has been compressed or stretched into the 
length Q'B', it remains sensibly parallel to the axis of x , but its distances from the 
planes xz , xy may have been altered. Let these distances be y'=y + v, z' =z + id, and 
let the stretched length Q'B' be x'=x+u. Since B' lies in a plane normal to the 

fg .j,. J 

neutral line at M', we have x'=(p-z - iv) sin - = x -1-— . 

P P 

The difference x'-x represents the stretch of the fibre QB whose unstretched 

length is x. The tension per unit of sectional area is therefore equal to - E . 

P 

When the rod is only slightly deformed by the bending (as in Art. 17) the displace¬ 
ment w must be small compared with z. We may then, as a first approximation, 
equate the tension to - Ezjp. 

Since the rod has been bent without altering its length, the resultant tension 
across the section A OG is zero, and we have 

tf(Ezlp) dydz = 0. 

It immediately follows that the centre of gravity of the section lies in the plane of 
xy. The neutral surface therefore passes through the centre of gravity of every 
normal section. In a cylindrical rod therefore , bent loithout tension , the central line 
is also a neutral line . 

Since the elementary tensions have no components parallel to the axes of y or z , 
it follows that the shear is zero. 

If L be the moment about the axis of y of the tensions which act across the 

section AOC , measured positively from z to x, we have 

r rro; , E 
L = I \z-dydz . —-E —, 

p p 

where wlc 2 is the moment of inertia of the sectional area about the axis of y , i.e. 
about a straight line drawn through the centre of gravity of the section perpendi¬ 
cular to the plane of bending, see Art. 13. Since the rod is a uniform cylinder bent 
into a circular arc, the corresponding couples about 0'G' } M'D' balance each other. 
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In the same way the moment about the axis of z of the tensions which act across 
the section AOG is jjyzdydz . E/p. This couple cannot be balanced by the equal 
couple about M'B' because their axes are not parallel. It is therefore necessary that 
this moment should vanish. It follows that the rod will not remain in the plane of 
bending unless the product of inertia of the area of the normal section about the 
axis of y and any perpendicular straight line in its plane is zero. In other words, 
the plane of bending must be perpendicular to a principal axis of the section at its 
centre of gravity. 

34. If we suppose, as already explained in Art. 8, that each fibre or filament of 
the rod is contracted or extended in the same manner as if it were separated from 
the rest of the rod, the mutual pressures of these filaments transverse to the length 
of the rod and also the tangential actions are zero. Each element of the rod is 
therefore in equilibrium, and the surface conditions are also satisfied. Each 
filament is slightly displaced, like those discussed in Art. 8, and slightly turned 
round. These displacements are those represented by v , w , and are such that, 
when the fibres are stretched independently of each other, the body remains 
continuous. 

The expressions for the coordinates y'=y + v, z'=z + w, of Q' in terms of the 
coordinates y, z of Q may be deduced from the theorems given in Art. 8. It 
follows from that article that when the filament QR is stretched into the filament 
Q'R' by a tension N x , the rectangular base QLMN remains rectangular and similar 
to its original form, and is of such size that corresponding sides are connected by 
the relation (Q'L' - QL)!QL— -NJE'. 

Let 0 be the angle which the side Q'L' makes with the axis of y y measured posi¬ 
tively from ztoy; then 


Q'L’cos <f> = %dy = (^ 


1 + 


dv\ . 


j dz' dw , 
-QL' B m<t, = -dy=-dy. 


'dy V dy 

Rejecting the squares of the small quantities v, w and remembering that QL = dy, 

dv N x , dw 

— = -tan 0 = —. 

dy E r dy 

dw , dv 

tan <p = 


we have 


- tan 0 = - 

Treating the side Q'N r in the same way, we have 


N x 

-r=-~r, 7 > mn<p = —. 

dz E' dz 

Substituting for N x its value -E (z + w)jp, and neglecting wjp as before, we find by 

E y z+f(z) * 2 +F(y) 

P 


integration 


w — - 


E' p 9 2 E' 

Equating the two values of tan <p and substituting for v and w , we find that 

- 4 F ’ (y)=y+f{z)- 

It follows that / (z) = az + b, and therefore 

E (y u) z 4* b E z“ — (y -f- cCj^ — c 

v= e' ~ P ’ w= m } * 

The terms containing b and a 2 - c represent a translation of the section as a whole, 
those containing the first powers of y, z represent a rotation through an angle Ea/E'p. 
If neither of these displacements exist, we may omit these terms. 

The expressions thus found for u, v, w, give the displacements of Q referred to 
the axes O'ikT, O' A', O'G'. They also give those of R referred to corresponding 
axes with M' for origin. The displacements of R referred to the axes with 0' as 
origin are therefore given by 


u= • 


xz __E yz 

~ "*T j v — -jp/ ~~~ f 

P E p 

where x, y, z are the coordinates of R . 


a 2 E . 

W = 2 P + W 


-r 


2 P 
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35. If the section of the beam is a rectangle having the sides EF , GH perpen¬ 
dicular to the plane of bending, we see by examining the expression for v and w that 
these sides become curved when the rod is bent, and that they have their convexities 



turned towards the centre of curvature of the rod. The sides EG , FH which before 
bending were parallel to the plane of bending remain straight lines but are inclined 
to the plane of bending and tend outwards on the concave side of the rod. 

The expressions found in Art. 34 for the displacements u , v, w agree with those 
given by Saint-Venant for one case of bending. But what has been said in that 
article is not to be taken for a complete discussion of his problem ; for that the reader 
should consult a treatise on the theory of Elasticity. 

The second and third assumptions of Art. 33 are included in the first, either if 
the circle is complete, or if proper forces are applied at the extremities of the arc. 
The first assumption may be regarded as following from the statement in the 
enunciation that the rod is uniform, without weight and bent into the form of a 
circular arc. 

In the theory of Bernoulli and Euler these assumptions are applied to the case 
of any thin rod *. The theory thus extended leads to the result that the bending 
moment is proportional to the curvature and this result agrees with experiment. 
But other results of the theory are not so nearly in agreement with facts. To 
obtain a correct theory it is necessary to have recourse to the general equations of 
equilibrium of an elastic solid. In this treatise the expression for the bending 
moment is intended to rest on experiment (Art. 13), and’the bending of a circular 
arc has been considered merely as the simplest example of the theory of elasticity. 

36. Airy's Problem. In using standards of length two considerations have 
attracted attention, (1) the application of supports in such a manner as to produce 
no irregularities of flexure and (2) the application of such supports as will permit 
the expansive or contractive effects of temperature. The importance of the former 
was made known by Eater, that of the latter by Baily. Freedom of expansion is 
usually secured by supporting the body on rollers. Excessive flexure is avoided by 
making the rollers rest on levers which are so arranged that the weight of the body 
is either equally distributed over the points of support or distributed in such ratios 
as may be thought proper. 

The flexure is so small that the mere curvature of the central line does not 
produce a sensible alteration of its length. If however the measured length is 
marked on the upper surface of the measuring rod, this length may be either stretched 
or shortened by the curvature of the central line. There may therefore be a small 
error in each length measured by the rod, which would be multiplied indefinitely 
when the whole distance measured is great. The problem is to determine how this 

R Prof Pearson shows in The Quarterly Journal for 1889 that the results of the 
isernouUi-Eulenan theory give fairly approximate formulae for the stress and strain 
of beams whose diameter is one-tenth, or less, of their length. 
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error may be avoided. Airy’s principle is that the extension of each element of the 
upper surface of the measuring rod is proportional to the bending moment L. He 
therefore infers that the supports of the rod should be so arranged that jLdx = 0, the 
limits of integration being from one end of the measured length to the other. 

We may deduce the correctness of this principle from the theory given in Art. 33. 
The extension of the filament QR has been shown to be approximately QR (zip)* 
where p is the radius of curvature of the central line and z the distance from the- 
central line of the projection of QR on the plane of bending. If then 2 be the half 
thickness of the rod, the extension of an element dx on the surface is zdx/p. Since 
L~Kjp, it immediately follows that the extension of any element on the surface of 
a uniform rod is proportional to the bending moment. 

Ex. 1. A bar, of length a , is supported at two points symmetrically placed, and 
the marks defining the extremities of the measured length are close to its ends; 
prove that the distance between the points of support should be ajsj 3. 

Ex. 2. A standard of length a is supported on m rollers placed at equal distances, 
and the weight is equally distributed over the rollers. The measuring marks are- 
placed at distances e from the ends. If D be the distance between two consecutive 
rollers, prove that D -1) = a jJ (I - 8e 3 /^ 3 )* 

Memoirs of the Royal Astronomical Society , Yol. xv., 1846, and Monthly Notices , 
Yol. vi., 1845. 

37. Bending of Circular rods. The natural form of a thin 
inextensible rod is a circular arc; supposing it to be slightly flexible , 
it is required to find the deviation from the circular form produced 
by any forces *. 

Let AB be the arc of the circle when undeformed, 0 its centre, 
a its radius. Let P be any point on 
the circle, P' the corresponding point ^ 
on the rod when bent. Let a, 9 be the 
polar coordinates of P; a (1 4- u), 6 4- (j> 
those of P\ referred to 0 as origin. 

If p be the radius of curvature at P\ 
we have by a theorem in the differential ^ 

calculus i — != — i (u + .. .(1), 

pa a \ dd 2 J 

where the squares of u are neglected. Let us represent either side 

of this equation by q/a. 

If the central line be extensible, let and ds be the un¬ 
stretched and stretched lengths of an element of arc, then 
ds 1 — add , (ds) 2 = (adu) 2 4- a 2 (1 + u ) 2 (dO 4- d<fi) 2 . 

* The case of a circular arc is important because the periods of its vibrations, 
both when inextensible and extensible, can be found. See the second volume of the 
Author’s Rigid Dynamics , where also the expression for the work of the stresses is 
found in a different manner. 
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Neglecting the squares of small quantities, this gives 
ds = a (1 + u) dd + adcf>. 

If p be the proportional elongation of the elementary arc 

ds - d$i d6 

f—sr-=® + “. < 2 >- 

If the rod is inextensible, we have p = 0. 

The equations of equilibrium of an inextensible rod may be 
formed by either of the methods described in Arts. 10,11. Taking, 
for example, the three equations marked (4) in Art. 11, and joining 

them to T—vi 


L~K- 


we have five equations to find T\ U, L , u, <f> in terms of 8. 

38 . If the rod is slightly extensible as well as flexible, the equations become 
somewhat changed. The arc ds in the equations of equilibrium in Art. 11 means 
now the stretched length of the element, while F and G represent the impressed 
forces referred to a unit of length of the stretched rod. The equation p = 0 must 
also be replaced by another connecting p with the tension. 

The relations which connect L and T with p and q are perhaps most easily 
deduced from the expression for the work done by the stresses when the rod is 
deformed. If Wds 1 be the work done by the stresses when the element is stretched 

and bent, we have Wds 1 = -Msj + .(4), 


and bent, we have JVds 1 = - J .(4), 

where H and IC are the constants of tension and flexural rigidity. This result 
follows at once from those given in Art. 16 of this volume and in Art. 403 of Yol. i., 
■when we assume that the work due to a deformation of bending is independent of 
that of stretching. 

From this expression for W we may deduce the values of T and L. Keeping 
one end P' of an element P'Q' fixed, let the element be further stretched, without 

altering the curvature, so that its length ds becomes ds ', then = ■ C ^ S -. The 

work done by the tension T at the end Q’ is — T (ds' - ds), and that done by the 
couple at Q' is -L -. The sum of these is dW .ds 1 . We therefore have 


-(*♦!)-? 


Next let the element, without altering its length, receive an increase of curvature 

so that the radius of curvature is changed from p to p '; then — = The 

a p p 

tension at Q' does no work, while the work of the couple L at Q' is - L (~ - ds. 

\P Pj 

.. n \ L dW 1 

Also ds = (1 +^j) ds ,, .*. — = -. .(6). 

' 1 a dq 1+p w 

These expressions give for a slightly extensible and flexible rod 


(7). 
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The equations of equilibrium found in Arts. 10 and 11 when joined to (7) 
supply five equations from which L, T, U, u, <f> may he found 

39. Ex. One end of a heavy, slightly flexible inextensible wire, in the form 
of a circular quadrant, is fixed into a vertical wall, so that the plane of the wire is 
vertical and the tangent at the fixed end horizontal. Assuming that the change of 
curvature at any point is proportional to the moment of the bending couple there, 
prove that the horizontal deflection at the free end is irwcfijSE, where E is the 
flexural rigidity, w the weight of a unit of length, and a the radius of the circle. 

[Trin. Coll. 1892.] 

Let A be the free end of the rod, B the end fixed into the wall, 0 the centre. 
Taking moments about any point P for the side PA , Art. 10, we arrive at 
E ( dH\ . a n 

QtW \ dd 2 J 

where A OP= 6, and OP=a(l + u). The constants of integration are determined 
from the conditions that u and du/dd vanish at P, and the deflection required is 
the value of au when 0=0. 

40. To find the work when a thin rod, whose central line in the natural state is 
a circle of radius a, is stretched and bent so that the central line becomes a circle of 
radius p , by a method analogous to that used in Art. 38 for a straight rod. 

The figure of Art. 33 may be used in what follows, except that the lines OM, 
AB, CD must be supposed to be small arcs of circles. 

Let OM be an element of the central line of the unstrained solid, O'M' the same 
element when the rod is deformed. .Let the tangents to OM , O'M' be the axes of x 
and x', and let the planes of xz, x'z' be the planes of the circles. Let QB be any 
filament parallel to OM, Q'B' its position in the strained rod. Let y , z ; y', z' be 
the coordinates of Q, It ; Q', R', each referred to its own set of axes. 

If ds li ds be the lengths of OM, O'M' and l+p stand for dsjds l as before, the 
tension of O'M' per unit of area is Ep. If da lt da be the lengths of QR, Q'R \ 

we have da 1 = ds l (^1 - ^ , da=ds 1-^.(1), 

and the resultant tension of all the fibres which cross the area dydz is therefore 

^(S- 1 ).< 2 >- 

The work done by this tension when the filament is pulled from its unstretched 
length da 1 to the length da, is 

-\Edydz - 1^ da 1 .(3). 

The difference z f — z is a small fraction of z; for a straight rod it has been 
shown to be of the order z~/p, Art. 34. As a first approximation we take z'=z. 
Substituting for ds/ds 1 and for 1/p their values 1+p and (1 + q)/a, and neglecting 


all powers of z/a above the second, we find that the work is 

-iEdydz j^2> 2 — {A> 2 + 2 A>2 (1 ^ + 2 2 (1 +i>) 2 .( 4 )- 

Integrating this over the area (a of the section, and remembering that 0 is the 
centre of gravity of the area, we have for the whole work 

Wds x = -%Eu> |V + ~ 2 ? 2 (1 +^) 2 J ds i .(5); 

when the higher powers of p, q are rejected this becomes 

Wds 1 = - Jfiu jj> 2 + ^ .(6). 

19—2 
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41. In the same way we find that the tension of the fibres which cross the 

area dydz is Edydz |jp - q (1 +p) j~ + J-^j .(7). 

Remembering that 0 is the centre of gravity of the section, we find by an obvious 
integration that the resultant tension T and the resultant couple L are given by 

T=Eu jp - q (1+2^)}- . L = Eua ^ q (1+p) .(8). 

These reduce to the forms given in Art. 38 when the product pq is neglected. 

42. If we examine the expressions for the work, tension and couple given by 
equations (6) and (8) of Arts. 40, 41 we see that they contain two constants of 
elasticity, viz. Ew and Ecok 2 . These were represented by the letters II , K in the 
corresponding expressions in Art. 38. 

When the rod is such that the constant of elasticity Eu is infinite or very great, 
a small change in the proportional extension p alters the product Eojp very con¬ 
siderably. If, therefore, the tension is finite or not very great, p must be very 
nearly equal to zero. It follows that in all the geometrical relations of the figure 
we may regard p as equal to zero. At the same time the product E<ap which occurs 
in the tension is not to be regarded as zero, but as a quantity analogous to the 
singular form oo . 0. If the tension is finite, the term Ep 2 which occurs in the 
work is zero. 

Since the other constant of elasticity, viz. Etal^ja 2 , is not necessarily large in 
thin rods, it does not follow that q must be small, because h'w is large. 

Rods in which Eu is very great are said to be inextensible. Such rods may be 
bent, and the bending couple is proportional to the change of curvature. 



43. Very flexible rod. When the flexibility of the rod is such that it may be 
made to pass through several small rings not nearly in one straight line the 
integrations of the differential equation become more intricate. To simplify the 
problem we suppose that though weights may be attached to any points, the rod 
itself is without weight. 

Let A, B, C &c. be a series of small smooth rings through which the rod is 
passed. Let the stress couple at A be L n and let T lf U x he the tension and shear 
at the same point. Let L 2) T 2 , U u be the corresponding stresses at Z> and so on. 



The stress L Jt T lt acting at A may be reduced to a single resultant F l acting 
along some straight line A'B', whose position is found in Vol. i. Art. 118. If P' be 
any point between the rings A and JB, the stress at P' must be equivalent to the 
same force, for otherwise the portion AP' of the light rod would not be in 
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equilibrium. In the same way the stress at -every point of the rod between the 
rings B and C is equivalent to a single resultant P 2 acting along some other 
straight line B'G' f and so on for every portion of the rod lying between contiguous 
rings. These straight lines may be called the lines of pressure. We shall suppose 
the forces F li F 2 , &c. when positive to be pulling forces, so that for instance 
the action of AP on BB is equivalent to the force F 1 acting in the direction B'A'. 

The stress forces at points one on each side of any ring, as B, being F 1 and F 2 , it 
follows that the pressure on the ring B is the resultant of F 1 acting along B'A f and 
F 2 reversed and thus made to act along B'C'. The pressure at B therefore acts 
along B'B, and this line is a normal to the rod at B . 

Let us consider the equilibrium of any portion BP of the rod, where P is a point 
between B and G. Let be the angle the tangent PH makes with B'C ', and let 
B'C' be the axis of £. Let r\ be the perpendicular distance of P from that axis. 
Let L, T , XI be the stress couple, tension and shear at P. Then 

T=F 2 cos^, 17= - P 2 sin L=F 2 rj .(1). 

Taking moments about P for the portion BP we have —=A —=P 2 t? . (2). 

Multiplying both sides by sin ifs-dy/ds and integrating, we find - 2 K cos ip=F 2 ri 2 -\-C. 
This result may be written in the form 

2PP 2 cosV'+P 2 V= : J.(3), 

where I is a constant for the portion BP of the rod. We notice that in this 
equation P 2 cos \j/ is the tension and F 2 t) the stress couple at the point P. 

A similar equation holds for each portion of the rod which lies between 
contiguous rings. If P move along the rod and pass through the ring <7, the 
tension and stress couple undergo no sudden changes of value, though the shear is 
altered discontinuously. It follows that P 2 cos $ an< ^ are the same on both 
sides of C and that therefore I is the same for both portions of the rod. The 
constant I has therefore the same value throughout the whole length of the rod . 

If one extremity of the rod is free , let A be the ring nearest the free end. The 
tension and the stress couple at A are therefore zero; hence, by equation (3) the value 
of I is zero. In this case, since the stress at A is reduced to the shear only, the 
line of pressure between the rings A and B is the normal at A. 

Since p cos ( dsjdxf/) (d£/ds) = we have by (2) 

d£ __ K cos \j/ __ K cos \f/ . 

di>~ F& ~ (I-2A'F 2 cosf)i. ’ 

where £ is measured positively opposite to the direction of F 2 . Putting xp=7r-20 i 
we reduce this to the difference of two elliptic integrals, 

F^=i ((l-cHitfeftde-l f- - . d8 -: : -r ■ 

J sin- 6)- 

where i 2 =l + 2KF 2 and c 2 i 2 =4KF 2 . 


44 . To show that these results supply a sufficient number of equations, let us 
suppose, as an example, that both ends of the rod are free and that it has been 
made to pass through five small rings at A, B , G , D, E. 

Beginning at the ring A , the line of pressure A'B' is the normal at A; let 6 be 
the angle it makes with any fixed straight line in the plane of the rings. Taking 
AB' as the axis of £ and A as origin, the coordinates of B, viz. £, are known 
functions of 6. The equations (3) and (4) give £, tj , in terms of \p and P 15 the 
constant in (4) being determined from the condition that when £ = 0 the value of i p 
is known, viz. in this case ^ is a right angle. Equating these two values of £ and y 
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•we have two equations to determine and the value of f at B. The tangent at 
B having been found, the normal BB' can be drawn and the position of B 
determined. 

In the figure of Art. 48 we have F 1 sin A'B'B-F 2 sin BB'C'. When therefore we 
repeat the process just described and take B'C' as a second axis of £ and the foot of 
the perpendicular from B on B'C' as the origin, with the object of finding F 2 and the 
value of ^ at 0, we really have sufficient equations to find the angle BB'C' also. 

In the same way we next take C'D' as the axis of £ and finally D'E'. But since 
this last line of pressure must be the normal at E, the value of \j/ at E must be a 
right angle. This supplies a final equation from which 9 may be found. 

Ex. A light rod BE is made to pass through two small rings A, C in the same 
horizontal line at a distance apart equal to 26, and has a weight W applied at a 
point B so that the vertical through B bisects AC at right angles. If 2</> be the 
angle between the normals at A and C prove that 

2 cos 0 (cot <$ + (cos 


<f>)*J o (am<p)*d<p=b cosec 0 (Jjpt m 


On rods in three dimensions. 

45. Measures of Twist. Let PK be a normal to the 
central line of an elastic rod at any point P, and let K lie on 
the outer boundary of the rod, the portion PK is called a 
transverse of the rod. This name is clue to Thomson and Tait. 

Let P, P\ P" &c. be a series of adjacent points on the central 
line of the unstrained rod, and let each of the arcs PP\ P'P" &c. 
be infinitesimal. Any transverse PK having been drawn at the 
first of these points, let the plane KPP' intersect the normal 
plane at P' in a second transverse P’K'. Let the plane K'P’P ,f 
intersect the normal plane at P" in a third transverse, and so on. 
We thus obtain a series of transverses, any consecutive two of 
which lie in a tangent plane to the central line. 

If the rod when unstrained is straight and cylindrical it is 
obvious that all the transverses thus drawn lie in a plane passing 
through the central line. It is also clear that the extremities 
if, if' &c. of the transverses then trace out a straight line on the 
surface of the rod parallel to the central line. 

Let these transverses be fixed in the material of the rod and 
move with it when the rod is strained. The normal section at P 
of the rod being fixed, let the elements lying between the normal 
planes at P, P\ P" &c. he twisted round the tangents PP\ 
P'P" &c. respectively, so that the points if, K\ K" &c. trace 
out a spiral line on the outer boundary of the rod. The twist 
of the elementary portion of the rod which lies between the 
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normal planes at P, P' is measured by the infinitesimal angle 
which the transverse P'JT makes with the plane KPP\ or, what 
is ultimately the same, by the angle which the planes KPP\ 
PP'K' make with each other. If the arc PP r of the central line 
be d$, and if the angle which the planes KPP\ PP'K ' make with 
each other be d%, the ratio dx/ds represents the twist of the portion 
ds of the rod referred to a unit of length, and is usually called the 
twist at P. 

It is sometimes useful to so choose the transverses PK , P'K' &c. in the unstrained 
rod that the angle which the planes KPP\ PP'K' make with each other has any 
convenient value. Let dxi be this angle and let dx-i-r^ds, then is an arbitrary 
function of the arc s. If d% or rds be the corresponding angle in the strained rod, 
the twist is measured by r - r x . 


46. Resolved Curvature. Let a straight rod be strained 
by bending, so that the central line takes the form of a curve of 
double curvature. If de be the angle between the normal planes 
to the central axis at P, P', the curvature at P is measured by 
the ratio dejds } and the central line is said to be curved in the 
osculating plane. 

It is sometimes more convenient to resolve the curvature in 
two directions at right angles. Let the normal planes at P, P' 
intersect each other in a straight line GO , then GO intersects the 
osculating plane at right angles in some 
point G. Since PC, P'G are two con¬ 
secutive normals lying in the osculating 
plane, the point G is the centre of the 
circle of curvature; let CP = p. Let us 
now draw a plane through the tangent 
PP' to the central line making an arbi¬ 
trary angle </> with the osculating plane, and let this plane cut CO 
in Q. Then since PQ, P'Q are two consecutive normals to the 
central line, the point Q is the centre of a circle of curvature 
drawn in the plane QPP'. If the radius PQ of this circle be P, 

we have from the right-angled triangle QCP, ~ ~ cos </>. 

It follows that the curvature in a plane drawn through the 
tangent may be deduced from the curvature in the osculating plane 
by the same rule that we use in statics to resolve a force. 

47. Let us draw two planes through the tangent at P to the 
central line, and let these be at right angles to each other. Let 
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the resolved curvatures of the central line in these planes be 
called k and X. Then the curvature in the osculating plane is 
+ and the tangent of the angle the osculating plane 
makes with the first of these planes is X/*. 

These two planes intersect the normal plane at P to the 
central line in two straight lines at right angles. Let these be 
PK, PL, the straight line PK being perpendicular to the plane 
in which the resolved curvature is k. 

The three straight lines PK, PL, PP' thus form a convenient 
system of orthogonal axes to which we may refer that part of the 
rod which lies in the immediate neighbour¬ 
hood of P. The resolved curvatures of the 
central line in the planes perpendicular to 
PK, PL, being k, X and the twist about 
PP' being r, it follows that in passing from 
the point P to P' the three axes are screwed 
into positions P'K\ P'LP'P" by a combination (1) of the rota¬ 
tions Kds, Xds, rds about the axes PK, PL, PP', and (2) of a 
translation of the origin P along the tangent to P'. It should 
be noticed that each of the three quantities k, X, r is of — 1 
dimension as regards space. 

The quantities k, X are the resolved curvatures of the strained 
rod and are the same as the resolved bendings produced by the 
forces, only when the unstrained rod is straight. To find the 
bending produced by the external forces when the unstrained rod 
is itself curved we must subtract from k, X the resolved curvatures 
of the unstrained rod. 

48. Since Kds, Xds, rds are rotations about the axes of 
reference, we know by the parallelogram of angular velocities 
that they may be resolved about other axes by the parallelogram 
law. If then we wish to refer the strains to a different set of 
axes, say PK lt PL ly Pl\, we change k, X, r into k 1 ,X 1 , t x by the 
usual formulae for the transformation of coordinates or for the 
resolution of forces. In this way we may refer the bending and 
twist in the neighbourhood of P to any arbitrary system of axes 
having the origin at P. These generalized axes may be screwed 
from their positions at the origin P to those at P' by the three 
rotations Kids, X x d$, rids and the translation ds along the 
tangent. 
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49. In many of the applications of analytical geometry to physical problems 
it is found advantageous to make the coordinate axes moveable, so that they may 
always be in the most convenient position. Thus if a point travel along the strained 
rod and successively occupy the positions P, P', P", &c., the axes change their 
-directions in space. To specify the motion of these axes we may either use a 
second system of axes fixed in space or we may refer the motion to the moving 
axes themselves in the manner above described. The first method requires 
the use of the formulae of transformation of axes which are often complicated, in 
the second we avoid the introduction of a second system of axes. Moving axes are 
of great importance in Dynamics and are also of much use in discussing the 
geometrical properties of curves and surfaces. For these applications the reader is 
referred to the second volume of the Author’s Treatise on Rigid Dynamics. 

50. Ex. 1. A straight line is marked on the surface of a thin unstrained 
cylindrical rod, parallel to the central line. If the rod is bent along any curve on 
a spherical surface so that the marked line is laid in contact with the spherical 
surface, show that the twist is zero. 

If the rod is laid on a cylindrical surface so that the marked line is in contact 
with the cylinder, show that the twist is sin a cos a/a , where a is the radius of the 
cylinder and a is the angle the rod makes with the axis of the cylinder. Both these 
results are given by Thomson and Tait, Art. 126. 

If P, P' be two consecutive points on the central line, the transverses PAT, P'K' 
are normals to the surface. The first result follows, because the transverses pass 
through the centre of the sphere, so that the angle between the planes KPP\ 
PP'K' is zero. Since the radius of curvature at any point of a helix lies on the 
normal to the cylinder on which the helix is drawn, the second result follows from 
the ordinary expression for the radius of geometrical torsion. 

Ex. 2. A straight thin rod has a straight line marked along one side. If the 
rod is bent and laid on a surface so that this line lies in contact with a geodesic, 
show that the twist at any point P is A sin 6 cos 6 , where A is the difference of the 
curvatures of the principal sections of the surface at P and d is the angle the rod 
makes with either line of curvature. 

51. Relations of stress to strain. Let P be any point on 
the central line; the mutual action of the parts of the rod on each 
side of the normal section at P can be reduced to a, force and a 
couple with any convenient point of that section as base. 

Let three rectangular axes be taken at the point jP to which 
we may refer the strains and stresses in the neighbouring portion 
of the rod. Let K, L, T be the components of the stress couple 
about these axes. If the unstrained rod is straight, let /c, A, r be 
the resolved parts of the curvature and twist about the axes ; if 
the unstrained rod is itself curved, then /c, A, t represent the 
changes in the curvature and twist produced by the external forces. 

We shall now assume the two following principles * :— 

(1) that the changes in the twist and curvature of the rod in 


See Thomson and Tait, 1888, Art. 591. 
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the neighbourhood of P are independent of the force and are 
functions only of the couple; 

(2) that the couples K , L, T are linear functions of the strains 
k, X, t. 

These assumptions are necessary because we do not in this 
place enter into the theory of elasticity. 

If we suppose, as usual, that the strains are so small that we 
may neglect all powers but the lowest which enter into the 
equations, the second principle is equivalent to the assumption 
that when K, L , T are expanded in powers of k , X, r the lowest 
powers in the series are the first. 

52. Since the three couples K, L , T are each expressed in 
terms of /e, X, r by a different linear equation, it might be supposed 
that we shall have to deal with nine constants. But if the elastic 
forces form a conservative system we may reduce these to six by 
using the work function. 

Let Wds be the work function of an element of the rod 
bounded by the normal sections at P, P'. Supposing the end P 
fixed, let one strain, say X , become X + dX , the other two remaining 
unaltered. Since the element of the rod has been rotated about 
the axis of the couple L through an angle equal to dX . ds , the work 
done by the couple L is LdXds , while that done by each of the 
couples K and T is zero. We therefore have dsdW= LdXds. 
Similar expressions hold when K and T are increased by die and 
dr , so that in general 

K = dWldic , L = dW/dX, T^dWjdr. 

Since K , L , T are linear functions of k } X, r it follows that W is 
a quadratic function of /e, X, t, i.e. 

W = ^ (A k? + JBX 2 + Gt 2 -b 2 aXr + 2 bnc + 2 ckX). 

K~ Ak -}- cX -f* 5t, L = ck, -j- JBX + ctT } T=bjc-\~a,X-\-CT. 

53. We have already seen that if we refer the strains to 

another set of axes the quantities k, X } t are changed by the 
ordinary formulae for transformation of coordinates, Art. 48. 
Since a homogeneous quadratic expression can always be cleared 
of the terms containing the products of the variables, it follows 
that by a proper choice of the axes of reference the expressions for 
TF, and therefore those for K\ L, T may be reduced to the simplified 
forms W = \ (ii/tj 2 4- P a V + CjTj 2 ), 

1L 1 = A-iKj, L 1 = BjX i, Tj = CjTj. 
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These axes are called the principal axes of stress and the constants 
A 1} B 1} C 1} are the principal flexure and torsion rigidities . 

In what follows it will generally be assumed that the tangent 
to the central line at P is one principal axis of stress at P; this is 
of course the axis of torsion. If also the constants of rigidity for 
the other two principal axes are equal, we have 
W = (/c 2 + A 2 ) + £Ct 2 , 

where the suffixes have been dropped as being no longer required. 

The expression for the work is not complete if the rod is 
extensible, for we have not yet taken account of the extension or 
stretching, of the element PP' of the rod. This additional term is 
given in Vol. I. on the supposition that the tension obeys Hooke’s 
law. It will not be required in the problems considered in this 
chapter. 

54. Helical twisted rods. A uniform thin rod , naturally 
straight , whose principal stress axes at any point are the central line 
and any two perpendicular axes , is bent into the form of a helix of 
given angle and receives at the same time a given uniform twist . 
It is required to find the force and couple which must be applied at 
one extremity , the other being fixed , that the rod may retain the 
given strains. 

Let APQ be an arc of the helix, A the fixed extremity, Q the 
terminal at which the forces are applied. Let AMB be a circular 
section of the cylinder on which the helix lies, OZ the axis of the 
cylinder. 

The mutual action of the portion -4P of the helix and the 
portion PQ consists of a force and a couple. From the uniformity 
of the figure it is clear that 
the force and couple must 
be the same in magnitude 
wherever the point P is 
taken on the helix, and 
that their direction and 
axis respectively must 
make the same angles 
with the principal axes of 
the curve at P. 

The stress force at P 
may be resolved into two 
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components, one acting along the generating line MPF of the 
cylinder and the other acting parallel to the plane JF. The 
latter, if it is not zero, must be in equilibrium with the compo¬ 
nent at Q parallel to the same plane. This however is impossible, 
because as P is moved along the helix the direction of the com¬ 
ponent at P makes always the same angles with the principal 
axes at P and is therefore changed, while that of the component 
at Q remains unaltered. Both these components must therefore 
be zero. It follows that the resultant stress force at any point 
P must act along the generator through that point. 

Let R be the stress force at any point of the rod. The force 
R may be transferred to the axis OZ of the cylinder by introducing 
the couple Ra acting in the plane OZFM. The force R thus 
becomes independent of the position of P. 

Let us now turn our attention to the stress couples at P. Let 
Px be drawn perpendicular to the axis of the cylinder and let 
TPz be a tangent at P to the helix. Then by the known 
properties of the curve, the plane TPx is the osculating plane 
at P. Let Py be the binomial. If p = l//e be the radius of 
curvature of the helix, the strains round Py and Pz are re¬ 
spectively tc and t, each being measured in the positive direction 
round the axes, i.e. from z to x and x to y. There is no strain 
round Px because the rod is naturally straight. If A and C are 
the constants of flexure and torsion, the corresponding stress 
couples are A/c and Or. These couples may be resolved into two 
components, one having the generator PF for axis and the other 
having its axis parallel to the plane of XT. 

Let the resultant of the latter couple and of the couple Ra be 
called H. The couple H at P together with the force R acting 
along OZ must be in equilibrium with the corresponding reversed 
couple M' and the reversed force R at Q. The forces are equal 
and opposite, hence the couples H, H' must be in equilibrium. 
Since the axis of the couple H always makes the same angle with 
OM, its direction is altered when the point P is moved along the 
helix while that of the couple Q is fixed. Equilibrium cannot 
exist for all positions of P unless both H and H' are zero. The 
stress at P is therefore equivalent to a wrench whose force acts 
along the axis OZ of the cylinder and whose couple acts in a plane 
perpendicular to that axis. 

Consider the equilibrium of the portion AP of the helix. The 
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fibres of the rod which are nearest to OZ are compressed and those 
more remote are stretched. Hence the arc QP tends to turn AP 
round the binormal Py in the direction z to x. Also, as P travels 
along the wire in the direction APQ the positive direction of the 
torsion is from x to y, hence the twist couple exerted by PQ on 
AP is in the same direction, viz. x to y. 

The stress couples which act at P on the portion AP of the 
rod are therefore L — 0,M — Arc, N — Cr round Px, Py, Pz respec¬ 
tively. These together with the force at P are equivalent to a 
wrench, let G be the couple measured clockwise round OZ and let 
j R be the force acting along OZ. By equating the moments of 
these about MP and also about a parallel to MT drawn through 
P, we find that 

G = Aic cos a + Gt sin a, 

Ra = — Ak sin a + Cr cos a. 

Here R tends to pull out the spiral AP, and G to twist it round 
OZ from A to B. 

These equations determine R and G when the angle a of the 
spiral, the curvature k and the twist r of the material are known. 

By giving the proper twist, we can make G ~ 0 and then the 
spring can be maintained in the spiral form by a force R only. 

55. Spiral Springs. A thin rod or wire, whose natural form 
is a given helix and vjhose principal axes of stress at any point are 
the tangent to the central line and any two perpendicular axes, is 
bent into the form of another given helix. It is required to find the 
forces and couples which must be applied at one end , the other being 
fixed, that the rod may retain the given form. 

Let d l5 a be the radii of the cylinders on which the unstrained 
and strained helices lie; a 1} a the angles of the helices. Let the 
axes of the two cylinders be coincident and let it be taken as the 
axis of Z, the plane of XY being perpendicular to it. 

Let P, P' &c. be a series of consecutive points on the central 
line of the unstrained rod and let P£, P'f' &c. be the principal 
normals at these points. The angle between the consecutive 
planes £PP', PP'£' is ds sin a 2 cos a 1 ja 1 where ds is the arc PP'. 
Let Prj, Py be the binormals at the same points, then the 
curvature of the unstrained rod, measured, as in Art. 47, round 
the binormal, is ds cos 2 a 1 ja 1 . Let P£, Pf' be the tangents to the 
helix taken positively in the direction in which s is measured. 
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Let the axes of £, y be fixed in the material of the rod and be the 
transverses of reference. When the rod is strained, let Px, Py, Pz 
be the principal normal, binormal and tangent at P, then P£ 
coincides with Pz , and Pf makes some angle </> with Poo. The 
figure of Art. 54 may be used to represent the strained position 
of the rod, the axes P£, Py, P£ are not drawn but may easily be 
supplied by the description just given. 

The stress at the point P of the strained rod consists of (1) a 
force which we may suppose to be resolved into two components, 
one along the generating line of the cylinder and the other 
parallel to the plane of XT. (2) A couple G (r — t^, whose axis 
is the tangent Pz 3 and two couples Ak and — A k u whose axes are 
Py and Py respectively; where 

sin a x cos <x x cos 2 a x cos 2 a 

Tj = - , Aa =-, K =- , 

1 Oj Oi a 

and rds is the elementary angle between the planes %PP\ PP'%' 
in the strained rod. 

Examining first the stress force, we find, as in Art. 54, that 
the component parallel to the plane of XT is zero. The stress 
force at every point P therefore acts along the generating line of the 
cylinders let this force be R, and let it be transferred to the axis of 
the cylinder by introducing a couple Ra. 

Taking next the stress couples, we find by the same reasoning 
that the component about any axis parallel to the plane of XT is 
zero. Let us first equate to zero the moment about Poo; since 
Px is perpendicular to Py, Pz and to the axis of the couple Ra, 
and makes with Py an angle \tt 4- <fi, we have k ± sin <£ = 0 . Since 
Kj is not zero (as it was in Art. 54), it follows that <fi = 0. The axes 
P£ and Px therefore coincide and the couples Ak and — Ak x have 
a common axis Py, viz. the binomial of the strained helix. The 
angle rds is also equal to the angle between the consecutive 
osculating planes to the strained helix, i.e. t = sin a cos a/a. 

Equating to zero the moment about a perpendicular to the 
plane passing through Px and the generator of the cylinder, we 


have Ra = — A sin a (k — k±) + G cos a (t — t x ). (1). 

Equating the moment about a generator to the corresponding 
moment at the terminal we have 

G = A cos a (k — Ki) + G sin a (t — t*).(2). 
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56. If the spiral spring have a great many turns so that 
cq and a are both small, we have when the squares of a 1} a are 


neglected JRa = — A a @ (a ~~ 


q = a(--- 

\a <h, 


If there be no couple G but only a force at each end pulling the 
spiral out, we deduce from these equations that a = a lt so that the 
spring occupies a cylinder of the same radius as before the strain. 

We also have Ra = C -—-, 


which is independent of the constant of flexure. It appears there¬ 
fore that the spring resists the pulling out chiefly by its torsion. 
It is stated by both Saint-Yenant and Thomson and Tait, that 
this result was first obtained by Binet in 1815. 

Let l be the length of the spiral spring, h the elongation of its 
axis produced by the force R ; then 

l sin a — l sin a 2 == L 

Rejecting as before the squares of a 2 and a we find that R=G . ^. 

This expression determines the force required to produce a given 
elongation in a given spring of small angle. 


57. Equations of Equilibrium. To form the general equa¬ 
tions of equilibrium * in three dimensions of a strained rod. 

Let P, P' &c. be a series of consecutive points on the central line 
of the unstrained rod. Let a series of transverses PK, P'K' &c. 
be drawn such that the angle of twist r 2 is either zero or some 
arbitrary function of the arc s. Taking the transverse PL per¬ 
pendicular to PK, let the resolved curvatures about these lines 
be \ and a: 2 . If these transverses are the principal flexure and 
torsion axes at each point of the rod they form a convenient 


* The general equations of a rod in Cartesian coordinates may "be found in the 
Treatise on Natural Philosophy by Thomson and Tait, 1879. The intrinsic equa¬ 
tions, or those referred to moving axes, are given in the Treatise on Statics by 
Minchin, 1889. 












304 BENDING OF RODS. [ART. 57 

system of coordinate axes. If not let some other system of axes, 
P£ Prj, P£, be chosen which are connected with the transverses 
PK, P'K' &c. in a known manner. Let 8 ly d 2) 6 Z be the resolved 
parts of k 1} \ 1} 7T about the axes P£ Prj , P£ Then, as explained 
in Art. 48, the axes at P may be brought into positions parallel to 
those at P' by rotations 6-pis, 6 pis, 8 pis about themselves. 

When the rod is strained the axes P£, Prj , P£ will move with 
the material of the rod and assume new positions in space. Let 
these be Px, Py, Pz. Let wpis, co 2 ds, co z ds be the rotations by 
which the axes at P in the strained rod are brought into positions 
parallel to those at P'. The differences fa-d^ds, ( oo. 2 -0 2 )ds , 
(g> 3 - 0 3 ) ds may be used to measure the strains produced by the 
external forces. 

Let jBj, P 2 , P 3 ; Pi, P 2 , A be the stress forces and couples 
which act at P on the element PP 7 in front of P and let them be 
estimated as positive when they act in the negative directions of 
the axes at P. Then P x 4- dP>i &c., P x -H dL 1 &c., are the corre¬ 
sponding forces and couples at P 7 and act on the element PP\ 
behind P 7 , in the positive directions of the axes at P'. Besides 
these the element is acted on by the impressed forces F^s, Fpls, 
F z ds and the impressed couples (if any) G x ds, G 2 ds, G s ds. 

Since R ly P 2 , P 3 are the components of a vector, viz. the stress 
force at P, the differences of the resolved parts at P and P' along the 
same set of axes are given by the rule for resolving vectors*; we 


therefore have 

—l-wA + coA + F^Q . 

.(i). 


__ ojjPjj -J- q) 3 Pi + Fo = 0 . 

as 

.(2), 


-Q-e>.R l + o> 1 R a + F a = 0 . 

ds 

.(3). 


* The following proof of the rule is the same as that given in the second volume 
of the Author’s Rigid Dynamics. 

Describe a sphere of unit radius whose centre is at P and let the axes Px, Py, Pz 
cut its surface in x, y, z. Let parallels to the corresponding axes at P' drawn 
through P cut the surface in x', y', z ’. Thus we have two spherical .triangles xyz, 
x'y'z all whose sides are quadrants. Also x , y, z are brought into coincidence with 
x', yz' by the combined effect of the rotations wjds, wph, wpls about Px, Py, Pz 
respectively. 

Let U, V, TV be the components of the vector at P in the directions of the axes 
x, y, z; JJ + dJJ, &c. the components of the vector at P' along the axes a 1 ', y', z'. 
The difference of the resolved parts along the axis of x is then 

(XI + dlJ) cos xx' + (V -1- dV) cos#y' + (JF-l~dJF) cos xz' - U. 
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In the same way since L lt L 2 , L 3 are the components of a vector, 

dL 

we have — co z L 2 4- co 2 L z 4- G x 4- puR z — vR 2 = 0 .(4) 

— (0x1/% 4* co%Li + (?2 + vR\ — \R Z = 0 .........(5) 

— coJji 4- ( 0 JL 2 + 6^3 4* Xj R 2 — fJ'Ri = 0.(6), 


where \ pu, v are the direction cosines of the arc PP* referred to 
the axes at P. 

The relations between the couples L 1} &c., and the strains 
<»i — 8 ly &c., may be deduced from the expression for the work W 
given in Art. 52, by writing cox - 0 lf &c. for k, t, A. Supposing for 
the sake of brevity that the axes are the principal flexure and 
torsion axes, we have 

Lx = A (g>! - #i), L 2 = B {co 2 — 0 2 \ L z = G (co% — 0 S )...(7). 

If the axes are the tangent at P to the central line and two per¬ 
pendicular axes, we have X = 0, pu = 0 and v = 1; but in all cases 
X, pu, v are known from the given conditions of the rod. 

We thus have nine equations to determine the quantities 
P l5 P 2 > R-s ; L x , P 2 , is; g>i> «s- If "the rod is extensible there 
will be another equation supplied by Hooke’s law. 

58. The meaning of these equations will be made clear if we 
apply them to the simpler case in which. the rod is uniform and 
when unstrained is straight and without twist. In this case 
6x~ 0 , # 2 = 0 , #3 = 0 , and <w x , co 2i oo z are the components of the 
curvature and twist. Let us also take the tangent PT as the 
axis of x and the principal flexure axes PK , PL as axes of y and z 


The rotations about Px , Py cannot alter the arc xy, but the rotation about Pz will 
move y' away from x by the arc w z ds. In the same 
way the rotations about Px and Pz cannot alter the 
arc xz, but the rotation about Py will move z' to¬ 
wards x by the arc 6> 2 ds. Therefore 

xy' — xy + to./ls , xz'=xz - w. 2 ds . 

Also the cosine of the arc xx' differs from unity by 
the square of a small quantity. Substituting we 
find that the difference of the resolved parts along 
the axis of x is dU - Vcc./ls 4- Wui. 2 ds. 

If C7, F, W stand for R 1 , R. 2 , R. 2 we join to this the 
force F^s ; equating the result to zero and dividing 
by ds , we obtain the first of the six equations. If 
17, F, IF stand for L-,, L 2 , L 3 we add the couple G : ds 
and the moments of the forces R l -\-dR l &c. acting at P. We thus obtain in the 
same way the fourth of the six equations. 



R. S. II. 


20 















306 


BENDING OF RODS. [ART. 59 


so that, \ = 1, fi = 0, V = 0. The equations (1) to (6) then take the 
forms 


^-«A+®A+-P 7 i = 0, 

as 


dR 2 

ds 

dR 3 

ds 


— «*>! R 3 + ct> 3 jRi + F 2 = 0, 

— co 2 Ri + a>iR 2 + F s = 0 , 


— 0) 3 Z 2 + co 2 L 3 + $1 = 0 , 

*“ + W 3-^l + $2 — R$ = 0, 

dT 

— ft) 2 A + w iL 2 + $ 3 + jK 2 = 0, 


and the equations (7) become Z 1 = J.&) 1 , L 2 — Bco 2} L 3 ==Coo 3 . 

From these modified equations we can immediately deduce the 
equations of the bending of a rod in two dimensions as given in 
Art. 11. Let the plane of the rod be the plane of xy and as 
before let the axis of x be the tangent, then ^ = 0, &) 2 =0, 
® 3 = l/p. The stress forces R^, R 2 are respectively T , U , while 
i? 3 = 0; the stress couples L x = 0, L 2 = 0, L 3 = Kcd 3 . Also ^ = 0, 
$ 2 =0, $ 3 = 0 and in the notation of Art. 11, F 1 = F, F 2 — G, 
F 3 = 0. The two first and the sixth equations immediately reduce 
to those given in Art. 11, while the third, fourth and fifth are 
identities. 


59. Supposing the rod to be uniform and when unstrained to 
be straight and without twist, we find, by eliminating L l9 L 2) X 3 , 
three equations of the form 

A^-{B-G) 0h w 3 = n i -G 1 . 

These are the same as the three equations of the motion of a rigid 
body about a fixed point (with s instead of t). This analogy is 
due to Kirchhoff, but we cannot properly discuss it here. 








ASTATIC S 


On Astatic Couples . 

1. The conditions of astatic equilibrium in two dimensions 
have already been investigated in the first volume of this treatise. 
We have now to consider what other conditions are necessary 
when the body is displaced in any manner in three dimensions*. 

* The subject of Asiatics appears to have been first studied by Moebius, who 
published his results in his Lehrbuch der Statik , 1837. Moigno also, in his Statique , 
has discussed the subject at great length. Minding in the fifteenth volume of 
Crelle’s Journal gave the theorem that, whenever the body is so placed that the 
forces admit of a single resultant, that resultant intersects two conics fixed in the 
body. Many proofs have been given of this curious theorem; we may mention that 
by Darboux, Tait’s proof by quaternions modified by Minchin; Larmor’s proof with 
the use of the six coordinates of a line. 

Darboux published in the Memoires de la SociSte des Sciences ‘physiques et 
naturelles de Bourdeaux, t. n. [2 s S6rie], 2 9 Cahier, a very long paper on this subject. 
In contradiction to Moebius, he showed that when one point of a body is fixed there 
are in general four positions, and only four, in which the body can be placed so that 
the forces are in equilibrium. These he called the initial positions of the body. 
His investigation is rather long and a different proof is given here. He also 
introduced the idea of a central ellipsoid analogous to the momental ellipsoid 
used in discussing moments of inertia. This result is given in Art. 14 of the text, 
and the general lines of his argument have been followed in that article. By the 
use of this ellipsoid he gave a geometrical turn to the proof of Minding’s theorem, 
but it remained rather complicated. Extending the theory by considering all 
positions of the body, he showed that Poinsot’s central axis formed a complex 
of the second order, such that each straight line is the intersection of two perpen¬ 
dicular tangent planes to the conics used by Minding. The first part of this result 
was subsequently arrived at by Somoff in 1879. 

The theorems on Astatics given by Moigno may be found in his Lemons de 
Mecanique Analytique, 1868, which he tells us are chiefly founded on the methods of 
Cauchy. As his demonstrations are different from those given in this treatise, it 
may be useful to indicate the plan of his work. First, by a transformation of axes, 
he obtains the twelve equations of equilibrium given in Art. 11. Thence he deduces 
the conditions that a system of forces can be astatically reduced to a single force by 
considering what single force can be in equilibrium with the system. Supposing 
these conditions not to be satisfied, he shows that the system can be reduced to two 
forces provided two conditions are satisfied. These conditions agree with the two 
last determinantal equations given in Art. 78. He next shows that the system can 
always be reduced to a force and two couples and that the point of application of 
the force may be arbitrarily chosen on a plane fixed in the body. This plane is 
defined to be the central plane. He then shows that if the arbitrary point is 
properly chosen the directions of the forces and of the arms may be simplified in the 
manner described in Art. 27. This point is defined to be the central point. Pro¬ 
ceeding next to consider the case in which the body is so placed that the forces 
admit of a single resultant, he shows that that single resultant must intersect two 
conics fixed in the body. He next discusses the case in which the equilibrium is 
astatic only for displacements of the body round a given axis; following the same 
plan as before, he enquires into the conditions that the system can be reduced to 
one, two or three forces. He concludes with an application to magnetic forces and 
investigates the positions of the central plane and central point. 
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2. We shall suppose, as before, that each force acting on the 
body retains the same direction in space, the same magnitude and 
continues to act at the same point of the body, for all displace¬ 
ments. 

The forces of a couple remain parallel, equal, and unaltered in 
magnitude as the body is moved, but the length of the arm is 
not necessarily the same. Let A, B be the points of application 
of the forces, then the distance AB is unaltered, and is called the 
astatic arm of the couple . If in any position of the body the 
inclination of the astatic arm to the forces is 9 , the arm of the 
couple is, AB sin 6 . 

The product of either force into the astatic arm is called the 
astatic moment of the couple. The astatic moment is of course un¬ 
altered by any change in position of the body. Representing the 
astatic moment by K , the actual moment in any position of the 
body is K. sin 6. 

The angle 9 which the astatic arm makes with the force is 
called the astatic angle of the couple . 

Two couples are said to have the same astatic effect when they 
are equivalent in all positions of the body. 

For the sake of brevity the couple whose force is P and astatic 
arm is AB is represented by the symbol (P, AB). 

3 . The astatic effect of a couple is not altered if we replace it 
by another having the same astatic moment , the astatic arms being 
parallel, and the forces acting in the same direction in space as 
before . 

Let the astatic arm AB be moved to a new position A'B f in 
the body. The extremities of the astatic arm of a couple are 
fixed in the body and move with it; thus as the body is displaced, 
AB and A r B' continue to be parallel to each other. The astatic 
angles of the two couples continue therefore to be equal to each 
other. Since the astatic moments are equal, it follows that the 
actual moments of the couples are equal. The two couples are 
therefore equivalent. 

It may be noticed that we cannot in general turn the astatic arm of a couple 
through any angle in the manner explained in Vol. i. Art. 92; for the planes of the 
couples may not remain parallel to each other, unless the displacements of the body 
are restricted to be parallel to the original plane of the couples. 

4. To find the astatic resultant of two couples whose forces are 
parallel but whose astatic arms are inclined at any angle. 
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Let AB , A'B' be the astatic arms of the couples, the forces at 
A , A' being supposed to act in the same direction in space. 
Through any point 0 draw OL , OM to represent the directions 
of AB, A'B and let the lengths of OL, OM be proportional to the 
astatic moments of the couples. We shall now prove that the 
diagonal ON of the parallelogram described on OL, OM will 
represent in direction the astatic arm of the resultant couple and 
in length the magnitude of the astatic moment of that couple. 

Let the straight lines OL,LN be fixed in the body. By Art. 3 
the two couples may be replaced by two others having OL, LN 
for their astatic arms and having the four forces all equal. The 
two forces acting at L being equal and opposite may be removed, 
so that the two given couples are equivalent to two equal and 
opposite forces acting respectively at 0 and N. These two forces 
constitute a single couple having ON for its astatic arm and 
having its astatic moment proportional to the length of ON. The 
proposition is therefore proved. 

From this proposition we infer that the theorems used to 
compound forces apply also to compound the astatic arms of 
couples having their forces parallel. It is hardly necessary to 
add that the forces of the resultant couple are parallel to those of 
the two constituents. 

5. To find the astatic resultant of two couples whose astatic 
arms are parallel but whose forces are inclined at any angle. 

Let AB, A'B' be the parallel astatic arms of the couples, both 
AB, A'B' pointing in the same direction in the body. Through 
any point 0 draw 00 parallel to A B and also two straight lines 
OL, OM parallel to the forces at A and A' and proportional to 
the astatic moments of the couples. We shall prove that the 
diagonal ON of the parallelogram OLM represents the moment 
of the resultant couple, the plane of the couple is parallel to the 
plane NOG, and the astatic arm is in the direction of 00. 

Let the couples be referred to a common astatic arm along 00, 
the forces at 0 are then represented by OL and OM. Proceeding 
as in Art. 4 the results stated are easily seen to be true. 

6. Working rule. Uniting these two propositions we may 
construct a rule to resolve or compound couples. 

When the forces are parallel we resolve or compound lengths, 
measured along the astatic arms and proportional to the astatic 
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moments, by the parallelogram law, the new forces being supposed 
to act parallel to their former directions. 

When the arms are parallel we resolve or compound lengths, 
measured along the directions of the forces and proportional to 
the astatic moments, by the parallelogram law, the new arms 
being parallel to their former directions. 

7. There is one resolution of a couple which will be found 
useful afterwards. 

Let Ox, Oy, Oz be any set of Cartesian axes, not necessarily 
rectangular. Let (x, y , z) be the coordinates of any point D, and 
let OB * r. Then a couple whose astatic arm is r and forces ± P 
may be resolved into three other couples whose astatic arms are 
situated in the axes of coordinates and whose lengths are equal to 
x, y, z. The forces of these couples are parallel to that of the 
original couple and their astatic moments are Px , Py, Pz. 

Let us now take any three points A, B, C on the axes and let 
OA = a, OB = b, 00 = c. These three couples may be replaced by 
three others having OA, OB, 00 for their astatic arms. It follows 
that any force P acting at any point D may be replaced by four 
parallel forces acting at any four points A, B, G and 0 whose 
magnitudes are respectively equal to Px/a, Py/b, Pz/g and 
P (1 — x/a — yjb — z/c). 

Conversely, since these four parallel forces may be compounded 
into a single force equal to their sum and acting at the centre of 
gravity of A, B, 0, 0, it is evident that they are equivalent to the 
force P acting at the point (x, y, z). See Vol. I., Art. 80. 

8. Two couples cannot be astatically compounded together into a single resultant 
couple unless either the four forces are parallel or the two astatic arms are parallel. 

If possible let three couples be in astatic equilibrium. Transfer these parallel to 
themselves so that one force of each couple acts at the point 0. Let OA, OB, OC 
be the astatic arms, let OP, OQ, OR be the directions of the forces. Then as the 
body is displaced, OA, OB, OC are fixed in the body, OP, OQ, OR are fixed 
in space. 

If the four forces of any two of the three couples are parallel, the forces of their 
resultant couple are also parallel to them, by Art. 4. Thus equilibrium could not 
exist unless all the six forces were parallel to each other. In what follows, we may 
therefore suppose that no two of the three lines OP, OQ, OR are coincident. In the 
same way no two of the three arms OA, OB, OC are coincident. 

Place the body so that OC, OR are in one straight line. Since in this position 
the couples (P, OA), ( Q, OB) are in equilibrium, the planes POA, QOB coincide. 
Thus OA, OB lie in the plane POQ and continue to lie in that plane as the body is 
turned round OC. It follows that the axis OC must be perpendicular to this plane 
and therefore to both OA and OB. Similarly OA is perpendicular to both OB and OC. 
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Supposing as before that OC, OR are in one straight line, it is clear that the 
body may be turned round OC until OA coincides with OP. The axis OB must 
then coincide with OQ, for otherwise equilibrium could not exist. Summing up, the 
axes OA , OB, OC are at right angles and the body can be so placed that the forces 
of the respective couples act along their astatic axes. 

Referring to the figure of Art. 76, Vol. i., we see that if the couple (P, OA) is a 
stable couple, the couple ( Q, OB) must be unstable, for otherwise they would not act 
in opposite directions when the body is rotated about OC. Similarly by rotating 
the body about OB we see that (R, OC) is an unstable couple. Therefore (R, OC) 
cannot balance {Q, OB) when the body is rotated about OA. The three couples 
cannot therefore be in equilibrium in all positions of the body. 

The Central Ellipsoid. 

9 . To reduce any number of forces astatically to a single force 
and three couples. 

Let the forces be P ls P 2 , &c. and let their points of application 
be M 1} M 2 , &c. respectively. Let Ox, Oy , Oz be any axes, not 
necessarily rectangular, which are fixed in the body and move 
with it. Let (x, y , z) be the coordinates of the point of applica¬ 
tion M of any one force P, and let OM = r. 

Take three arbitrary points A, B, C on the axes of coordinates; 
let OA = a, OB = b, 00 = c. By Art. 7 the force P acting at x, y, z y 
is equivalent to an equal and parallel force acting at 0, together 
with three astatic couples whose arms are OA, OB, 00 respec¬ 
tively, whose astatic moments are Px, By, Pz and whose forces 
are parallel to P. 

In this way all the forces may be brought to act at the origin 
parallel to their original directions. These may be compounded 
together into a single force, whose magnitude and direction in 
space are the same for all positions of the body. Let us represent 
this force by R. 

Each force P will also give a couple having OA for its astatic 
arm. Compounding the forces at the extremities of this common 
arm, all these couples reduce to a single couple. The arm OA of 
this couple is fixed in the body while the magnitude and direction 
in space of the forces are the same for all positions of the body. 
Let us represent the magnitude of either of its forces by F. 

The couples having OB, 00, for their astatic arms may be 
treated in the same way. Their astatic arms also are fixed in the 
body, while the magnitude and direction in space of the forces are 
always the same. Let these forces be G and H. 
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Summing up, we see that a system of forces can be reduced to 
a principal force R acting at any assumed base point 0, together 
with three couples (P, OA), (G , OB) and (.H, OG), having their 
astatic arms arranged along any three assumed straight lines 
OA , OB , 00 fixed in the body and not all in one plane. 

It may be seen that this reasoning, as far as we have gone, is 
the same as that used in the corresponding proposition when the 
body is fixed in space (Vol. I., Art. 257). The difference is, that 
when the body has only one position in space these three couples 
may be compounded into a single couple. But no single couple 
can be found which is equivalent to these, when the body may 
assume any position in space (Art. 8). 

10. Consider any one position of the forces and of the body. 
In this position let X, Y, Z, be the components along the axes of 
any force P. To find the resultant force R, we bring all these P’s 
to act at the base 0. The force R is therefore the resultant of 
XX, X Y, XZ acting at 0 along the axes. To avoid the continual 
recurrence of the symbol 2 it will be convenient to represent these 
components by X 0 , Y 0 , Z 0 . 

To find the force F we seek the resultant of all the forces 
similar to Pxja acting at A . The force F is therefore the resultant 
of the three forces XXx/a, XYx/a , XZx/a acting at A parallel to 
the axes. In the same way the forces G and H are the resultants 
of 2 Xy/b, XYy/b , XZyjb and of XXz/c, XYz/c, XZz/c. It will be 
found convenient to represent the summations XXx, 2 Xy &c. by 
the symbols X x , X v , &c. 

In this way the three couples (P, a), (G, b), (H, c) are resolved 
into nine elementary couples whose astatic moments are repre¬ 
sented by the constituents of either of the following determinantal 
figures 

couple (P, a) = XXx, XYx, 2 Zx = X x , Y x , Z x 
couple (G, b) = XXy, 2 Yy, XZy = X y , Y y , 
couple (H, c) = XXz, XYz, XZz = X ty Y Z) Z 2 

where the common arms of the three couples in the first, second 
and third rows are OA, OB, OG respectively. Thus the small 
letter or suffix indicates the axis on which the astatic arm is 
situated, while the large letter indicates the direction of the force. 
This convenient notation is the same as that used by Darboux. 

These will be referred to afterwards as the nine elementary 
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couples. Together with X 0 , Y 0 , Z 0 , the three force components, we 
thus have twelve elementary quantities for each base point. 

For the sake of brevity we shall represent the couples ( Fa ), 
((?, 6), (. H , c) by the symbols K x , K y , K z . 

As we are chiefly concerned with the astatic moments of the 
couples, the forces and arms are separately of only slight import¬ 
ance. It is often convenient to choose the arms of all the couples 
to be unity and positive . The signs of the forces alone then 
determine the signs of the moments. In other cases it is found 
advantageous to make the forces of all the couples equal to the force 
R. The forces then divide out of the equations, leaving relations 
between lengths only. 



It will be found useful to remember that the direction ratios of 
any one of the forces F y G, H are proportional to the constituents 
of the corresponding row of the determinantal figure. An inter¬ 
pretation of the symbols when taken in columns will be found 
later on. 

The figure represents the relation of the elementary couples 
to the axes. To avoid complication the forces at 0 are omitted. 
The directions of the forces at the extremities A, B y G of the 
astatic arms are shown by the arrow-head, while each arrow-head 
is marked by the astatic moment of the corresponding couple. 

11. Conditions of equilibrium. If a system offerees be in 
astatic equilibrium each of the twelve elements is zero . 

Resolving parallel to the axes we have X 0 = 0, F 0 = 0, Z 0 = 0. 

Taking moments about the axes of coordinates we have 

Zy-Y, = 0, Xt-Z n = 0, Y x -X y = 0. 

But the body must be in equilibrium in all positions. Instead 
of turning the body round any axis, let us turn every force in 
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the opposite direction round a parallel axis through its point of 
application. First let the rotation be about an axis parallel to x 
through a right angle. The X forces are all unchanged, but the 
7 forces now act parallel to z in the positive direction while the 
Z forces act parallel to yin the negative direction. Hence, writing 
T for Z and — Z for 7 in the equations of moments already found, 
we have 

7 y + Z z = 0, X,-F, = 0, 

Joining these to the preceding equations we find Z x = 0, 
X y - 0, X z = 0, 7% = 0, i.e. every constituent with an x in it 
(except X x ) is zero. 

In the same way by turning the system round y we find that 
all the constituents are zero except X x> Y y , Z z . But we also find 
that 7 y + Z z - 0, Z z + X x - 0, X x +Y y = 0. Hence each of the 
three X X) Y y , Z z is also zero. Thus all the twelve elements are 
zero. 

That these conditions of equilibrium are sufficient as well as necessary follows 
at once from the previous article. Thus, since the force F is the resultant of XJa, 
YJa, ZJa, it is clear that F is zero. Similarly G and FI are zero. Since X 0 , F 0 , 
Z 0 , are zero the principal force B is zero, so that the body is in equilibrium in all 
positions. 

We may however also arrive at the same result independently. The body and 
forces in any one position being referred to axes x, y , z, let the twelve elements be 
zero. The axes x , y, z remaining fixed in space, let the body be moved about the 
origin into any other position, and let the coordinates of the point (x, y, z) become 
(x', y', z'). Since x, y, z are linear functions of x\ y', z' whose coefficients are 
independent of the coordinates, it is evident that the twelve elements 2AV <fcc. are 
also zero. The six statical equations of equilibrium referred to in Art. 11 are 
therefore satisfied in this new position of the body. 

12. If two systems of forces be referred to the same origin and 
axes they cannot be astatically equivalent unless the twelve elements 
are equal each to each. 

Let the twelve elements of the two systems be X x &c., X x &c. 
If we reverse the forces of the second system, the two systems 
together would be in equilibrium. Hence X x — X x = 0, &c. = 0. 

Thus all the elements are equal each to each. 

13 . Ex. 1. If the same system of forces can be astatically represented in either 
of two ways, viz. (1) by three forces (F, G, H) acting at (A, B, C) or (2) by three other 
forces (F', G', JET) acting at ( A', B', C'), prove that (unless the system can be reduced 
to two astatic forces instead of three) the planes ABC, A'B'C' must coincide. 

Let us first suppose that the three forces F, G } H , are not all parallel to one 
plane. Take the plane A'B'C' as the plane of xy. We have X z , Y z , Z z , the same 
for both systems. But since the ordinates of the points of application of F', G' t IF', 
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are zero, each of the three X z , Y z , Z z must be zero. Consider the equation Z z — 0. 
Place the body in such a position that the forces F , G act parallel to the plane 
A'B'C'. This is possible since a plane can be drawn parallel to any two straight 
lines. Then by hypothesis the direction of H will not be parallel to the plane 
A'B'C'. The components of the forces F , G , parallel to the axis of z are now zero. 
Hence Z z must be zero for the single force H. Thus either -ET=0 or the ordinate 
of its point of application is zero. Supposing F , G, H to be all finite, it follows 
that C lies in the plane A'B'C'. By similar arguments we prove that the other points 
A, B also lie in the same plane A'B'C'. 

Next, let us suppose all the three forces F, G , H are parallel to one plane. In 
this case one of the forces as H can be resolved into two components/ and g parallel 
to F and G respectively. Each of the two sets of parallel forces (/, F) and (g, G) 
can be replaced by a single force at its centre of parallel forces. The system 
F, G, H can therefore be reduced to two astatic forces. 

Ex. 2. If a system of forces F, G, H, acting at the corners of a triangle ABC, 
can be reduced to two astatic forces F', G' acting at two points A', B r , then either the 
forces F, G, H are all parallel to one plane or the triangle ABC is evanescent. 

We need only to examine the case in which F, G, H are all finite, for, if one be 
zero, the other two are necessarily parallel to one plane. 

The system F', G' can be regarded as the limiting case of a triangle of forces 
F', G', H' acting at the corners of a triangle A'B'C' where H' is zero and the position 
of C' is arbitrary. If then the forces F, G, H are not all parallel to the same plane 
it would follow from Ex. 1 that all the corners A,B, C lie in the plane A'B'C'. But 
this is impossible since C' is an arbitrary point, unless the triangle ABC is evanes¬ 
cent and lies in the straight line A'B'. 

14. The central ellipsoid. A base point 0 having been 
chosen, the rectangular axes Ox, Oy, Oz are arbitrary. We shall 
now show that there is one system of axes which will enable us 
to analyse the system of forces more simply than any other. 

Let Ox, Oy, Oz' be a second system of axes also fixed in the 
body. Let A', B', O' be points taken arbitrarily on these axes, 
let their distances from 0 be a', b', o'. Let F', O', H' be the 
forces which act at A', B', O'. We shall suppose both systems of 
axes to be rectangular. 

As the body is moved about, the forces F', O', H' keep their 
directions in space unaltered, so that as regards the body the 
points of application and the magnitude of each force are the 
only elements fixed. Let us then find the magnitude of the 
force F' which acts at A', the forces at 0, A, B, 0 being regarded 
as given. To effect this we shall resolve the arms of each of the 
nine elementary couples along OA', OB', OC', keeping the forces 
unaltered. We shall reserve for examination only those com¬ 
ponents whose arms are along OA'. 

Let (l, m, n) be the direction cosines of the axis Ox'. Then 
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the groups of couples (X x> X y , X z )\ (Y X) Y y , Y z )\ (Z x , Z y , Z z ) 
yield three component couples having their forces parallel to 
X, Y } Z respectively. Their astatic moments are (Art. 6), 

X x l + XyTfi + X z n = L ly 
Y x l + Y y m + Y z n = L 2 , 

ZJj + ZyYii + Z z ii = A 3 . 

These couples have a common arm OA' and their forces are at 
right angles. Compounding them we have 
(jP / a / ) 2 =(X a; Z+X 2/ m+X2:n) 2 H-( h x l+ Y y m+ Y z ii) 2 + (Z x l + Z y m+ Z z n ) 2 . 
The direction cosines of the force F f are proportional to the three 
moments L 1} L 2 , L 3 . 

We notice that this expression for F'a' contains only the 
direction cosines of OA', and does not depend on the position 
of OB' or 00', except only that these must be at right angles to 
OA'. We are thus able to consider the couple whose arm is OA' 
apart from those whose arms are OB' and 00'. 

Let us measure along OA' a length OP', such that OP’ is 
inversely proportional to the astatic moment of the couple whose 
arm is OA'. For convenience we shall suppose the product of 
OP' and this astatic moment to be unity. Thus OP ' . F'a' — 1 . 
Let OP' = p, and let y, £ be the coordinates of P' referred to 
the original axes Ox, Oy, Oz. Then £=lp, y = mp, %~np. We 
therefore find for the locus of P' the quadric 
1 = (X x % + X y y -f X£f + (F^+ Y v y + Y£f + (Z x g -f Z y y + Zj£f. 

15. This quadric may be regarded as defined by a statical 
property, viz. if any radius vector be taken as the axis Ox, the 
astatic moment of the corresponding couple (F', a') is measured 
by the reciprocal of that radius vector. It follows that whatever 
coordinate axes Ox, Oy, Oz are chosen we must have the same 
quadric. The equations of the quadric when referred to different 
sets of axes may be different, but the quadric itself is always the 
same. The quadric is therefore to be regarded as fixed in the 
body. Any point of the body may be chosen as the base 0, and 
every such base has a corresponding quadric whose centre is at 
the base. This quadric is called the central ellipsoid of that point. 
It is also called JDarboux’s ellipsoid. 

16. Let us represent the astatic moment of the couple whose 
astatic arm is directed from a given base along the radius vector 
p by the symbol K p . In the same way the astatic moments, Fa, 
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Gb and Ho, of the couples whose astatic arms are directed along 
the axes will be represented by K Xy K y , K z . With this notation 
we have 

X x 4 Y x z + Zj — F-d 2 = K Xy 
Xy 4 Y y 2 + Z y 2 = G 2 b' 2 = Ky 2 , 

X£ 4 Y£ 4* Z£ — H 2 c 2 — K z 2 ; 

XyX Z 4 YyY Z 4* ZyZ Z = KyK Z COS CL, 

X z X x + Y Z Y X 4 Z z Z x = j K Z K X cos (3, 

X X Xy 4 Y~ x 1 y 4 Z X Zy — K X K y COS (y J 
where a , /3 } y, are the angles between the directions of the forces 
( G, H), (. H, F ), (F, G ) of the couples K x , K y , K z . 

Expanding the squares in the equation of the central ellipsoid 
at the origin, it may be written in the form 

K*? + K y h?+K cos atf + 21 ^ cos P& + 2KJC,, cos 7 ^= 1 . 

Also if K' be the moment of the couple corresponding to the 
arm 0A\ whose direction cosines are l, m, n, we have 

K' 2 =K 2 l 2 + K y 2 m 2 +K s 2 n 2 + 2K y K s mn cos a + 2KgK x oil cos /? + 2K x K y lm cos 7 . 

It may be useful to state the rule by which the signs of any of the astatic 
moments K x , K y , K z are determined. The directions of the forces being fixed in 
space, there is for each line of action a positive and a negative direction determined 
by reference to some axes fixed in space. The astatic arms are measured in 
the body, and for each of these also there is a positive and a negative direction. Now 
imagine the couple moved parallel to itself until either extremity of its astatic arm 
is placed at the origin, so that one force acts at the origin. The moment is then 
the product of the astatic arm into the other force, when each is taken with its 
proper sign. 

17. Ex. 1. Show that the discriminant of the central ellipsoid at the origin is 
equal to ( QVFGH ) 2 , where V is the volume of the tetrahedron OABC. 

Prove also that the minors of the coefficients of £ 2 , y 2 , i * 2 i n the discriminant are 
(K y K z sin a) 2 , (KgK x sin/3 ) 2 and (K^Ky sin 7 ) 2 , respectively. 

If parallels to the directions of the forces F, G, H are drawn from the centre of a 
sphere to cut the surface, the arc3 joining the points of intersection form a spherical 
triangle whose sides are a, p, y. If Q, 0 , \p be the opposite angles, the minors of 
the coefficients of t^, ££, £07 in the discriminant are respectively 
— KyKJC 2 sin p sin 7 cos 9, - KJi^Ky 2 sin 7 sin a cos 0 and - K x K y K 2 sin a sin p cos 0. 

Ex. 2 . An astatic arm OP moves about any given base point 0 so that its 
corresponding astatic moment is constant. Show that OP traces out a cone in the 
body coaxial with the central ellipsoid at 0 . 

Ex. 3. If Ox, Oy, Oz be any rectangular axes meeting at a fixed origin 0, 
K x , Ky, K s the corresponding astatic moments, prove that K x 2 + K + K 2 is invari¬ 
able for all such axes. 

Since this expression is the first invariant of the central ellipsoid at 0 the pro¬ 
perty follows at once. It also follows from the geometrical property of an ellipsoid, 
that the sum of the squares of the reciprocals of three diameters at right angles is 
constant. 
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18. If we refer the central ellipsoid to its principal diameters 
as axes of reference, the equation loses the terms containing the 
products of the coordinates. If F, G , H represent the forces of 
the three couples for this position of the axes, the equation is 

F 2 d 2 £ 2 + G 2 b V + H 2 c 2 % 2 = 1. 

The quadric is therefore in general an ellipsoid. If one of the 
three forces is zero, i.e. if one of the couples is absent, the quadric 
reduces to a cylinder. 

Since the terms containing the products tjrj, ££ are absent, 
it follows that if the three forces F, G, H are all finite, their 
directions are at right angles to each other. If one force is zero, 
the other two must be at right angles. 

Summing up, we see that whatever point of the body we choose 
as base , there are always three straight lines at right angles , fixed 
in the body , such that , when these are taken as the astatic arms of the 
couples, the forces of the couples act in directions at right angles 
to each other and are fixed in space . 

In this way we have for each base point two convenient 
systems of rectangular axes, one fixed'in the body, viz. the astatic 
arms of the couples, the other fixed in space, viz. the directions of 
the forces. 

The axes fixed in the body are called the principal axes of the 
base . The couples are then called the principal couples . 

19. The initial position. The base point 0 being regarded 
as fixed, and the body referred to principal axes, it is evident that 
we may turn the body about 0 until the system of axes fixed in 
the body coincides in position with the system fixed in space. 

The peculiarity of this position of the body is that the forces 
of each of the three couples act along the astatic arm of that 
couple. The moments of the couples are therefore zero. The 
forces P l3 P 2 , &c. of the given system reduce to the single resul¬ 
tant R whose line of action passes through the given base. 

This is called an initial position of the body and the couples 
are then said to be in their zero positions. 

The body being placed in an initial position, it is clear that if 
we turn it round any one of the astatic arms through two right 
angles, the same property will recur again, i.e. the force of each 
couple will act along its astatic arm. Thus any base being given 
there are at least four corresponding initial positions. 
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Though in all these four positions of the body the two systems 
of axes coincide in position, yet the positive direction of an axis 
of one system may be the same as either the positive or the 
negative direction of an axis of the other system. It is usual to 
choose the positive directions of one system so that in one of these 
four positions of the body the two systems of axes may have the 
same positive directions as well as coincide in position. This 
initial position is called the positive initial position. 

20. When the body is placed in a positive initial position the 
nine elementary couples described in Art. 10 are reduced to 

X, Y x = 0 Z x = 0, 

Xy=*0 Yy Y Z = 0, 

x* = 0 Yy = 0 Z g . 

The equation to the central ellipsoid then takes the simple 
form X x 2 g 2 + Y^rf + Z? f 2 = 1. 

If ( m , n) be the direction cosines of any other arm 0A' the 
direction cosines of the force F' acting at its extremity are 
proportional to X x l, Y y m } Z z n> 

and (. F'a ) 2 = X x H 2 + Y y 2 m 2 + Z z 2 n 2 . 

Thus the direction and magnitude of F‘ have been found. If 
the body is now moved into any other position, F' continues to act 
in the same direction in space and therefore continues to make 
the same angles with F, G , H that it made in the initial position. 

21 . There are no other positions besides the four initial positions in which a body 
can be placed so that the system of forces may reduce to a single resultant which passes 
through the given base, except when the central ellipsoid at the given base point is a 
surface of revolution. 

Let OA, OB, OG be the principal axes at the given base 0. Let OF, OG, OH be 
three straight lines at right angles drawn parallel to the forces of the corresponding 
couples. In order to use conveniently the formulae of spherical trigonometry we 
suppose these axes to cut the surface of a sphere whose centre is at 0 in the six 
points A, B, G, F, G, JET. The planes of the couples are the planes which contain 
the astatic arms and the forces, and are therefore the planes of the spherical arcs 
AF, BG, GH. If their astatic moments are K x =Fa, K v =Gb, K z —Hc their 
moments in any position of the body are K x sin AF, K v sin BG and K z sin GH. 

When the body is in an initial position the spherical triangles coincide. Starting 
from this position, the body may be brought into any other by turning it round 
some axis 01. If this axis intersect the sphere in I, the spherical arcs I A, IB, IG 
are respectively equal to IF, IG, IH, and if 2w is the angle of rotation, the angles 
AIF, BIG, GIH are each equal to 2w. Join AF, BG, GH by arcs of great circles 
and draw the perpendicular arcs IL, IM, IN. 

If this position of the body can be one of equilibrium when the base is fixed, the 
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three couples must balance each other. Resolving the axis of each of these along 
and perpendicular to 01, the moments of the three latter components are respect^ 
ively K x sin AF cos IL, K y sin BG cos IM, and K z sin GJEC cos IN. Since the three 
components are in equilibrium, these moments must be proportional to sin MIN, 
sin MX, sin LIM, that is to sin BIG, sin GIA and sin AIB. 


C 



For brevity let a, p, y represent the arcs IA, IB, IG. Since BG is a right angle 
we have cos p cos y 4 * sin p sin y cos BIG = cos B G =0, 

sin 2 p sin 2 y sin 2 B1G= sin 2 p sin 2 y - cos 2 p cos 2 y 
= 1 - cos 2 p - cos 2 y 
= cos 2 a. 

Again, sin AF cos IL = 2 sin \AF cos a = 2 sin a cos a sin w. 

Similar expressions hold for the other angles. 

Substituting these values in the condition of equilibrium, and dividing out the 
common factors, we have K x 2 =K y 2 —K 2 . Thus the proposed position of the body 
cannot be one of equilibrium when the base is fixed unless the ellipsoid is a sphere. 

This argument assumes that none of the factors divided out are zero. We must 
therefore examine separately the case in which I lies on one of the principal planes. 
If I lies on BG, the first component is zero, and the other two are K v sin BG cos IM 
and K s sin GH cos IN. The condition of equilibrium is that these moments should 
be equal; hence K y 2 sin 2 p cos 2 p = K 2 sin 2 y cos 2 y. 

Since p and y are complementary, this requires that K y 2 =K/, i.e. the ellipsoid is 
one of revolution. 

Lastly, if I is at the point G, each of the three component couples is zero. The 
component having 01 for its axis is then the sum or difference of the couples 
Jr a sin 2 a>, K y sin 2 w. Since this component also must vanish we again have 
II x 2 =K y 2 , i.e. the ellipsoid is one of revolution. 

22 . Ex. 1. The body being placed in a positive initial position, prove that the 
direction of F' is parallel to the normal to the ellipsoid XJ- l + Y v yp + ZJ> 2 = \ drawn 
at the point where OA' cuts the ellipsoid. This ellipsoid is called the second central 
ellipsoid of Darboux. 

Ex. 2 . The body being placed in a positive initial position, a straight line OQ is 
drawn from the base parallel and proportional to the force F' for all positions of 
OA' in the body. Prove that the locus of Q is the ellipsoid 



This is called the third central ellipsoid of Darboux. 
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Prove also that, if the arms OA', OB', OG' be at right angles, the corresponding 
forces F', GH f are parallel to a system of conjugate diameters in the third ellipsoid* 
This and the last example are due to Darboux. 

Ex. 3. When the body is in a positive initial position for any base, prove that 
the direction of the force corresponding to any astatic arm OA' is parallel to the. 
eccentric line of OA' in the central ellipsoid of the given base. 


The Central Plane and the Central Point . 


23. To compare the central ellipsoids at different points of the 
body. 

Suppose the forces to be referred to any base 0 and any axes 
Ox , Oy , Oz , and that the nine elementary couples and the three 
force-components are known for these axes. We shall now find 
the corresponding quantities when some point O', whose coordi¬ 
nates are (p, q, r), is taken as the base. 

Through 0' we draw axes OV, 0'y\ O'z' parallel to (x, y, z). 
The nine elementary couples may be transferred to these new 
axes without any change (Art. 3). But the three force-components 
will introduce new couples. By Art. 9 the component X 0 acting 
at 0 may be transferred to the origin O' if we introduce the new 
couples (X 0 , —p), (X 0 , — g), (X 0 , — r), the coordinates of 0 referred to 
0' being (— p , — q, — r). Similar reasoning applies to the components 
Y 0 , Z 0 . Hence we have for the nine elementary couples at O' 

Xx “ x x — x 0 p, Y x ' = Y x — Y 0 p , Z x ' = Z x — Z 0 p ; 

Xy — Xy— X 0 q, Yy = Yy — F 0 g, Zy = Zy — Zq 

X/ - X, - X 0 r, F; = Y z - F 0 r, Z 2 ' =Z z ~ Z 0 r. 

The equation of the central ellipsoid at 0' is therefore, by 
Art. 14, 

— X 0 p) £ + (X ?/ — X 0 q) ff + (X z — X 0 r) f'} 3 
+ {(F, - Y 0 p) f + (F„ - Y 0 q ) v ' + (F, - Y 0 r) f'} 2 

+ - z oP ) r + (Zy - r M) V' + (Z z - z 0 r) n 2 = 1; 

the origin of the running coordinates £', rj\ £ being O'. 

24. If the principal force R is zero, we have X 0 = 0, Y 0 — 0, 
Z 0 = 0. Int his case the central ellipsoid at O' is the same as that 
at 0. Thus the central ellipsoids at all base points are similar 
and similarly situated. 

25. The Central Plane. If the principal force R be not zero 

21 


n. s. ii. 
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the form of the central ellipsoid will depend on the position of the 
base point. We notice that the three planes 

(X x — X 0 p ) + (X y — X 0 q) r[ + (X z — X 0 r) = 0, 


(Y x - Fojp) f +(F y - F 0? )i/ +(F* - F 0 r) = 0, 

(F. - Z 0 p) r + - Z 0 q) if + (F f - Zqv) ? = 0 

are conjugate planes. 

If the central ellipsoid is a cylinder the conjugate planes pass 
through the axis of the cylinder, and the equations to the three 
conjugate planes are then not independent. We thus have the 
determinanta] equation 

Xx — Xq p, X y -~X Q qj X z — X 0 r, | = 0... (1). 

Y x -Y 0 p, Y y — Y 0 q, Y z — Y 0 r, 

Z*x — Z 0 p, Zy —Z 0 q, Z z — iT 0 r, 

This equation may be written in the form 

| X 0 X x X y X z | = 0 .(2). 

F 0 Y x Y y Y z 


Z* 

1 


P 


Zy 

9 


Z z 

r 


When p, q, r are regarded as the running coordinates, this is evi¬ 
dently the equation to a plane. The peculiarity of this plane is 
■that , if any point on it is chosen as base , the central ellipsoid is a 
cylinder . This plane is called the central plane. 


26. Since the central ellipsoid at every point is fixed in the 
body the locus of base points at which the ellipsoid is a cylinder is 
also fixed. The central plane is therefore fixed in the body . In 
discussing its properties we may put the body into any position 
we please. 

Take any point 0 on the central plane as base, and let the 
body be placed in an initial position. By Art. 20 all the nine 
elementary couples, except X X) Y y> Z Z} are zero. Since the 
ellipsoid is a cylinder one of the three X x , Y yi Z z is also zero, 
say X x = 0. Substituting in the second form of the equation to 
the central plane given in Art. 25, we see that it becomes 
pX 0 Y y Z z — 0. If any one of the three X 0 , Y y} Z z is zero, the 
equation to the plane is indeterminate, but if all these are finite, 
the equation to the central plane is p — 0 . It follows therefore 
that the infinite axis of the central ellipsoid at any point of the 
central plane is perpendicular to that plane. 
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27. This leads to a simplified reduction of the forces 
P 1} P 2 , &c. Let us take the base of reference 0 at any point 
of the central plane, and the principal diameters of the central 
cylinder as axes of coordinates. The moment of that principal 
couple whose astatic axis is along the infinite axis of the cylinder 
is measured by the reciprocal of that axis, and is therefore zero. 
Thus all the forces have been reduced to two couples (instead of 
three) and a force R. The astatic arms of the couples lie in the 
central plane and the forces of one couple are perpendicular to 
those of the other. 

28. The Central Point. It has been proved in Art. 9 that a 
system of forces may be reduced to a principal force R at the base 
of reference and three couples having their arms directed along 
any three straight lines at right angles. Let us now enquire if a 
base O' can be found such that each of the forces of the couples 
is perpendicular to the principal force. 

If one system of axes O'A, O'B, O'C at any base 0' possess this 
property, then every system of axes at that base will also possess 
the same property. To prove this, let 0'A' } O'B', 0'G / be any 
other such system of axes. To deduce the forces at A' y B', G' 
from those at A, B , G, we resolve the arms OA, OB, OG in the 
directions OA', OB',. OG ' and transfer the forces parallel to them¬ 
selves, see Art. 6. Since each of the forces at A , B, G is 
perpendicular to the force R, it follows that the forces at A', 
B', C\ which are compounded of these, are also perpendicular 
to R. 

Let Ox, Oy , Oz be any given rectangular axes, and let p, q, r 
be the coordinates of O'. Through O' draw a system of axes 
O'x', O'y', O'z' parallel to Ox, Oy, Oz. Then, by what has just 
been proved, the couples corresponding to these axes must have 
their forces perpendicular to R. If the nine corresponding ele¬ 
mentary couples are X x ' &c., the conditions of perpendicularity are 
XtXt'+YtYJ + Z&^O, 

and two similar equations obtained by writing y and z for x in the 
suffixes. Substituting for X x , &c. their values given in Art. 23, 
R 2 p = X 0 X x -f Y q Y x -f* Z 0 Z X , 

R 2 q = X 0 X y + Y 0 Y y + Z 0 Z y , 
R 2 r=X Q X z +Y Q Y z +Z 0 Z z . 


21—2 
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Since these give only one set of values for p, q, r there is but one 
point which possesses the given property. This point is called 
the central point 

29. • The central point lies on the central plane. To prove this 
let us consider the principal axes at the central point. Since the 
forces of the three couples are at right angles to each other, they 
cannot all, if finite, he perpendicular to the principal force. One 
of these must therefore vanish. The central ellipsoid is therefore 
a cylinder, i.e. the central point lies on the central plane. 

That the central point lies in the central plane may also be 
proved by substituting its coordinates in the equation (2) of the 
central plane found in Art. 25. These coordinates p, q, r are 
given in Art. 28, and a simple inspection shows that the equation 
is satisfied. 

Thus it appears that there is a certain point , lying on the central 
plane , such that the forces of the two principal couples at that point 
are at right angles to each other and to the principal force. This 
point is called the central point. 

The central point in the three-dimensional theory has not the same signification 
as the central point defined in Vol. i., Art. 160, with reference to two dimensions. 
In the latter the displacements of the body are confined to one plane, and for such 
displacements the single resultant always passes through a central point fixed in 
the body. In the former the displacements are unrestricted so that the lines of 
action of the forces do not necessarily remain in one plane. 

The preceding theorems on the central plane and central point are generally 
given in treatises on Astatics, though the demonstrations in each may be different. 

30. We may express the formulae for the coordinates of the 
central point in the form of a working rule. 

As already explained in Art. 9 the forces are represented by 
Pi, P 2 , &c. Their points of application are 3I lt il/ 2 , &c. and their 
coordinates are (x 1} y 1} ^), (x», y 2 , z 2 ), &c. Also let the direction 
cosines of P ly P 2 , &c. be respectively (a 1} b J} Cj), (a 2 , b 2) c 2 ), &c. 
Then X% = Pj a^x-^ -f- P 2 a 2 x 2 4* ... X§ == P]/q 4" P 2 a 2 4- • • • 

Yx = P + PPjr, 4- ... F 0 = PA + PA + ... 

Z% = P \C\Xi + P 2 c 2 x 2 -f- ... A = PiCj 4* Px 2 -f ... 

Let 0 12 , <9 3;j , &c., be the inclinations of the forces (P lf P 2 ), (P x , P 3 ) 
&c. Then cos d l2 = a x a 2 4- 6A 4- c^, &c. 
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Substituting in the expression for p, Art. 28, we have 

_ P iQltfl ~b P 2 ^>2^2 ”b • • • 

p 1 &+p 2 q 2 +... 

where Q 1 = P x 4- P 2 cos 0 12 -b P s cos 0 13 + ... 

Q 2 = P 2 cos #i 2 + P 2 -b Ps cos $23 "b • • • 

&c. &c. 

It is evident that ()* is the sum of the resolved parts of all the 
forces in the direction P lf Q 2 is the sum of the resolved parts in 
the direction P 2 , and so on. 

The equation just arrived at is the common formula for the 
centre of gravity of weights P 1 Q 1 , P2Q2 &c. Similar equations 
hold for q and r. Hence we have this rule. To find the central 
point of any number of forces, we first multiply each force by the 
sum of the resolved parts of all the forces along the direction of that 
force . We then place weights proportional to these products at the 
points of application of the forces. The centre of gravity of these 
weights is the central point required . 

31. Ex. Show that the equation to the central plane, referred to any axes, 
when expressed in terms of the forces and their mutual inclinations takes the form 




where 

M— 2P jP 2 Pg! 123 

) *^2» ^3 

and P J03— 

Uj, flo, Ug 



2/i> y 2> vs 


bi > ^2» ^3 



Z}, Z 0, z§ 


Cj , Ce>, Cg 


The coefficient L x is derived from M by writing unity for each of the in the 
determinant, L y is derived from M by writing unity for each y, and so on. 

To prove this, we start with the equation (2) of the central plane given in Art. 
25 and make the same substitutions as in Art. 30. On writing down the determi¬ 
nant it will be seen that the determinants L x , L y , L z may be obtained from the 
determinant M by the rule just stated. The determinantal sum M when expanded 
takes the form of a series of products of triplets of the forces. To find the 
coefficient of PiP 2 R z we put all the other forces equal to zero; the determinant then 
assumes the known form of the product of the two determinants just written down. 

32. Summary. It will be convenient if we now sum up shortly the gradual 
steps made in reducing a system of forces to its simplest equivalents. 

1 . In Art. 9 the forces were reduced to a force R at an arbitrary base point 0 
together with three couples whose arms Ox, Oy, Oz are arbitrary. 

2. In Art. 18 it was shown that at the arbitrary base the arms Ox, Oy, Oz 
could be chosen at right angles to each other so that the forces of each couple are 
at right angles to the forces of the other two couples. These arms are called the 
principal axes at 0 and are fixed in the body. 

3. In Art. 25 it was shown that, if the base point 0 is placed anywhere on a 
certain plane fixed in the body, the forces can be reduced to the single force R 
together with tivo couples. The arms of these couples are at right angles and lie in 
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the plane. The forces also of each couple are perpendicular to those of the other. 
This plane is called the central plane. 

4. In Art. 28 it was shown that if the base point is placed at a certain point on 
the central plane the forces of the couples are perpendicular to the force E. Thus 
the forces of the original system can finally be reduced to a force B together with 
two couples whose arms are at right angles and such that the forces of each couple 
are not only perpendicular to those of the other but are also perpendicular to the 
force E. This base point is called the central point. 

The principal axes at the central point are two straight lines lying in the central 
plane and a third, perpendicular to that plane. The two former are called the central 
lines of the central plane. The latter is sometimes called the central axis. But it 
must not be confused with Poinsot’s central axis with which it coincides only when 
the body is properly placed. It bears indeed a certain resemblance to Poinsot’s 
central axis, for the system is reduced to a force and two couples (instead of one) 
such that the forces of the couples are perpendicular to the force. 


33. Analogy to Moments of Inertia. Ex. 1. If K be the astatic moment of 
the couple corresponding to any astatic arm OP drawn from the central point 0, 
prove that the astatic moment IC of the couple corresponding to any parallel arm 
O'P' drawn from any point O' is given by IC 2 = IC 2 + B' 2 p 2 where p is the projection 
of 00' on either astatic arm. 

Thus, a motion of the base 0 in a direction perpendicular to the astatic arm does 
not alter the magnitude of the astatic moment, but a motion along the arm from the 
central point increases the moment. 

Ex. 2. If JKi, K 2 , K 2 be the astatic moments corresponding to the principal 
astatic axes Ox, Oy , Oz drawn from any point 0, prove that the astatic moment K 
corresponding to any arm OP making angles a, /3, y with the axes is given by 
Er—K-j 2 cos 2 a + AV cos 2 /3 + K.r cos 2 y. 

It appears from these two propositions that the theory of astatic moments 
of couples has an analogy to the theory of moments of inertia. The square of the 
astatic moment about an arm drawn from 0 in any direction OP corresponds 
to the moment of inertia of a rigid body with regard to a plane drawn through 
0 perpendicular to OP. By noticing this correspondence we may deduce the 
analogous propositions in the two theories one from the other. 

It is clear from these two propositions that the mass of the rigid body is 
analogous to the square of the principal force E, and that the centre of gravity 
must be at the central point. For any base in the central plane the moment 
of the couple whose astatic arm is perpendicular to that plane is zero, hence the 
rigid body must be a lamina whose plane is the central plane of the forces. 

The analogy may be made more distinct by adding another proposition. Let 
0 be the central point, Oy, Oz the principal astatic axes in the central plane, 
Ox that perpendicular. The astatic moment K about any axis OP, whose 
direction cosines are l , m, n, is given by 

A 2 = K 2 2 iil 2 + K 2 n 2 ..(1 ) . 

Let a lamina be placed in the plane of yz with its centre of gravity at 0, having 
the axes of x, y, z for its principal axes of inertia; and let Iu 2 , A r 3 2 be its moments 
of inertia at the origin with regard to the planes respectively perpendicular to the 
axes of y and The equation (1) then shows that K 2 is the moment of inertia of 
the lamina with regard to a plane drawn through 0 perpendicular to OP. 
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Let O' be any other point whose coordinates are £, 77 , £ and let O'P' be parallel 
to OP. The astatic moment K' at O' corresponding to the arm O'P' is given by 

.( 2 ), 

where p is the projection of 00' on OP. This is also the formula which gives the 
moment of inertia of the lamina with regard to a plane drawn through O' 
perpendicular to O'P', provided R 2 is the mass of the body. 

It follows that the moment of inertia of the lamina with regard to a plane 
drawn through any point O' perpendicular to any straight line O'P' represents the 
square of the astatic moment at the base O' for the arm O'P'. 

Since the moments of inertia for all arms through O' represent the squares of 
the astatic moments for the same arms, it follows that they have the same maxima, 
and minima and are connected together by the same rules. The principal axes of’ 
inertia at O' are therefore the same in direction as the principal astatic axes at O'. 

That the principal astatic moments at O' are the normals to the confocals (4) of 
Art. 34, and that the astatic moments are the three values of M given by the cubic, 
follow at once from the properties of the principal axes of inertia, see Rigid 
Dynamics , Vol. 1 . Art. 56. 

Since the moments of inertia of the lamina about the axes of y and z are 
respectively JT 8 2 and K 2 2 , it follows that the lamina might take the form of a 
homogeneous elliptic disc, whose semi-axes of y and z are respectively 2 K 2 jR and 
2 Ag/P, and whose mass is R s . The boundary is therefore similar to the imaginary 
focal conic. 

The Confocals. 

34. To investigate the mode in which the central ellipsoids at 
different bases are arranged about the central point. 

Let the central point be chosen as the origin and the principal 
diameters of the central ellipsoid as axes of coordinates. Let the 
infinite axis be the axis of x, then the plane of yz is the central 
plane. 

As we are enquiring into the positions of the neighbouring 
central ellipsoids, and as these are fixtures in the body, we may 
put the body itself into any position we may find convenient 
Let it be placed in its positive initial position with the central 
point as the base. 

In this position all the nine elementary couples are zero, 
except Y y and Z z . Also X Q = R , Y 0 = 0, Z Q = 0. The central 

ellipsoid at the origin is Y y 2 r) 2 + Z z 2 £ 2 = 1.(1). 

The central ellipsoid at any point 0' whose coordinates are p , q , r, 

is YyY 2 + Z z *Z* + & (i>f + qv + O 2 =1 .(2), 

where (£', rj , £*') are referred to axes meeting at O' parallel to the 
axes x, y, z, Art. 23. 

Let an astatic arm O'A ' move about 0' so that the correspond- 
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ing couple ( F', OA') has a constant astatic moment equal to if, 
and in any position let (l, m, n) be its direction cosines. Then, 
since the moment if (Art. 14) is the reciprocal of the correspond¬ 
ing radius vector of the central ellipsoid, we see that l, m, n are 
connected together by the relation 

F/m 2 + F/m 2 + A 2 (pi + qtn + rn)- = M -; 

MH* + (if 2 - Yy) m 2 + (if 2 - Z?)n 2 = R 2 (pi + qm + rnf. ..(3). 
Now, after division by the left-hand side of equation (3) 
expresses the square of the perpendicular drawn from the central 
point on a tangent plane to the ellipsoid 

M* + if 2 - Y y 2 + W^~Zi . (4); 

and the right-hand side of (3) expresses the square of the perpen¬ 
dicular from the central point on a plane through 0' parallel to 
that tangent plane. The equation (3) therefore shows that this 
tangent plane passes through O'. Hence we infer that if O'A' 
move about O', so that the corresponding astatic moment is constant 
and equal to M, then O'A' is always perpendicular to a tangent 
plane drawn from 0' to touch the confocal (4). 

These tangent planes all touch the enveloping cone of the 
confocal (4), and the axis O'A' traces out the reciprocal cone of 
this enveloping cone. These two cones are known to be co-axial 
and their axes (Art. 17, Ex. 2) are in the same directions as those 
of the central ellipsoid at O'. 

If M is so chosen that the confocal (4) passes through the 
point O', the enveloping cone becomes the tangent plane and 
therefore the cone traced out by O'A' reduces to the normal at O'. 

Hence the principal diameters of the central ellipsoid at any 
point O' are the three normals to the three quadrics which pass 
through 0' confocal to the quadric (4). Also the astatic moments 
of the three corresponding couples are the values of M given by the 
cubic (4) when we write for tj, % the coordinates of O'. 

35. Instead of using the three confocals we may use any one of 
them, say the ellipsoid. By known properties of solid geometry the 
three normals at any point 0' are (1) the normal to the ellipsoid, 
(2) parallels to the principal diameters of the section of the 
ellipsoid diametral to 00'. 

Let M 2 , ilf 3 be the three values of M given by the cubic 

(4), ilfj being the greatest. Let Z) 2 , D„ be the lengths of the 




THE CONFOCALS. 


329 


ART. 36] 


principal semidiameters of the section of the ellipsoid, D 2 being 
parallel to the normal at 0' to the confocal M 2) and D 3 parallel to 
the normal to M s . Then it is known by solid geometry that 

D 2 2 = Mi - Mi, A 2 = Mi - Mi. 

Thus Mo, M 3 are known in terms of M 1 and quantities connected 
with the ellipsoid. 

36. As these confocals play an important part in the theory 
of astatic forces, it is necessary to state distinctly their position. 

Let the body be referred to the central point as origin, and the 
principal diameters of the central cylinder as axes, the plane of yz 
being the central plane. Let K 2 , K z be the astatic moments of 
the couples whose astatic arms are along y and z. These astatic 
moments are the same for all positions of the body and are 
represented by Y y and Z 2 when the body is in its initial position. 
The equation to the confocals is therefore 

F. . F _1 

K} + if * - Ki ~ B r ’ 

The focal conics of these are obtained in the usual manner by 
putting M = IQ, v = 0; M = IQ, f = 0; and M = 0, £ = 0. Wc 
thus have 

p P 1 

K.? IQ-IQ R 2> v 1 

£ 2 rr l 

S— j - 1 __ t=o- 

1Q + 1Q-1Q IR-’ 6 5 

_’l-i! = i_ f _ 0 

IQ KI tt" 5 



Ii we take as the standard case 11% > , the first is a hyper¬ 

bola, the second an ellipse, and the third is imaginary. The two 
first are represented in the diagram by the dotted lines. These 
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conics will be referred to as the focal conics , and a straight line 
intersecting both conics may be called a focal line. 

The figure represents the positive octant of a set of confocal 
quadrics intersecting in O'. The semi ^-axes are represented by 
0A U OAo , OA z and are respectively equal to MJR, M 2 /R , AT 3 /JJ. 
As is well known the vertices F 3) F 2 of the two focal conics lie 
between A lt A 2 and A z . We have 0F 2 = K 2 jR> 0F $ = K»jR. 

If K 2 — 0, the ellipsoid and the hyperboloid of one sheet are surfaces of revolution. 
The hyperboloid of two sheets reduces to any two planes through Oz , and the hyper¬ 
bolic conic becomes the axis of The central plane is now indeterminate and 
is any plane through the astatic arm of Ay. 

If both Ko-0 and = 0, the ellipsoid becomes a sphere, one hyperboloid is a 
right cone, and the other any two planes through the axis of the cone. 

37 . Theorem on focal lines. A straight line is drawn from any point P on 
one focal conic to any point Q on the other , it is required to prove that 
E 2 p 2 =Kfaf + Ay% 3 2 , 

where a lf a 2i cr a are the direction cosines of PQ, and p is the perpendicular distance 
from the origin. 

We know that the tangent planes drawn through any right line to the two 
confocals which that line touches are at right angles to each other, see Salmon’s 
Solid Geometry, Art. 172. Since the focal conics are evanescent confocals, the 
planes through PQ and the tangents at P and Q to the conics are at right angles. 
If p, p' are the perpendiculars on these planes, l, m, n ; i', m', n' their direction 
cosines, we have 

R‘ 2 p 2 = Kfl' 2 - (Kf - Kf) n~, R~p'~ = Ay-//- + (Ay- - K.f) in" 2 . 

jR 2 p 2 = R 2 (p 2 -f j/“) = AV- (l 2 + n 2 - m'-) + K.f ( V - + m' 2 - nr). 

Since the straight lines p, p' and PQ are mutually at right angles, this becomes 
Kf (1 - m 2 — in' 2 ) + K.f (1 - nr - ?i'~) — K.faf + Kfaf. 

The theorem may be more easily proved by taking as the coordinates of P and Q 
(&, y, z ) and (x', ?/', z') where 

Ex = Ay sec 0, Ry = 0, Rr: = (Ay- - K,f)■- tan 0, 

Ex' = Ay cos <j5>, Ay = (Ay- - K.ffi sin <p, Ez ' = 0. 

The direction cosines a. 2 , a 3 and the length p may then be found by elementary 
formula), and it will be seen that the relation to bo proved is satisfied. 

It follows from this theorem that every focal line is a generator of the right 
circular cylinder whose radius is p and whose axis passes through the common 
centre of the conics and is parallel to the focal line. 

Ex. 1. Show that four real focal lines can be drawn parallel to a given 
straight line. 

Let a generator parallel to the given straight line travel round the hyper¬ 
bolic conic and trace out a cylinder. This will cut the plane of the other conic 
in a hyperbola. Each branch of this hyperbola passes inside the elliptic 
conic, because it goes through the focus; it therefore cuts the ellipse in two 
points. 

Ex. 2. If a straight line PQ intersect one focal conic and if its distance from 
the central point he p, where p is given in the theorem above, show that that 
straight line will intersect the other conic also. 
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If possible let PQ intersect one focal conic in P and not intersect the other. 
Describe two cylinders whose bases are the focal conics and whose generators are 
parallel to PQ . By Ex. 1 these intersect in four lines, and each of these four is also 
a generator of the right circular cylinder whose radius is />. Now by supposition 
PQ lies on one of the elliptic cylinders and also on the circular cylinder, hence 
these two quadric cylinders intersect each other in five lines, which is impossible. 

Ex. 3. The locus of all the straight lines drawn from any given point P on the 
hyperbolic conic to intersect the elliptic conic is a right cone, the tangent of whose 
semi-angle is (K b 2 -K 2 2 )IK b Bz where z is the ordinate of P. 

Ex. 4. Show that four real focal lines can be drawn through a given point P, 
and that they are the intersections of the two quadric cones 

(Pf-rl ) 2 (gt-ry) 2 _ f 2 (pq-gP 2 (g f -^) 2 .. V s 

Kg + Kg-Kg~ll* Kg Kg - Kg ~ B? 

where (p, q , r) are the coordinates of P and £, 77 , £ are referred to parallel axes 
meeting at P. 

Ex. 5. Prove that the circular sections of the central ellipsoid whose centre is 
at O' are perpendicular to the generating lines at O' of the hyperboloid of one 
sheet. [Darboux.] 

Ex. 6 . If the base is situated on one of the principal planes at the central 
point, show that one principal axis at that base is perpendicular to that plane 
and the astatic moment of the corresponding couple is the same for all base 
points in that plane. 

Ex. 7. If the base is situated on one of the principal axes at the central point, 
prove that the three principal axes at the base are parallel to those at the central 
point. 

Ex. 8 . If a straight line is a principal axis at every point of its length, prove 
that it is one of the principal axes at the central point. 

Ex. 9. Find the locus of the base point O' at which the central ellipsoid is a 
surface of revolution. 

In order that two of the three quantities , M .,, i)/ 3 , in Art. 35 may be equal we 
must have either D 2 =0 or D 2 = D B . In the first case O' lies on the elliptic focal 
conic. In the second case O' is at an umbilicus U and the locus is therefore the 
hyperbolic focal conic. In both cases the unequal axis is a tangent to the focal 
conic. 

The same results follow from the equation to the central ellipsoid in the form 

W + Z*p + (jpf + W + rtf = 1 , 

see Art. 34. By applying the usual analytical conditions that this is a surface of 
revolution we obtain the required relation between p, q, r. 

Arrangement of Poinsoi’s central axes. 

38. In whatever position the body is placed relatively to the 
forces it has been shown in Vol. 1 . that the forces acting on the 
body can be simplified into a single force, acting along a straight 
line called by Poinsot the central axis, and a couple round that 
axis. As the body takes different positions relative to the forces 
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Poinsot’s axis also moves relatively to both. In order to determine 
the arrangement of Poinsot’s axes for all possible positions of the 
body and forces it will be convenient to have two systems of axes, 
one fixed in the body and the other fixed relatively to the forces. 

Let the axes fixed in the body be the principal axes at the 
central point. These we shall represent by Ox, Oy, Oz . Following 
the same notation as before, the forces are represented by the 
astatic couples ((?, 6), ( H, c), whose astatic arms are placed along 
y and z, together with a force R acting at 0. The astatic 
moments of these couples are represented by K 2> K z respectively. 
Let the axes fixed in space be parallel to the forces R, 0, E 
These are represented by Ox', Oy, Oz'. We shall sometimes 
speak of them as the axes of the forces . 

Let the direction cosines of either set of axes relatively to the 
other be given by the diagram. The positive x y z 

directions of these axes are so chosen that by- 

turning one set round the common origin the ^ 0,1 a * 

positive directions of x, y, z may be made to ® ^ ^' 2 ^ 

coincide with those of x, y', z. The advantage ^ Cl ° 2 ° 3 

of this choice is, that in the determinant of direction cosines every 
constituent is equal to its minor with the proper sign as given by 



the ordinary rules of determinants. Without losing the simplicity 
of the other relations of these constituents, we thus avoid any 
ambiguity of sign in the minors. 
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In the figure the axes are represented in the manner usually 
adopted in spherical trigonometry. The axes Ox, Oy, Oz and 
Ox', Oy', Oz' cut the sphere in x, y, z and R , G , if respectively; 
the angles being represented by arcs of great circles. The 
Eulerian angular coordinates of R referred to x are 6 = xR , 
= yxR, cj> = MRG. Since the angle between any two planes 
is equal to the arc ioininsr their poles, it is easy to see that 

zi&=e, iz=ir, ih=<i >. 

39. To find the position of Poinsot's axis referred to the axes 
of the forces, and also the moment of the forces about it. 

Let Px" be the required Poinsot’s axis, T the moment of the 
couple round it. The axis Px" is parallel to 0x r , let its coordi¬ 
nates referred to x\ y', z, be f'. 

The couples K 2 , K z have their astatic arms on the axes y, z, and 
their forces parallel to y', z. To refer these couples to the axes 
x\ y', z' we resolve the arms and move the forces parallel to 
themselves (Art. 6). Thus we replace the two couples by six 
others whose arms are arranged along the axes of x', y, z'. In 
the figure the forces at 0 are omitted to avoid complication, the 
arrows indicate the directions of the other forces of each of the six 
couples; and each arrow-head (as in Art. 10) is marked by the 
astatic moment of the corresponding couple. 

By hypothesis all these couples together with a force R acting 
at 0 are equivalent to the couple Y round Px" and a force equal 
to R acting along Px". Taking moments about the axes 


Ox, Oy', Oz' we have T = K 3 b 3 — K. 2 c 2 .(1), 

R%' = — K 3 a 3 .-..( 2 ), 

Rrf = — K 2 a 2 .( 3 ). 

2 \Kz c. 



Another yroof. We may also obtain these results very simply without resolving 
the couples. Let the arms OR, OG oi the couples be taken as unity so that the 
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forces G, H acting at B and C are measured by the astatic moments JBT 2 , K z 
Art. 10. The axes Ox', Oy', Oz' being the axes of reference, the coordinates of B 
and C are respectively a 2 , c 2 ; a 3 , b 3 , c 3 . Since K 2 acts parallel to Oy', its 

moment about Oz' is K 2 a 2 , and since Jf s acts parallel to Oz' its moment about 
Oy' is -K 3 a Q . In the same way their moments about Ox' are K z b z and -A 2 c 2 . 
Equating these to the moment of B acting along JPx" and of V we have the same 
results as before. 

40. When the body is rotated about Ox, the direction cosines 
a 2 , a s are invariable. It follows that the straight line whose 
position is determined by the equations (2) and (3) is fixed 
relatively to the forces. Hence we infer, that, when the body is 
rotated about an axis passing through the central point and parallel 
to the principal force , Poinsot’s axis ahvays coincides with a 
straight line fixed in space. 

This straight line traces out a right circular cylinder in the 
body whose radius p is given by the equation 

Ry = Kfaf + Kfa? .( 4 ). 

This cylinder is fixed in the body and moves with it. In one 
complete revolution of the body each generator in turn passes 
through the straight line fixed in space and becomes the Poinsot’s 
axis for that position of the body. 

Referring to the figure of Art. 38, the axis of this cylinder cuts 
the sphere of reference in R. We may also imagine the sphere of 
such size that the cylinder envelopes it along the circular boundary 
of the figure. In the figure the direction of the force R and the 
generators of the cylinder are supposed to be perpendicular to the 
plane of the paper. 

As the body turns round OR as its axis, the dotted part of the 
figure remains fixed in space while the part indicated by the 
continuous lines moves round R. 

Let a plane through the axis of the cylinder and the straight 
line fixed in space cut the sphere in the arc RP. Let RP 
produced backwards cut the circle GH in P'. Then the position 
of P or P' may be found from the equations 

tan GP = tan GP' — = “(V—.(5). 

7 ) 

In every position of the body Poinsot’s central axis is a 
straight line drawn through P perpendicular to the plane of the 
circle GH. Here P is distinguished from P' by the sign of either 

or as given by the equations (2) and (3). 
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It follows from these results, that all the straight lines, each of 
which would be a Poinsot’s axis if the body were properly placed, 
may be classified as the generators of a system of right circular 
cylinders. The axes of these cylinders pass through the central 
point and are always parallel to the direction of the principal 
force. 

Conversely, a straight line being given in the body , it may be 
required {when possible) to place the body in such a position that 
the straight line may be a Poinsot’s axis. To effect this, we turn 
the body about the central point until the given straight line 
is parallel to the principal force. If a lt a 2 , a 3 are the direction 
cosines of the given straight line referred to the principal axes of 
the body at the central point, then, in this position of the body, 
a l5 a 2 , a z are also the direction cosines of the principal force. If 
the distance of the given straight line from the central point does 
not satisfy equation (4) the straight line cannot be a Poinsot’s 
axis. If however the equation is satisfied, we turn the body 
round the principal force as an axis of rotation through the angle 
GP determined by equation (o), or, which is the same thing, we 
turn the body until the given straight line passes through the 
point rj\ £' in the plane y z determined by the equations (2), (3). 
The body has then been placed in the required position. When 
the straight line fixed in the body has been made parallel to the 
principal force the body may be inverted, so that the given straight 
line is again parallel to the force but points in the opposite 
direction. If the condition (4) is satisfied in one case, it is 
satisfied in the other. Thus if the construction yield one position 
in which the given straight line is a Poinsot’s axis, it will yield 
another. 

41. In every position of the body the couple-moment of 
Poinsot’s axis is given by 

r = K 3 cos Gz — K 2 cos Hy 
= K 3 (cos i/r sin <p + sin ^r cos <j> cos 6) 

4* K 2 (sin t/t cos <fi 4- cos ^ sin <j> cos 6), 

by using the spherical formulae for the triangles Glz and Hly. 
This may be written in the form 

r = F 0 sin {(f> — (p Q ) .(6), 

where P 0 is the maximum value of T, and </> = <£ 0 determines the 
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position of the body 
find 


when the couple-moment is zero. 
Kz + K z oo$6 

tan (p 0 = — r= - - tan -xlr . 

K 2 cos v + K 3 r 


We easily 


•(7), 


r 0 2 = (K 2 4- K s cos 0) 2 sin 2 ^ + (K 2 cos 6 + K z f cos 2 

(%2 + + (K*<h + a? I ...(8). 

a z + a* J 

Make the arc liiV 0 = <£ 0 > then the arc N Q G = $ — <f> Q and 
T = T 0 sin JV'o#. As the body rotates about the axis OR, both 
M and W 0 move with it. When <f> — <j> 0 = 0 or tt, the point JV 0 
coincides with either P r or P; the couple-moment vanishes and 
the system is equivalent to a single resultant. As the body is 
turned from either of these opposite positions through any angle 
the couple T increases and its magnitude varies as the sine of the 
angle of rotation. The couple reaches a maximum in either of the 
positions given by <£ — <£ 0 = ± ivr and then decreases again. Thus 
there are in general two positions of the body in which the couple- 
moment r has a given value, and two more in which it has the 
same value with an opposite sign. 


42. We may interpret this result in a slightly different 
manner. We may ascribe to each generator a certain couple- 
moment r peculiar to itself, which becomes the couple-moment 
when the body is so placed that that generator is a Poinsot’s axis. 
Make = MN Q 4- GP, then for any generator of the cylinder, 
say the one which passes through P, we have P = P 0 sin N X P, 

It will be useful to state this result in words. Through the 
line of action of R draw two planes , one passing through the tvjo 
generators whose couple-moments are each zero , and the other 
arbitrary and cutting the cylinders in two other generators. If T 
be the couple-moment for these last two generator's and % the angle 
between the planes , then r = r o sin% where P 0 is given by either of 
the forms in equation (8). 

43. In what precedes it has been supposed that both the direction and the line 
of action of the principal force R are given in the body. In this case the body can 
only be rotated about Ox ' as an axis. If the direction of R is not given, but only its 
line of action, the body can also be inverted by rotating it through two right angles 
about an axis perpendicular to Ox'. To avoid complicating the figure it will be more 
convenient to effect this last change by rotating the forces in the opposite direction, 
each about its point of application, so that the angles between their directions 
remain unaltered. 

The effect of this inversion is easily seen to be, that the positive directions of x' 
and of one of the two y', z' are reversed. As it will be convenient that they should 
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have the same positive directions in space as before, we shall represent the effect of 
the inversion by changing the signs of the force R and of that of one of the astatic 
moments K 2i K z . The sign of the couple-moment P about Poinsot’s axis also must 
be changed (even if its magnitude remains unaltered) when the positive direction of 
x in space is to be the same after inversion as before. 

One result of these changes is that the arc P'P (Art. 40) takes up another 
position (say Q'Q, not drawn in the figure of Art. 38) making the same angle with 
GR as before, but on the other side. The angle 0 O and the couple P 0 are also 
changed. Thus the positions in which Poinsot’s couple vanishes are changed by 
the inversion of the body. 

44 . To find the equation of Poinsot’s axis referred to the prin¬ 
cipal axes at the central point 

Following the notation already described in Art. 39, the 
equations of Poinsot’s axis referred to the axes of the forces 


are Rf = — K 2 a 2 , R£' = -K s a z .( 1 ), 

and the couple-moment T is given by T — K z b z — K 2 c 2 .( 2 ). 


Transforming these to the axes fixed in the body, we obviously have 
R (big + b 2 rj + b£) = - K 2 a 2) 

R -b CvX) -b ^ 0 =:::: A3U3. 

Eliminating f, 77 , £ in turn, and remembering that each constituent 
of the determinant of transformation in Art. 38 is equal to its 


minor, we have 

R ( ^ja z -f- £*$ 2 ) == K 2 a 2 C\ -f* K$ad)± ^ 

R ( "b ^^ 3 } == K. 2 a 2 c 2 -|“ K 3 a,b 2 V.(3). 

R( — lja 2 + vai) = - K 2 a 2 c z + K z a z b z J 
These may also be written in the form 

R ( - ya* + ?a a ) - Ta* = - K 2 b z + K z c 2 \ 

J2 ( - ?ai + £a 3 ) - Tao = - KA l .(4). 

P(-£a 2 + fja^) - Tas = KA J 


Any two of these are the equations to Poinsot’s axis when the 
relative positions of the body and the forces are given by the 
direction cosines &c. They are also the equations of the fixed 
generator of the circular cylinder. Art. 40. 

Adding together the squares of the equations (3), we obtain 
the equation of the cylinder traced out by Poinsot’s axis as the 
body is turned round Ox. This cylinder is easily seen to be a 


right circular cylinder and its radius p is given by 

R-p- = Kfaf + Kfaf .( 5 ), 

as already proved in Art. 40. 

When the body is so placed that the forces reduce to a single 
R. s. u. 22 
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resultant, the equations (4) may be put into a more convenient 
form. Since T = 0 , the first of those equations reduces to 
R ( — 4- ^a^) ~ -^ 2^3 4 A" 3 c 2 ) 

also, by (2) 0 = — j8T 2 c 2 4- J * 

Subtracting the squares, we have 

JR 2 ( - Wz 4* £a 2 ) 2 = (& 3 2 - c 2 2 ) (AT 2 2 - Z 3 2 ). 

Let us seek the intersection of the single resultant with the plane 
of xy; putting therefore £= 0 , the two first of equations ( 4 ) become 

H 2 d 2 jrr 2 jgr 2 = ^ *“ ^3^ R* d* = C] 2 .(6). 

A straight line drawn through the point thus determined parallel 
to the force R is the single resultant. 

Adding these equations together and remembering that 

b 2 4 a$ = 1 Cq 1 = Ci 2 4* c 2i 

£ 2 1 

we have, after division by a 3 2 , 4- .(7). 

This is the equation of a focal conic, Art. 36. The single resultant 
therefore intersects the focal conic in the plane of xy. In the 
same way, it intersects that in the plane of xz. We thus arrive at 
a theorem due to Minding , viz. that when the body is so placed that 
the forces are equivalent to a single resultant , the line of action of 
that resultant is a focal line . A fuller consideration of this mode 
of proof and of Minding’s theorem will be found a little further on. 

An apparent exception arises when either a 3 =0 or «._> = 0. Supposing that a 3 =0 
the equations (8) become Ba 2 £=: -K^a.^ Ba^^K^i^. 

Since - c 2 =- a 3 \, we have Y=Kjb 3 - K 2 c 2 = (K 3 + K 2 a x ) b 3 = 0. 

Thus either i> 3 =0 or K^K^a^O. Joining the former to T = 0, we have c 2 =0. 
The latter is impossible if K 3 is greater than K 2 ; if K 3 is less than K 2 the focal 
conic (7) is a hyperbola and the single resultant is parallel to an asymptote. Thus 
in both cases the single resultant intersects the focal conic. 

Ex. 1. Show that the single resultant intersects the plane of the imaginary focal 

. . . t? 2 f 2 1 / 1 - \ 

conic m the conic ~ + -~-r, = ( —s — 1 1. 

V V R ' \ a i l 

This conic is fixed in the body when is given. 

Ex. 2. Show that the circular cylinder (5) intersects the plane of xy in the 
conic whose equation is 

U 2 + V 2 - (fch + ^ 2 ) 2 } =K 2 W + /W* 


45 . The direction of the principal force B, and a point f, 77, $* on a generator 
of the circular cylinder being given referred to the principal axes of the body, it is 
required to find the couple-moment about that generator when the body is so placed 
that the generator is a Poinsot’s axis. 
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For the sake of brevity let us write 

- 7]a 3 + fa 2 =p, - + £<h =?> “ % a 2 + V<h = r * 

Multiplying the second and third of equations (4) Art. 44 by A 2 % 2 and A 3 2 a 3 
respectively we have 

A 2 2 a 2 (Bq — r a 2 ) + A 3 2 u 3 (Rr — ru 3 ) = A 2 A 3 (— K 2 a 2 Cj + K 3 a 3 b^) = K 2 K 3 Bp. 

The couple-moment V is therefore given by 

(A 2 v+^V) r=iJ (ir 2 % 22 +^ 3 V“^3rt.«• 

If the line of action of B only is given and the force may act either way along 
it, we obtain another value of T by inverting either the body or the forces. If F be 
the couple-moment after inversion we have by Art. 43 

(If,V + K zW) I” = R{K 2 d 2 q + Kj V+A 2 A 3 p) .(2). 

The force B then acts along the negative direction of its line of action. 

We may write (1) in the form 

(A 2 2 a 2 2 + A 3 2 <2 3 2 ) r =B { — (A s 2 — If, 2 ) a 2 a 3 ^ + Ag (K 3 a 1 + A 2 ) a 3 r) — A, (A 2 dj + A 3 ) ... (3). 
We therefore see that the plane through the line of action of B and the two genera¬ 
tors whose couple-moments are zero (Art. 41) is 

“ (Ag 2 — A 2 2 ) d 2 d 3 l; + Ag (Agttj + A,) d-fl — A, (A 2 d>l -j- Ag) dc^— 0.(4). 

Conversely, when the magnitude of the couple V is given , either of the equations 
(1) or (3) enables us to find the generators ichich have the given moment F when the 
body is so placed that one of them is a Poinsot’s axis. When T is given, either of 
these equations represents a plane intersecting the circular cylinder (5) in two 
straight lines which are parallel to the principal force. These are the generators 
required; see also Art. 41. If we change the sign of T we obtain another plane, 
parallel to the former, giving two other generators, each of whose couple-moments 
has the given magnitude but an opposite sign. These four are obviously sym¬ 
metrically arranged round the principal force. 

Another construction for Poinsot’s axis and moment is indicated in the follow¬ 
ing examples. 

Ex. 1. A straight line OQ is drawn through the central point 0 perpendicular 
to the plane containing the force B and its corresponding fixed generator. Prove 
thatp, q , r are the coordinates of the point Q in which this straight line cuts the 
circular cylinder. Prove also that Q is one of the poles of the great circle repre¬ 
sented by PP' in the figure of Art. 38. 

Ex. 2. Let OS be the straight line whose direction cosines are proportional to 
- A 2 A 3 , A 2 2 a 2 , A 3 2 (Zg, when referred to the principal axes of the body at the central 
point 0; thus OS is fixed in the body when the position of OB is given. If 
<p be the angle contained by the lines OQ, OS, prove that 
r _ jj A 2 2 A 3 2 +A 2 y+A 3 y j * 

COS0 \ A 2 2 a 2 2 + A 3 2 a 3 2 ( 

Show also that the straight line OS lies in the plane containing the force B and the 
two generators whose couple-moments are zero. 

46. If the magnitude of the couple-moment T is given as well as the line 
of action of B, we may obtain other cylinders which will intersect the right cylinder 
already found in the corresponding Poinsot’s axes. 

The first of equations (4) Art. 44 is 

B ( — ydQ -h £& 2 ) — Tuj = — A 2 & 3 +• A 3 c 2 , 
and F=-K^ + K 3 b s . 


22—2 
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Hence subtracting the squares, as in Art. 44, 

{b (-^3+^2) -ro^-i^v-tf) 

Now by Art. 38, V“ c 2 2 =c i 2 '" a 3 2 ’ hence, substituting for c x 2 from the second of 
equations (4), we have 

^(-^+W-r fll p-r\ W-^i+^ 3 )-r« 2 p _ Q 

K j_ K i + IJi -a 3 .(I). 

Again & 3 2 -c 2 2 =a 2 2 - b-f, substituting for V from the third of equations (4), we have 

{E (-?;g 3 + fci 1 ) 2 -rai} 2 -r 2 {EC-^ + ^-raa } 2 

K£-K 2 2 AT,* - 2 . 

Lastly, the last two of equations (4) give 

i* (- f®, + ia 3 ) - r « 2 } 2 , (- fa, + vaj - r« 3 } 2 _, . , 

-- + £-5 -l-«! .(3). 

The three surfaces (1) ( 2 ) and ( 8 ) are cylinders, for the equation to any one of them 
shows that an expression of the first degree in £, 17 , £ is some function of another 
expression of the first degree. Also the axis of each cylinder is parallel to the 
straight line £/<*!= 17 / 03 =f/a 8 , i.e. the axis of each is parallel to the line of action 
of the force JR. 

It may be noticed that the direction cosines b lt h 2 , b 3 ; c ly c 2 , c 3 have been 
eliminated so that the equations to these cylinders contain only the principal force 
JR, the direction cosines of B and Poinsot’s couple P. 

47 . Supposing that the coordinates (£, 97 , £) of some point on the cylindrical 
locus (5) are given, and that the line of action of the force B is also known, any one 
of the equations (1), ( 2 ), ( 8 ), of Art. 46 may be regarded as a quadratic to find the 
couple-moment when the body is so placed that the corresponding generator is a 
Poinsot’s axis. 

If we seek the corresponding equations when the forces are inverted we change 
the signs of B, T and one of the A’s (Art. 48). But these changes leave the 
quadratics unaltered. Thus the two values of T given by any one of these 
quadratics correspond to the two directions in which B can act along the same 
given line of action. 

Ex. The given point (£, 97 , f) being supposed to be on the circular cylinder, prove 
that the three quadratics (1) (2) ( 8 ) of Art. 46 reduce to the same, viz. 

r 2 (JT 2 V + Kfaf) - 2RV (It?c h q + K 2 a z r) + JB* (A a V + K 2 r 2 ) = KfKf (a* + « 3 2 ). 
Prove also that the roots of this quadratic are given by 

P (K 2 a 2 + K 2 a 2 )=B {IC 2 a 2 q +K 3 2 a 3 r^K 2 K 3 p) 
where p, q , r have the meanings specified in Art. 45. 


48. Minding’s Theorem. By joining any one of the three cylinders (1), (2), 

( 3 ) to the circular cylinder we have sufficient equations to find the generators which 

can have a given couple-moment and are also parallel to any given straight line. 

It will often be more convenient to use the intersections of the cylinders with one 

of the coordinate planes. Thus putting £=0, the cylinder (1) cuts the plane of xy 

. A -u • ( 221703 +(JBfoj-ra ,) 8 a /1x 

m the conic —--+ v — 8 >- 0 - =a 3 2 .( 1 ). 

When the forces are equivalent to a single resultant we have P=0 and in that 

77 2 £ 2 I 

case equation ( 1 ) reduces to the focal conic w*~~ v 2 + ihi = Wj. .( 2 ). 

— iCj A 3 B 

The single resultant therefore intersects the focal conic in the plane of xy. 
Similarly it intersects that in the plane of xz. See Art. 44. 
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49. Conversely , let a straight line intersect both focal conics, then by Art. 37 
it is a generator of the circular cylinder. If the direction cosines of this straight 
line are a 2 , a 3 , the corresponding couple-moment P is given by the quadratic (1) 
of Art. 48. 

This quadratic gives two values of T. Multiplying (2) by R 2 a s 2 and subtracting 
the result from (1) we find that one root is T=0 and that the other is given by 

(X-jV+^sV) r = 2i^ 3 {K^cl 2 + K 2 - ^ 2 )}.(3). 

The result is that the couple-moment for the generator is zero for one of the 
two directions in which the force R can act along that generator. 

These two values of V follow also from equations (1) and (2) Art. 45, for when 
the value of Y given by (1) is zero, the value given by (2) agrees with that shown in 
equation (8) of this article. 

Finally, we see that if any straight line can he the line of action of a single 
resultant force that line must intersect both the focal conics , and if a straight line 
intersect both the focal conics it can he the line of action of a single resultant if the 
body he properly placed . 

50 . Ex. 1. The direction of the principal force R being given by the direction 
cosines a 1 , a 2 , a z referred to the principal axes at the central point show that each 



passes through the line of action of R and intersects the focal conics in four points, 
which are the corners of a parallelogram formed by the focal lines, two of which are 
parallel to the direction of R. Prove also that the focal lines parallel to the given 
direction of R are the corresponding single resultants. 

This follows easily from Art. 45. 

Ex. 2. If the body is so placed that the force R acts along an asymptote of the 
hyperbolic focal conic, prove (1) that the circular cylinder contains the elliptic focal 
conic on its surface; (2) that as the body is turned round OR Poinsot’s axis lies in 
the plane containing R and parallel to the force H which corresponds to the 
greater astatic moment K z ; (3) that Poinsot’s couple T is always zero as the body 
is turned round OR provided the force R acts in the proper direction, but is zero 
only when the plane of the hyperbolic conic contains the force H if R act in the 
other direction. 

51. Relations of Poinsett's axis to the confocals. The manner in which the 
single resultant is connected with the confocals is given by Minding’s theorem. 
We may also find the relations of Poinsot’s axis with the same confocals in the 
general case in which the couple is not zero. To effect this we require the following 
lemma in solid geometry. 

52. Lemma . Let the squares of the semi-axes of two confocals be a 2 +X, 
/3 2 + X, y 2 + X and a 2 + X', /3 2 + X', y 2 + X'. Let the direction cosines of any straight line 
be (Z, m, n) and its distance from the origin be p. If two planes at right angles can 
be drawn through the straight line to touch the two confocals, then 

p 2 + aH 2 + § 2 m 2 + y 2 n 2 = a 2 + /3 s + y 2 + X + X'. 

It follows that when the confocals are given the left-hand side is constant for all 
straight lines. 

Let (l' t n'), (l ", m", n") be the direction cosines of the tangent planes, and 

p, p' the lengths of the perpendiculars on them. Then 

p 2 =(a 2 + X) l' 2 +(/3 2 + X) m' 2 +(7 2 + *) n’\ 
p' 2 = (a 2 + X') l" 2 + (/3 2 + X') m" 2 + {y 2 + X') n"\ 
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Noticing that p 2 =p 2 +p' 2 we find by addition 

f = a 2 (l' 2 + 1" 2 ) + /3 2 (m! 2 + m" 2 ) + y>(n' 2 + n" 2 ) + X + X'. 

Hence since l 2 + l' 2 + V ,2 = 1 &c., we have 

p 2 + a?F- + (3 2 m 2 + y 2 n 2 = a 2 + /3 2 + y 2 + X + V. 

53. Let us now apply this Lemma to any generator of the cylinder. Let 
a, /3, 7 be the semi-axes of the imaginary focal conic, then, by Art. 36, 

a 2 = 0, p 2 =-K 2 2 IR 2 , y 2 =-K. 2 jR 2 . 

The values of X, X' are the squares of the semi-major axes of the two confocals; let 
these be represented by MJR 2 and Mf/R 2 as in Art. 35. The direction cosines of 
any generator are {a 1 , a % , a 3 ) and its distance /> from the central point is given by 
R 2 p 2 —PL 2 a 2 + R 3 a 2 . Hence, substituting, the left-hand side of the equation in the 
Lemma reduces to zero. We therefore have M 1 2 + i)f 1 / 2 =/r 2 2 + /iT 3 2 . 

If therefore any two planes at right angles are drawn through a possible Poinsot's 
axis and two confocals are drawn to touch these planes , the sum of the squares of the 
semi-major axes of these confocals is constant. This constant when multiplied by R 2 is 
the sum of the squares of the astatic moments of the principal couples at the central 
point. 

From this we may deduce as a corollary a theorem discovered by Darboux. 

Let a plane be drawn through any possible Poinsot’s axis to touch one of the focal 
conics , then a perpendicular plane through the same axis will touch another focal conic. 

For in the limit these conics may be regarded as the bounding rims of two flat 
confocals whose semi-major axes are respectively ICJR and ICJR. 

54. Ex. 1. If a possible Poinsot’s axis touch two confocals prove that the sum 
of the squares of their semi-major axes is equal to IC> 2 + K 3 2 after division by R 2 . 

If a straight line touch two confocals, and tangent planes are drawn at the points 
of contact, these planes are known to be at right angles. If we apply the general 
theorem in Art. 53 to these two tangent planes, the result follows at once. 

Ex. 2. If a possible Poinsotfs axis intersect one of the focal conics prove that it 
must intersect the other also. 

For suppose it intersects the plane of xy in the elliptic focal conic, it may be 
regarded as touching the confocal surface whose semi-major axis is K 3 jR. Hence 
it also touches the confocal surface whose semi-major axis is KJR (by the last 
example), i.e. it intersects the plane of xz in the hyperbolic focal conic. 


Reduction to Three and to Four Forces. 

55. We have seen that the forces of any astatic system may 
be reduced to two couples and a single force. This representation 
of the forces, though very simple in its character, may not always 
be convenient. These couples and the force have an intimate 
relation to the central point and central plane, and the positions 
of this point and plane may not suit the circumstances of the 
problem we wish to consider. 

We shall now examine some other representations of an astatic 
system. We shall show that the forces may be reduced to three 
forces which act at three arbitrary points in the central plane. 
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These points however must not in general lie in one straight line. 
We shall show that the forces of the system may also be reduced 
to four forces which act at any four points fixed in the body at 
which we may find it convenient to apply them. The four points 
must not in general lie in one plane. 

We can see another advantage of these representations of the 
forces. For the points of application may be regarded as the 
corners of a triangle or tetrahedron of reference. We are thus 
enabled to use the systems of coordinates called trilinear and 
tetrahedral with considerable effect. 

56. To show that all the forces of any system may he reduced 
to three forces which act at three points lying in the central plane. 

Following the same notation as in Art. 9, let the forces of the 
system be P 1? P 2 , &c. and let M u M 2 , ... be their points of 
application. Let these be referred to any axes Ox, Oy , Oz , either 
rectangular or oblique, which are fixed relatively to the body. 
Let the coordinates of M 1} M 2 , &c. be (x ly y l3 z x ), (x 2l y 2y z 2 ), &c. 
Let Ox', Oy', Oz, be another system of axes, not necessarily 
rectangular, to which we may refer the forces. These are fixed 
relatively to the forces. Let the components of the forces along 
these be (X\, Y\, Z\\ (X' 2 , F 2 , Z' 2 \ &c. 

Consider the system of parallel forces X\, X' 2 , &c. All these 
are astatically equivalent to a single force %X' acting at their 
centre of parallel forces. In the same way the two other systems 
of parallel forces, viz. Y\, Y\ &c. and Z\, Z' 2 &c., are equivalent to 
%Y' and %Z' each acting at its own centre of parallel forces in 
directions parallel to y' and z* respectively. These forces we may 
represent by F, G, H , and their points of application by A, P, 0. 
The centre of parallel forces is known to possess the astatic 
quality If then we move the arbitrary axes Ox, Oy', Oz in any 
manner about the origin, keeping their inclination to each other 
unaltered, the system will yet he equivalent to the same three forces 
F, G , H acting at the same three points A, B, C in directions always 
parallel to the axes Ox, Oy', 0z\ 

To find the coordinates of these points we may therefore 
consider any one position of the forces and the body. In this 
position let X, Y, Z be the components of any force P resolved 
along the axes Ox , Oy , Oz. Then 

X' = lX + l'Y + l"Z 9 F=mI + mT+m7 } Z' = to c. 
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where (l, m, n), ( V, m, n’), (l", m", n"), are the direction ratios of 
the axes (x, y, z ) referred to (x\ y', z'). 

Let (x, y, z) be the coordinates of A, then 

tX'x _ HXx + It Yx + V’tZx 
Xl ~ XX' ~ ' OX + ltY+l'tZ 
with similar values for and z^. Taking the same notation 
as in- Art. 10 we write %Xx = X x &c., £X==X 0 &c. We thus 
have Fxj = IX x -\-l'Y x +1"Z x 

Fy^lXy + VYy+V'Zy 
Fz x = IX z + l'Y z + l” Z z i 
F=lX 0 + l'Y 0 + V'Zj 

Hence it appears that the point A lies on the plane 

? X* Y a Z x 

7) Xy Yy Zy 

i y z z z 

1 x 0 F 0 F 0 

In the same way the points B and 0 also lie on this plane. 

57. We notice that the directions of the axes 0x\ 0y\ Oz , 
are perfectly arbitrary except that they cannot all lie in one plane. 
We may therefore obtain an infinite variety of triangles ABG 
with corresponding forces at the corners. Any one of these may 
be called an astatic triangle , and the points A, B, G , may be 
called astatic points. 

We may obviously make the inclinations of the forces F } G , H 
to each other whatever we please, though of course the position of 
the triangle ABG is dependent on our choice of these inclinations. 
It is generally most convenient to make the forces F, 6r, H act in 
directions at right angles to each other. 

We have seen that when we want to find the positions of 
A, B, G we may consider the body to have some fixed position 
relative to the forces. For this position X x &c. are all constant 
whatever the positions of the axes x', y', z may be. The equation 
(2) therefore gives, as the locus of the points A, B, C, a plane fixed 
in the body. We also see that the locus is a unique plane 
except when all the coefficients are zero. An independent and 
elementary proof that the plane ABG is unique has been given 
in Art. 13. 

Comparing the equation (2) with that found in Art. 25 we 
notice that this plane is the same as that already called the 


= 0 

.( 2 ). 
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central plane . It follows that all the astatic triangles lie on the 
central plane. 

58. To find the central plane and one astatic triangle with 
rectangular forces . 

The theorem proved in Art. 5G supplies us with a useful 
method of finding the position of the central plane. To effect 
this we resolve all the forces of the system into any three direc¬ 
tions we may find convenient. Taking the forces in these three 
directions separately we have three sets of parallel forces. We 
then find the centre of parallel forces of each set by any method 
we may find convenient. We thus arrive at three points which 
we call A, B, G The plane through A } By G is the central plane. 
We have also found one astatic triangle. 

Suppose the system referred to rectangular axes Ox, Oy, Oz 
and consider any position of the body relative to the forces. 
All the ^-components form a system of parallel forces which may 
be collected into a single astatic force XX = F acting at a point A 
whose coordinates are 

. XXx _ XXy _ XXz 

Xl ~'tx Vl - XX Zl ~ %X’ 

In the same way the y-components may be collected into a force 
XT = Gr acting at a point B whose coordinates are 
- Yy _ _XYz 

y y<i — y % 2 ^ y • 

The ^-components may be similarly treated. 

These three points lie on the central plane. The forces 
Fy Gy II act in directions at right angles to each other and their 
magnitudes have been found. 

If the principal force is finite, the axes may always be so 
chosen that XX, XY, XZ are not zero. If the principal force is 
zero, the coordinates of the three points are either infinite or take 
an indeterminate form; and in this case the central plane is either 
at an infinite distance or is indeterminate in position. Thus 
whenever there is a central plane this construction may be used 
to find it. 

59. Referring to the table of elementary couples given in 
Art. 10 these expressions for (oc, y , z) &c. give a new interpreta¬ 
tion to those symbols. It has been shown in Art. 10 that the 
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constituents in any row of that table are the components of the 
corresponding couples. It has now been proved that the consti¬ 
tuents in any column are proportional to the coordinates of an 
astatic point with rectangular forces, Art. 57. 

60. To reduce all the forces of any system to four forces 
which act at four given points not all in one plane . 

Let A, B y C, D be any four points fixed in the body. These 
we shall regard as the corners of the tetrahedron of reference. 

Let P x , P 2 , &c., be any forces acting on the body and let 
M u M 2y &c. be their points of application. We propose to replace 
each of these by four forces acting at the corners A, B, 0, D 
parallel to the original direction of the force. Consider DA, DB, 
DG to be a system of oblique axes, let £, rj, £*, be the coordinates 
of any point M and let DA = a, DB — h, DC = c. Then by Art. 7 
the forces acting at A, B, G, D are respectively 

Pfla, P v /b, P£/c, P-P^/a-P^-Pf/a 

Now f/c is equal to the ratio of the perpendiculars drawn from 
M and G on the face ABC, and this ratio is the tetrahedral 
coordinate of M, Representing the four tetrahed?'al coordinates 
of M by a, /3, 7 , B, and remembering that their sum is unity we see 
that the four forces at the corners A , B, C, D, are respectively Pa, 
P/ 3 , P 7 , PS. 

We therefore have the following working rule. Any force P 
acting at the point whose tetrahedral coordinates are a, /3, 7 , S may 
be replaced by four parallel forces acting at the corners of the 
tetrahedron of reference whose magnitudes are respectively Pa, P/3, 

P% PS. 

The several forces acting at each corner may now be com¬ 
pounded together. The result is that any system of forces can be 
replaced by four forces, one at each corner of the tetrahedron. 

61. We may prove in the same way that a force P acting at 
any point M in the plane ABC may be replaced by three parallel 
forces respectively equal to Pa, P/ 3 , Py, and acting at A, B, G, 
where a, y } are the areal coordinates of M referred to the 
triangle ABC. 

We may also deduce this result from the general theorem for a 
tetrahedron. We notice that tetrahedral coordinates become areal 
when the point considered lies in a coordinate plane. We may 
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therefore disregard the coordinate 8 and treat the tetrahedral 
coordinates a, fi, 7 , as if they were areal. 

62. To show that the system can he reduced to three forces 
acting at any three points in the central plane which form a 
triangle . 

Let the system be reduced to three forces acting at the corners 
A, B, G of some astatic triangle; then this triangle lies in the 
central plane. Let A', B', G\ be any three points in the same 
plane, but not in a straight line, and let D' be a fourth point not 
in that plane. Regarding A'B'C'D' as the tetrahedron of refer¬ 
ence we shall transfer the forces from A, B, G to the corners of 
this tetrahedron. 

To find the force at H , we multiply each force by its 8 coordi¬ 
nate. Since this coordinate is zero for each of the points A, B, G, 
the resultant force at D' is zero. 


63. Transformation of Triangles. One astatic triangle 
ABC and the rectangular forces F } G, H at its corners being given , 
it is required to transfer this representation to any other triangle 
A'B'C' and to find the rectangular forces F\ G\ H' at its corners . 

Let axes drawn through any point 0 parallel to either of these 
sets of forces be called the axes of those forces. We thus have 
two sets of rectangular axes. Let their mutual direction cosines 
be given in the usual way by the diagram. 

Then any force F may be resolved into the components 
FI, Fm , Fn, acting respectively parallel to the 
axes of F\ G', H'. Treating the forces G, H in 
the same way we have F' = FI + GV 4 - HI ", 

G' = Fm + Gm' 4 - Hm'\ H = &c. 

We also have 



F' 

G' 

E 

F 

l 

m 

n 

a 

V 

m! 

n' 

E 

l" 

m" 

n" 


F = F'l 4 - G'm 4 - H'n, G = FT + G'm 4- H'n', H = &c. 

The point of application of the force F' is the centre of the 
parallel forces FI, GV, HI" which act at A, B, G. Thus the point 
A' at which F' acts is the centre of gravity of three weights 
(positive or negative) proportional to FI, GV, HI" placed at the 
corners A, B, G of the given triangle. By properly choosing these 
ratios we can place the corner A! at any point we please. 

The areal coordinates of the corners of either triangle referred 
to the other can also be found very simply by using the theorem 
of Art. 61. Let (a u /3 lt 71 ), (a 2 , A, 72 ), («s> A, 73 ) be the areal 
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coordinates of the points A\ B\ C' referred to the given triangle 
ABC. If we transfer the forces F', G', H' hack again to the 
triangle ABC , the three forces at A will be F'a u G'ol 2 , H'u s . But 
these are the components of F. The forces at B } C, may be 
similarly found. 

Hence F'a, = FI F'fr = GV F'y x = BV\ 

G% = Fm G'ft = Gm' G'y 2 = Hm", 

- Fn H% = Gri H'j 8 = Hn". 

By choosing the nine direction cosines in any way which their 
mutual relations permit we can use these formulae to transform 
from one triangle to another. 

If the forces of tlie two triangles are oblique we regard ( l , m, n), ( V , n '), 
(£", m", w"), as the direction ratios of F, G, H referred to the axes F' i <?', H'. The 
direction ratios of F f , G if' referred to the axes of F } G , H, are proportional to the 
minors of (l, l Z") <&c. If these direction ratios be (X, X', X") (ja, /a\ ja") (p } v") we 

have F=F'X~h G'/a + H'p, G = & c., £[=&c. t 

instead of the expressions given above. With this exception all the other equations 
in this article apply to oblique forces. 

64. The imaginary focal Conic. Let us suppose that the forces of the two 

triangles ABC, A'B'C' are rectangular. The nine direction cosines are connected 
by relations such as bn + l'm 1 + =. 0 &c. Hence the coordinates of A', B', <7 are 

connected by the three equations 

a i a 2 , P 1 P 2 , 7i7 2 _a a 2 a 3 , PA , 727:j__ n <*^1 , PA , 7:i7i __ n m 

G 2 + jF~ u ’ > + Ip + IP ' + G- + H* ~ u -w- 

If therefore A' be taken at any point (a, /S, 7 ), both B' and C' must lie on the 

straight line + Jj.f = 0 .( 2 ), 

where a, f3, 7 are current coordinates. Taking B f anywhere on this line, then C' is 
found as the intersection of two straight lines. 

This straight line ( 2 ) is evidently the polar line of (a lf 7 J, with regard to the 

imaginary conic ^ + ~~ = 0 .(B). 

Thus the three astatic points are always at the corners of a self-conjugate triangle 
with regard to this conic. 

The statical property of this conic is that each side of every astatic triangle with 
rectangular forces is the polar line of the opposite corner. But as two different 
conics cannot have the polar lines of every point tho same in each conic, it follows 
that this conic is unique. Whatever astatic triangle ABC we take as the triangle 
of reference, the conic given by this equation is the same. 

65. Ex. 1. Show that, whatever astatic triangle with rectangular forces is 
taken as the triangle of reference, the quantities 

(I) r~ + G* + H‘\ (2) jFGJIA, (3) a*G*ir~ + l/mHV + c*F*G\ 

are invariable, where a, b, c are the sides, A the area of the triangle, and 1<\ G, H 
the forces. 
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We have also the invariant property that the centre of gravity of three -weights, 
proportional to F 2 , G 2 , H 2 , placed at the corners is the same for all triangles. 

Ex. 2. Show that, whatever astatic triangle with oblique forces is taken as the 
triangle of reference, the quantities 

(1) F 2 + G 2 + E? + 2 FG cos 7 -f 2GH cos a + 2 HF cos 

1 2) FGRAn 

(3) a ,2 G'R' {F 2 (cos a - cos /3 cos 7 ) - FR' (cos /3 - cos 7 cos a) 

- F'G' (cos 7 - cos a cos /3) - G'H' sin 2 a} + &c. + &c. 
are invariable, where a, & 7 are the mutual inclinations of the forces and 
fi =1 - cos 2 a - cos 2 /3 - cos 2 7 + 2 cos a cos /3 cos 7 . 

We notice that p is six times the volume of the tetrahedron formed by unit lines 
drawn from any point parallel to the forces. It follows that jx cannot vanish unless 
the astatic forces are parallel to one plane. 

Ex. 3. A system of forces is equivalent to a force R, acting at a point 0, and two 
couples, whose astatic moments are K 2 , K s , and whose astatic arms are placed along 
the rectangular axes OY, OZ , the forces of the couples being perpendicular to each 
other and to the force R , see Art. 32. If these are transferred to an astatic triangle 
A'B'C' situated in the plane yz, the coordinates of the corners being fa, f x ), fa, £ 2 ), 
fa, ^ 3 ) and the rectangular forces FG', H', prove that 

F' = Rl Ffa^KJ F'&^iqi" 

G'=Rm G'r] 2 ~Kc,m' G'^~K z m ,> 

R' — Rn R'^ — K 3 n" 

where l , m, n &c. are the nine direction cosines of F, G ', H', as in Art. 63. 

If the forces F', GH' are all equal, prove that the sum of the distances of the 
three corners from each of the axes of y and z is zero. 

66. To find tke Central Point. The astatic triangle ABC with rectangular 
forces F, G , H being given , show that the central point is the centre of gravity of 
three weights proportional to F' 2 , G' 2 , IT 2 placed at the corners. 

This follows easily from the theorem proved in Art. 30. We multiply each 
force, such as F , by the resolved part of all the forces along it, i.e. by F; the 
product is F 2 . The rule asserts that the central point is the centre of gravity of 
the three products F % G 2 , H 2 , placed at the points of application of F , G, H. 

Ex. If the forces F , G, H of an astatic triangle are not rectangular prove that 
the central point is the centre of gravity of three weights proportional to 

E(E+GcoS 7 + Hcos/3), G(Foosy+G + HcoBa) i R(Fgo3^+ G cosa + H) 

placed at the comers, where a, /3, 7 are the angles between the forces (G, H), (R,F), 
(F, a). 

This result follows at once from the general theorem given in Art. 30. 

67. The central point coincides with the centre of the imaginary conic. To find 
the centre of the conic we follow the rule given in treatises on Conics. Differentiating 
the equation of the conic (Art. 64) with regard to the areal coordinates a, /3, 7 
separately, and equating the results, we find that a, /?, 7 are proportional to 
F 2 , G 2 , JH 2 . The result follows at once. 

68 . The imaginary conic being given, it is required to find the central lines and 
the principal moments of the system. 

Let the system of forces be reduced to its simplest form (Art. 32), i.e. let the 
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forces be represented by a force R acting at the central point 0 together with two 
astatic couples whose arms are placed along the central lines Oy, Oz. Let the 
astatic moments be K 2 , 

Consider the origin 0 as one corner of an astatic triangle and produce the arms 
of the couples to very distant points B and €, replacing the forces by two others 
viz. G and JET, both very small. Then OBC is an infinitely large astatic triangle 
with rectangular forces. Let OB = b, OC=c, then bG = K 2 and cH~K z , also F=R, 
We shall now use this triangle to find the equation to the imaginary conic by the 
formula given in Art. 64. 

Let t?, £ be the Cartesian coordinates referred to the rectangular axes Oy, Oz of 
any point. Let a, 7 be the areal coordinates of the same point referred to the 
infinitely large triangle OBC. Then a=l, ^-yjb, 7 = f/c. The conic 

* + £ + ?* = o 

j,'S + (jp IP 


therefore reduces to 




We therefore infer (1) that the centre of the imaginary conic is the central point, 
( 2 ) the principal diameters are the central lines of the system, (3) that the lengths 
of the principal semidiameters are K**J — 1/22 and A^s/- 1 / 22 . 

Referring to Art. 36, we see that the imaginary conic is the same as the 
imaginary focal conic. 

69. Ex. 1. If ABC be an astatic triangle with rectangular forces show that 
either central line makes an angle 6 with the side BC where 

__ 4AF 2 (/Pfc cos C-jFc cos B) 
a tan -0 - + 21* ’ 


and A is the area of the triangle. 

Ex. 2. If a triangle having its orthocentre at the central point be projected 
orthogonally on the central plane, prove that the projection is a possible astatic 
triangle with rectangular forces, provided the self-conjugate circle projects into the 

. t}~ <•- 1 

real conic - ff , + . 


70. Transformation of tetrahedra. The forces being referred to one 
tetrahedron as ABCD, it is required to refer them to any other tetrahedron as 
A'B'C'D'. 

If the coordinates of the corners of the first tetrahedron with regard to the 
second are known, the transference may be effected at once by using the rule given 
in Art. 60. But if the coordinates of the second tetrahedron with regard to the first 
are given, we may proceed in the following manner. 

Let the tetrahedral coordinates of A'B'C'D' referred to the first tetrahedron he given 
by the diagram, and let the whole determinant be A. Then 
the coordinates of A referred to the second tetrahedron are 
the minors of the several terms in the row opposite A after 
division by A. The coordinates of B are the minors of the 
terms in the row opposite B after division by A, and so on. 

The coordinates of the corners of the first tetrahedron 
are now known and the transference may be effected as before. 

71. Ex. 1. If one corner as D be changed to D' without altering the opposite 
face show that the direction of the force at D' is parallel to the force at D, and that 


1 A' B' C' D' 

A cq /q Cj dj 

B a 2 c 2 d% 
C by c‘. { d s 

B> a 4 b. c 4 d< 
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their magnitudes are inversely proportional to the distances of D and B' from the 
unchanged face. See the rule in Art. 60. 

If B' lie in the plane BBC show that the force at A is unaltered. 

Ex. 2. The forces at the comers of a tetrahedron ABCD are F, G, 22, L 
respectively ; it is required to find the central plane, the angles between the forces~ 
being given. 

Let the cosine of the angle between two forces F, G he represented by cos FG 
and so on. Let /, g, h, l be the minors of the four constituents in the leading 
diagonal of the determinant. 

1 , cos FG, cos FH, cos FL 

cos FG, 1 , cos GH, cos GL 

cos FIT, cos GH, 1 , cos HL * 

cos FL, cos GL, cos HL, 1 

Then the central plane divides any side as AB in a point P such that 

F-AB _ // 

g. bp ~ V g ’ 

Resolve the force F into three others F l9 P 2 , P 3 , acting parallel to G , H, L . 
Consider the three sets of parallel forces, viz. (G, FJ, ( H , F 2 ), (L, F s ). We may 
collect each into its own centre of parallel forces and thus obtain three points on the 
central plane, Art. 58. The central plane therefore cuts AB in a point P where 
F 1 . AP=G . BP. But since F l9 F 2 , F z are in equilibrium with ~P, we have by 
Art. 48 of Vol. i., The result follows at once. 

72. If the forces F, G , H, of an astatic triangle ABC are rectangular and of 
finite magnitude, and if the area ABC is not zero, prove that the system cannot he 
reduced to fewer than three forces. 

If possible let the forces be reduced to two, P and Q , and let these act at D and 
E in the plane of the triangle. Let p, q, r be the perpendiculars from A, B, C on BE. 
Turn the forces about their points of application until the force at A is perpen¬ 
dicular to the plane ABC, then the forces at B and C act in that plane. Taking 
moments about BE we have Fp = 0. Similarly Gq = 0, Hr = 0. But this is impos¬ 
sible if the area of the triangle is not zero. 

That the points of application B, E must lie in the plane ABC follows from 
Art. 57, for BE may be regarded as one side of an astatic triangle, the third force 
being zero. We may also prove this in an elementary manner. Place the body so 
that the direction of the force P is parallel to the plane of ABC, while the other Q 
is not parallel; this is possible provided P and Q are not parallel to each other. 
Then, as in Art. 13, taking the plane of ABC as that of xy, we have Z z the same for 
the three forces F, G , H and the two P, Q. The ordinate of E is therefore zero. 
In the same way the ordinate of B is zero. 

If the forces P and Q are parallel to each other, they cannot form a couple because 
their components parallel to F, G and H are not zero. They can therefore be re¬ 
duced to a single force. Proceeding as above we easily show that its point of appli¬ 
cation lies in the triangle; thence we deduce as before that the area of ABC is zero. 

That the three forces F, G, H cannot be reduced to two, P, Q, also follows from 
the invariants of an astatic triangle. Regarding BE as one side of the triangle, 
the third force being zero, we see that the second invariant of Art. 65 is zero. It 
follows that FGHA is also zero, which is impossible unless either the area A or one 
of the forces F, G , H is zero. 
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73 . To investigate the condition that the forces of an astatic 
system can he reduced to two forces. 

We have seen in Art. 57 that the forces of the system can be 
reduced to three forces, viz. X 0 , F 0 , Z Qy acting at thr.ee points 
A, By 0 whose coordinates (x u y u z x ) (x, y y it z 2 ) (x 3 , y 8 , z 3 ) are given 
by X 0 x 1 = X x X 0 y x = X y X 0 z L -=X Zi 

Y Q x 2 = Y x Y 0 y^Y y Y {) Zn = Y Z} 

Z 0 oc$ = Z x Z§y 3 = Zy Z 0 z% = Z z . 

We shall suppose in the first instance that the principal force 
is not zero, and that the axes are so chosen that X 0 , Y 0) Z 0 are all 
finite. 

If the three points A y B, G lie in a straight line we may make 
a further reduction. We can replace each of these forces by two 
other forces parallel to it and of proper magnitude, acting at any 
two points M 1} 3Ly which lie in the straight line. By compound¬ 
ing the three forces at M ly and also those at M», the whole system 
can be reduced to two forces. In order therefore that the system 
of forces may be reducible to two forces it is sufficient that the 
three points A, B y G should lie in a straight line. 

It is also necessary , for otherwise the system is equivalent to 
an astatic triangle with rectangular forces. Now by Art. 72 such 
a system cannot be reduced to two forces unless either the triangle 
is evanescent or one at least of the forces X 0 , F 0 , Z Ql is zero. 

If the three points A, B y G lie in a straight line a plane can be 
drawn through that straight line and the origin. Hence 

X Xi Xy, X Z = 0 . 

F„ Yyy Y z 

z xi z tf , Z z 


The projection of these points on any coordinate plane must also 
lie in a straight line. We therefore have 

X 0 , X y , X z = 0 , X x , X 0 , X z = 0 , X x , X v , X 0 = 0 . 

F 0 , Yy, Y z Y x , F 0 , Y z F*, F ?/ , F 0 

I ) Zy, Z z Z X y Z 0 , Z z Z X y Zy, Z Q 

The second of these four equations expresses the fact that 
Ay B } G lie in a plane perpendicular to that of yz f the third that 
they lie in a plane perpendicular to that of xz y and so on. 

Since no two of these four planes coincide, except when the 
points Ay By G lie in a coordinate plane, any two of the last 
three equations are sufficient to express the fact that the three 
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points A, B, 0 lie in a straight line except when the three force 
components are zero. 

These determinants are the coefficients of the several terms in 
the equation to the central plane. That plane is therefore inde¬ 
terminate. 

Expressions for these determinants in terms of the forces, 
without the intervention of coordinate axes, have been given in 

Art. 31. 

74. To find the equivalent forces. We have seen that they may be made to act 
at any two points M lt M 2 which lie on the straight line ABC. The equation of 

this straight line is evidently --* = —— =-This straight line is called 

X 2~ X 1 Vi ~Vl Z 2~ Z 1 
the central line of the two forces. 

If two forces, not parallel to each other, are together astatically equivalent to 
two other forces, we may prove in an elementary manner that the four points of 
application lie in one straight line. 

Let P 1} P 2 acting at M lt M 2 be equivalent to Q 1? Q 2 acting at N lt N 2 . Make P x 
act parallel to N 1 N 2 and take moments about AyVg. It immediately follows that 
M 2 lies on N X N 2 . Similarly M 2 lies on N X N 2 . Thus the central line is fixed in the 
body. 

Take any two distinct points M lt M 2 on the central line. Let the coordinates 
of the points thus chosen be (/, g, h) and (/, g', h!). Let (P, G, H), (.F', G', H') be 
the components of the forces at these two points. The forces will then be known 
when we have found (P, G, H) and (P' } G', H f ). 

Since this system of two forces is equivalent to the given system, the twelve 
elements must be the same for each system (Art. 12). 

We therefore have 

X x =Ff+F'f, X y =Fg + F , g' 1 X,=PA + PW, X 0 =:P+P' 

Y x =Gf+G'f', Y v =Gg + G'g', Y z = Gh + G'li', Y^G+G* 

Z x =Hf+H'f', Z y =Hg+H'g f , Z z =Hh + H'h', Z 0 =H+H'. 

Any six of these equations determine P, G, H; P', G', W when/, g, h and/', g\ h 

are given. 

75. To show that whatever points are chosen on the central line, the forces at 
those points are always parallel to the same plane. 

Supposing the system to be already reduced to two forces P 1? P 2 acting at some 
two points M 1 ,M 2 , let us replace these by two other forces Q x , Q. 2 acting at any other 
points N x , N 2 on the central line. The force Q x is the resultant of two forces which 
act parallel to P x and P 2 ; it is therefore parallel to any plane to which P x and P 2 
are both parallel. In the same way the force Q 2 is parallel to the same plane. 

It should also be noticed that the resultant of the two forces P x , P 2 , when 
transferred parallel to themselves to act at the same point, is a force fixed in 
direction and magnitude. 

76. Referring to the determinantal conditions given in Art. 78, we see that if 
we substitute £, y, £ for the terms in any row in the first 
determinant (repeated here in the margin) we have the 
equation of the plane containing the origin and the central 
line of the two resultant forces. 


X x , X y , X z — 0 

y. 


R. S. II. 
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If however we substitute tj, £ for the terms in any column of the same deter- 
minantal equation, we have the equation of the plane to which the two resultant 
forces are parallel whatever be their points of application. 

The first of these theorems follows at once from the values of , &c. given in 
Art. 73. The second is easily proved by substituting in 
the terms of the first and second columns the values of X x 
&q. given in Art. 74, and in the third column £, 97 , £ After 
an obvious reduction and division by fg'-f'g, the equation 
reduces to the form shown in the margin, which is the plane required. There is no 
exceptional case when the divisor vanishes, for the equation to the plane then takes 
the form 0 = 0 . 

77 . We have hitherto assumed that X 0 , F 0 , Z 0 are all finite. The case in which 
any one or any two are zero may be treated as a limiting case and the corresponding 
conditions may be derived from those obtained when X 0 ,Y Q1 Z 0 have finite but general 
values. As long as the conditions thus obtained are not nugatory they will be the 
conditions required. If however the principal force JR is zero, the three compo¬ 
nents X 0 , F 0 , Z 0 vanish for all axes and the reasoning in Art. 73 fails from the 
beginning. 

The equations of Art. 74 supply a method of arriving at the conditions that the 
given forces can be reduced to two forces without making any assumption about the 
principal force. The body being in any position, let the components of the two 
forces be, as before (P, G, H), (F', G', JET)> and let their points of application be 
(/, g, 7i), (/', g ', h'). The required conditions may then be deduced from the twelve 
equations given in Art. 74. It is evident by simple inspection that the four 
determinantal equations given in Art. 73 are satisfied. 

If the principal force is zero and the system can be reduced to two forces, those 
two forces must be equal and opposite, i.e. they must form a couple. Let =fcP, ±G, 
±11 be the resolved parts of the forces of this couple, (/, g, h) (/', g', W) the coor¬ 
dinates of the extremities of its astatic arm. Then equating the nine finite elements 
of the system to those of the couple we have 

-/), *v = F W - g), X Z =F (h f - h) 

Y x =G(f'-f), Y y =G{g'-g), Y s =G(h'~h) 

Z x =E{f-f), Z y =H{g'-g), Z t =H(h'-h). 

The necessary and sufficient conditions that the system should be equivalent to two 
forces are therefore that ( X x , Y X) Z x ), (X y , Y y , Z y ), (X 2i Y z , Z s ), should be each 
proportional to the direction cosines of one straight line. This straight line is 
parallel to the forces of the couple. 

78. Ex. 1. Show that any force F acting at a point A may be replaced by forces 
Pi, P 2 acting parallel to F at any two points M lf M 2 such that AM X M 2 is a straight 
line. Show also that these forces are 


F, F', £ =0 

<*, <y, v 

H' f f 


Ex. 2 . Two given forces P l9 P 2 , acting at the points M lt M 2 , are changed into 
two forces Q 1} Q 2 which are at right angles to each other, and act at two other 


points Nj, N 2 in the straight line M X M 2 . If y x , y 2 are the distances of Nj , N 2 from 
the central point of the forces P l5 P 2 , prove that li i y l y 2 = - (P^D sin 6) 2 where 
p2_Pi2 + p 2 2 + 2P 1 P 2 cos 6, D is the distance M X M 2 and 6 is the inclination of the 
forces P lf P 2 to each other. It follows that the product y^y^ is the same for all 
equivalent rectangular forces. 
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Ex. 3. In all transformations of two forces P l9 P 2 into two others in which the 
points of application remain on the same straight line, the quantities 

(1) P x 2 + P 2 2 + 2PiP 2 cos 0, 

(2) P x P a D sin0, 

(8) P l (Pj +P 2 cos 0) x x + P 2 (P 1 cos 0 + P 2 ) * 2 , 
are invariable, where x 1 , x 2 are the distances of the points of application M x , M 2 
from any fixed point on the central line, D is the distance M X M. 2 and 0 is the 
angle made by the forces with each other. 

Ex. 4. A system consists of two forces P 1 , P 2 acting at M lt M 2 and the inclina¬ 
tion of the forces to each other is 0. Show that (1) the central point 0 is the centre 
of gravity of weights proportional to P x (P l + P 2 cos 0) and P 2 (P x cos 0 +P 2 ) placed at 
M X ,M 2 . (2) The central ellipsoid at 0 is two parallel planes perpendicular to 
M X M 2 . (3) The principal axes at 0 are M X M 2 and any two perpendicular straight 
lines. 

79. To determine the conditions that the forces of an astatic 
system reduce to a single force. 

Let the single force be P x , let it act at the point (x u y l3 z x ) } 
and let its components be X 1} Y 1} Z x . Comparing the elements 
at any base we have 

X* = X y = X lVu X z = X,z u &C. 

Hence we see that the constituents in any column of any ( of the 
four determinants of Art. 73 bear to each other the ratios 
(X 1} Y 1} Z x ) of the components of the single force and that these 
ratios must be the same for every column. 

We also notice that the constituents in any row of any of the 
four determinants bear to each other the ratios (x u or 

(1, y l} z x ) &c. of the coordinates of the point of application. 

We have twelve elementary equations and six arbitrary 
quantities ( X l} F 1? Z 2 ) } {x 1} y 1} z x ) leaving six conditions to be 
satisfied by the elements of the system. 

Since X 0 = A r 1; &c., it is clear that the single equivalent force 
is equal and parallel to the principal force, Art. 11. Also, since 
the coordinates of the central point depend on the twelve ele¬ 
ments, it is evident that the central points of the two equivalent 
systems coincide, Art. 28. Thus it follows that the point of 
application of the equivalent single force is the central point of 
the system. 
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Noth A, Art. 149. Green's theorem. We may deduce from equation (5) of 
Art. 149 an extension of Gauss ’ theorem , Art. 106. Let P, Q, B be the components 
of a vector I and let V=l, so that, by (1), U=0. We then have 


[ r f/dP dQ 

I I cos idcr= I ( -=—1- -j —1- -j— } dv . 

J J \dx dy dz ] 

If therefore the components P, Q, B of a vector satisfy the condition 

dP + dg + dP =n 

dx~ t dy dz 


(i). 

•( 2 ) 


the surface integral or flux of the vector taken through any closed surface is zero. 
It is of course obvious that when I as in Gauss' theorem represents the force due 
to an attracting body, P=dF/da; &c., where V is now the potential of the body, and 
(2) becomes Laplace’s equation. 

I. Let two surfaces S, 8' be bounded by the same rim. Let that side of either 
be called the positive side towards which the normals are drawn. 

Since these surfaces enclose a space the surface integral of the vector taken over 
both surfaces is zero, provided the normals are drawn all outwards or all inwards, 
i.e. provided their positive sides are opposed to each other. Be versing the directions 
of the normals for one surface, it follows that the surface integrals for two surfaces 
with the same rim or boundanj are equal provided their positive sides are the same. 


II. Let a curve, such that the direction of the vector I at any point of the curve 
is a tangent, be called a vectorial curve (Art. 47). Let a tube or filament be formed 
by drawing vectorial curves through any small closed curve, as in Art. 126. Let 
or, cr' be the areas of the normal sections at any two points P, P'. 

By the extension of Gauss’ theorem just proved, the surface integral of the 
vector over the boundary of the tube PP' is zero. The surface integral taken over 
the whole space PP', as in Art. 127, is IV'-Icr where J, P are the magnitudes of the 
vector at the bounding sections. Hence when the vector is such that its components 
satisfy the equation (2), the flux across every section of a vectorial filament is the same. 

III. It is shown in Art. 149 that in some cases a volume integral can be 
replaced by a surface integral. We may also show that in some cases a surface 
integral can be replaced by a line integral taken round the rim of the surface. 

Let X , 7, Z be the components of a vector whose line integral is to be taken 
round a closed curve. Let S be a continuous surface bounded by this curve as its 
rim. Let P, Q, B be the components of another vector related to X, Y , Z by the 


equations 


dZ _dY 
dy dz 


dX__dZ_ 
^ ~ dz dx ’ 


dY dX 
dx dy' 


(3). 


The theorem to be proved is that the surface integral of the vector (P, Q , B) taken 
over the surface S is equal to the line integral of the vector (X, 7, Z) taken round 
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the rim. Let (l, m, n ) be the direction cosines of the normal to dS, the theorem 

then asserts that J(PZ + Qm + Rn) dS=\{Xdx + Ydy + Zdz) .(4). 

That side of S is called the positive side towards which the normals (l, m, n) are 
drawn. The line integral is to be taken clock-wise when viewed from the positive 
side. 

If we construct an infinitely small sphere whose centre C is at (xyz), the 
components of the vector (X, Y , Z ) at the point x+%, y + y, z -f are by Taylor’s 
dX. dX dX Tr/ dY 

theorem X =X+ — — n + Y = Y+ Z'=&c. 

The sum of the moments of the vector round a parallel to the axis of z drawn 
through <7, taken for every element of volume dv of the sphere, is 

where %vk 2 has been written for the equal integrals fe 2 dv, J r) 2 dv. It is obvious that 
in a sphere j%7]dv = 0, J %£dv = 0, &c. = 0. 

It follows that if ( X, Y, Z) are the components of one vector, (P, Q , R) are 
the components of another vector connected with the former at every point by a 
geometrical relation which is independent of all coordinates . 

We shall now prove that the theorem (4) is true for any area which is so small 
that it may be regarded as plane. Taking the plane of xy to contain the area, we 

have jMS= dxdy^(Ydy + Xdx), 

where the third expression follows from the second by an integration between 
limits in the manner described in Art. 149. Thus, if AB, drawn parallel to x , cut 

the rim in A, B, j j ^—dxdy = / {Y B - Y A ) dy. But at B, dy is positive and at A 

dy is negative, hence taking the integral round the rim and therefore giving dy its 
proper sign, this becomes \Ydy. Since Z=0, m=0, n=l and dz= 0, this equation 
asserts that the flux of the vector (P, Q, R) parallel to the positive direction of the 
axis of z is equal to the line integral round the rim taken clock-wise. 

To prove the theorem for a surface of finite size we add the results obtained for 
each element of area. Let two adjacent elements meet along the arc AB. When 
integrating round each element we pass over AB in opposite directions so that the 
signs of dx , dy, dz in one integration are opposite to those in the other. The sum 
of the integrals may therefore be found by integrating round both elements as if 
they were one, omitting the arc AB. The same reasoning applies to all the elements 
and the sum of the line integrals may be found by integrating round the rim. 

The surface integrals of the vector (P, Q, R) taken over two surfaces bounded 
by the same rim are each equal to the same line integral. Hence the surface integral 
of the vector (P, Q , R) for any closed surface is zero. This also follows at once from 
the extension of Gauss’ theorem, for the vector (P, Q } R) as defined by (3) evidently 
satisfies the condition (2). 

The following results show how some volume integrals can be replaced by 
surface integrals. 

(1) The volume of a solid enclosed by a surface £ is % jr cos <j>dcr where da is an 
element of the surface, and is the angle the outward normal at da makes with 
the radius vector produced. [Gauss.] 

(2) The potential at the origin, of the solid (if of unit density) is J/ cos <f>da. 
[Smith’s Prize, 1871.] 
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(3) The integral J cos <£d<r/r 2 is 4 t or 0 according as the origin is inside or 
outside S. 

(4) The x component of attraction is Jcos0'd<r/r where <f>' is the angle the 
normal at d<r makes with x . [Gauss.] 

In Arts 358, 360, 362 and Note M there are some examples of surface integrals 
replaced by line integrals. 


Note B, Art. 190. Potential of a thin circular ring. When the law of force 
is the inverse square of the distance, Dickson puts the potential at any point R into 

M 2 IC 

theform 2= 4(W)V> 

where i(p + p') is the mean of the greatest and least distances of R from the ring, 
M is the mass, and K is the complete elliptic integral of the first kind to modulus 
OP/a. See the figure of Art. 185. 


Note C, Art. 211. Attraction of a solid ellipsoid. In the text the potential 
at an internal point P is found first and the axial components of force are deduced 
by differentiation. The following method of finding the components of force is so 
simple as to deserve attention. 

Through P we pass an ellipsoid concentric with and similar to the boundary of 
the solid. The attraction at P of the portion of the solid external to this ellipsoid 
has been proved to be zero in Art. 68. It is therefore necessary only to find the 
attraction at P of the portion of the solid bounded by this ellipsoid. The problem 
is thus reduced to that of finding the attraction of an ellipsoid at a point on its 
surface. Let the semi-axes of this ellipsoid be ma, mb, me. 

We now construct an elementary cone whose vertex is P and whose base is an 
element Q of the surface. If du be the solid angle of the cone, its attraction at P 
is jprHwdrjr- taken between the limits r=Q and r=r. The attraction is therefore 
prdoj. 

The axial components of the attraction of the whole ellipsoid at P are therefore 

X— - pJrXdo?, 7= ~ pfrudu, Z= - p^rvdoj . (1), 

where (X, fi, v) are the direction cosines of QP and the integrations are to be taken 
so as to include all the elementary cones which lie on one side of the tangent plane 
at P. 

Let (£, v}, f) be the coordinates of P when referred to the centre. Since Q lies on 

the ellipsoid we have y l L=l.(2). 

7ji-cr m z b- m-c- 4 v ’ 

Since the point (£, tj, £") lies on the surface this gives 


-KS+iM )/(5*£v).» 


This value of r has to be substituted in the expressions (1) and the integrations 
effected. As the radius vector turns round P, it is evident by (3) that no values of 
X, fi, v make r imaginary. Since the value of r determined by X, fi, v differs only 
in sign from that determined by - X, -/x, - v , the equation (3) represents the surface 
twice over. Since the signs of X, 7, Z depend on the signs of the products r\, rp, 
rv, it is clear that if we integrate the equations (I) taking all positions of the radius 
vector and not merely those on one side of the tangent plane, we shall obtain in 
each case twice the required attraction. We therefore have 



+ 


7?X/X 
¥ + 



l£ 

b~ 


V- 

-i —: 

C* 


:)• 
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where (X, /i, v) have all possible values. It is obvious that the term containing the 
product Xp disappears on integration, for the elements corresponding to (X, p) and 
(X, -^) destroy each other. In the same way the term containing the product Xv 
disappears. We therefore have 


-/* 


X 2 

~7.dco 
a~ 

$ ^ ^2 5 

a 2 b 2 c 2 


Y=z- 


PV 


b doj 




Z=&c. 


,^1 , r 

a* + b 2 + c 2 


These may be written in the form 


X= - Apg t Y= - Bpri, Z - - Cpf .(4). 

We notice that the constants A, B, C are functions of the ratios of the axes and 
are therefore the same for all similar ellipsoids. 

The integrals given above for A , B, C may also be written in the form 


C=jp u . .(5), 

where the integration extends over the whole surface of the ellipsoid. It easily 

follows that A + B+C=4tt Aa 2 +Bb 2 + Cc‘ 2 —jr 2 dw .(6), 

where r is the radius vector of the bounding ellipsoid drawn from the centre as origin. 

The potential is seen by an easy integration to be F=J/> {D-A^-Btj 2 -Cf 2 }, 
where D=Jr 2 dw, since %pD must evidently be the potential at the centre. 


Note D, Art. 218. other laws of force. The potential of a thin homogeneous 
homoeoid at an internal point (£r)f) when the force varies as the inverse /cth power 
of the distance can be found, free from all signs of integration, when k is an even 
integer >2. Let pp be the surface density at any point Q, where p is the perpen¬ 
dicular from the centre on the tangent plane at Q. The potential is 

2 "l_ /iy® ... +<&0 1 *>*(«-« 

c — 3) \ E) 1 + 2 2 Ac-4 + 2U.2.( /f -4)( / c-5) + tKC *J F 


V= 


(K-l) («- 


where 


and 


„ d 2 d ! 2 „ d 2 

V — a* + 0“ -r-T, + 0“ y—i , 

d%- dy- d£~ 


a^¥ c 1 ’ 


The general term is 


a- 

L(K-i~f) 


c 2 ‘ 


EfVf and L (n) = l. 2.3 


2 2 /L(/)L(ac-4) j 

The series has ^(k-2 ) terms. Thus for the law of the inverse fourth power it 
reduces to the first term; for the law of the inverse sixth power, there are two 
terms and so on. 

At an external point P' whose coordinates are we have 

*-» I 1 E'V , ] 

■ll + rs , + &C. ] 


c.J-P'* ( * 


where 


V’ = ^ ( IN* 

a'b'c' (/c — 1) (k - 3) \ E') ( 2 2 k - 4 

a ' 4 d 2 b ' 4 d 2 p a 2 ? 2 b 2 f 2 

a 2 d% 2 b 2 dg 2 


-4) 


+ T« **- 


E 1 


1 


a 2 f 2 

a ' 4 


-&C. = € 2 


/ ^2 ^2 f 2 \ 

[b + h + vf 


Here a', b',c ' are the semi-axes of the confocal drawn through P', and € 2 =a' 2 - a 2 =<fec. 
It should be noticed that the differentiations implied in the operator V' are to be 
performed on (£', f 7 ) on the supposition that a', b', c 7 are constant. The potential 

at an external point may be deduced from that at an internal point by a method 
which is practically one of inversion. See Art. 203. [Phil. Tram. 1895.1 
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Note E, Art. 250. Heterogeneous ellipsoid. When the attracted point P 
lies within the substance of the ellipsoid, a little more explanation may be added. 
Through P we describe an ellipsoid similar to the external surface of the given body. 
Let it be defined by m=n as in Art. 241. The potential of the inner portion at P is 

F 1= 2 J “ 2 dm 2 j“ du (1 - m 2 )* -1 (ra 2 -1 + B)» F (u). 

£2 

Now X satisfies + =1 (Art. 204) and since P lies on the ellipsoid (n), 


£2 

-4f~j>+<frc.=l. It follows that \=0 and therefore, since \=X 1 m 2 , X^O (Art. 249). 
n 2 a 2 

Next consider the shell outside the ellipsoid (n). As explained in Art. 240, we 
put Xi~ 0 and integrate from m 2 =n 2 to m 2 =l. We have therefore 




dU (1 - 7)V 


1 


Adding V 1 and V 2 we have 




(m 2 -l+P) n P(w). 
du [Ac.]. 


The order of the integrations may evidently be reversed, and the argument may be 
continued as in Art. 250, and in the result we have \ = 0. 


Note F, Art. 264. Other laws of force. When the law of force is the inverse 
/cth power of the distance we require the expansion of There are two ways 

of extending Legendre’s series. 

First we may continue to make the expansion in powers of ft and put 
(1 - 2ph + ft 2 ) ~ * <*'"= 1 + & 7! + <2 2 W + ... 

If k~ 1 is an odd integer, say equal to 2m+1, we have 

1 d m 

<3n= 1.3.5...(2m-1) dp* 

If k -1 is an even integer, say equal to 2m+2, we have 


Qn= ; 


d m sin (n + m +1) 6 


2.4.6...2 mdp m sin# * 

where p = cos 0. The four most important theorems relating to the function Q n are 
given in Art. 282, Ex. 3. 

Secondly , we may retain Legendre’s functions of p as the coefficients, but cease 
to expand in powers of ft. We then have when k is even and greater than 2 

-= SPJi 1 * -tQL 

< 1 - 


+ n " (1 - ft 2 )'"®' 

There is a similar expansion when k is odd and >1, except that P n is replaced by 
sin (n + l)0/sin 6 and that the coefficients of the function \p(h) are different. 

The function is an integral rational function of ft containing only even 
powers, the highest being ft*" 4 . Thus the function does not increase in complexity 
as n increases, but has always the same number of terms. 

When the body considered is a thin spherical surface or a circular ring, ft is the 
ratio of the radius to the distance of the attracted particle. Thus \jj (ft) is constant 
for am integration over the surface of any portion of a sphere or along the circum¬ 
ference of the ring. 

When the law of force is the inverse fourth power k=4 and ^(ft) = (2?i + l); 
when the law is the inverse sixth, k= 6, and 

1.3^ (ft) = (2n +1) { - (2n -1) ft 2 + 2n + 3 }. 
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The general value of $ (h) is given in the Proceedings of the Mathematical Society , 
vol. XXVI., 1895, page 481. 

Note G-, Art. 281. IiegendLre’s theorem. There is another proof of the 
theorem JP w 2 d^=2/(2n + l) which is in general use. We have 

l-2ph + h*~( P ° +Plh+F2h2+ 

We multiply both sides of this equation by dp and integrate between the limits 
-1 and +1. We then have, by Art. 278, 
dp 


h 


:=J(-Po 2 +Pi 2 ^ 2 +P 2 2 7i 4 -f...)^. 


(1 + h~) -2 hp' 

Integrating the left-hand side, we have 

{log (1 + h) - log (1 - A)}/A=2 $P n 2 h 2n dp. 

Both series being convergent, we find the value of jP n 2 dp by equating the 
coefficients of h 2n on each side. 

We may deduce some other interesting results from the equation of differences 
( w +1) P n+1 - (2 n +1) pP n + nP n ^ =0. 

Multiplying both sides by P K and integrating between the limits -1 and +1, we 
have (2 n +1) jp P n P K dp = (n +1) J P n+1 P K dp + n j P n .^ P K dp. 

It follows from Art. 278 that jpP n P K dp is zero except when k and n differ by 

unity. In that case we have $pP n P n+1 dp = ^ ^ ^ as in page 219. 

In the same way we may show that jp 2 P n P K dp is zero except when k and n 
are equal or differ by 2. In these cases 


jp 2 P n 2 dp=- 


2 (2n 2 + 2rc-1) 


jyp*A+ 2 < i p -- 


2 (n +1) (ft+ 2) 

(2ft+ 1) (2ft+ 3) (2w+5)’ 


' (2ft-1) (2ft+1) (2?i+ 3) ’ 
where the limits of the integrals are -1 to +1. 

We may, by successive induction, deduce from the equation of differences, that 
P p —v A ~ r ) A ( r ) A ( n ~ r ) 2ft + 2m - 4r +1 p 

m n ~~ A(m + n~r ) 2n + 2m - 2r +1 m + n ~ 2r ’ 

where 2 expresses summation from r = 0 to the lesser of the two quantities m, n . 
1.3.5 ... (2 m - 1) 


Also 


A (/ft) = 


A(m) = ^f^A(m + l). 


1.2.3...m ’ ” ~ v "” / 2m+ 1 

We may interpret A (/ft), when m is zero or a negative integer, by supposing this 
relation to hold generally, so that putting m=0 we have -4 (0) =■ 1. Similarly 
A (-1) = 0, and hence, when m is any negative integer, A (m) =0. 

In the series r is supposed to vary from r = 0 to either m or n. If however r is 
taken beyond these limits, for instance if r= -l or m + 1, then (in consequence of 
the property of the function A just stated) the coefficient of the corresponding term 
is zero. Hence practically we may consider r to be unrestricted in value. 

We notice that in this expansion the suffixes of P are all even or all odd according 
as m + n is even or odd. If then we multiply by P z and integrate the product 
between the limits -1 and +1, we have J P z P w P n dp = 0 if l + in + n is odd 
(Art. 278). 

Supposing l + m + n to be even, it follows (by subtracting the even number 2 1) 
that m + n-l is also even and that there may be a term on the right-hand side in 
which the suffix is given by ?/i + ft-2r = Z. This term, after multiplication by Pj, 
supplies the integral jPfdp and is not zero. We then find 


P 


I J t P m P n dp = 


A{s-l)A(s-m)A(s-n) 
2s+ 1 A (s) ’ 







362 


NOTES. 


where s = %{l + m + n). In order that this integral may not be zero , no one of the 
quantities l, in , n must be greater than the sum of the other two, and l + m + nmust 
be an even integer. 

The reader may consult a paper by the late Prof. J. C. Adams in the Proceedings 
of the Royal Society 1878, No. 185. The value of the integral is also given by 
Eerrers as an example on page 156 of his Treatise on Spherical Harmonics, 1877. 

By using the results referred to in Art. 292 we also find 

f m(m + l )... (m + s -1) 1.3.5 ... (2m + 2n-2s + l) 

%] Fl dp m 1.2.. .5 * 1.3.5... (2w-2« + l) * 

when l=n-2s. When n- Z is odd or l>n, the integral is zero. 

, ( KT) j _ 1.2.3 ... /c 

tj P * m a P — 2.4... (k —m)l. 3.5... (k + to+ X) ’ 

when K>m. The integral is zero if K-m is odd, or if /c<m. In both integrals the 
limits are -1 to +1. 

When the law of force is the inverse /cth pow r er of the distance, the equation of 
differences takes the form 

(?z +1) Q n+1 - p (2+ k -1) Q n + (ft + k - 2) Q n ^ =s 0, 
as explained in Art. 282, Ex. 3. We may use this equation in a similar manner to 
find ]<t>[p)Qn-dp and j<p(p)P 1 Q%dp where = 


Note H, Art. 288. Laplace's theorem. Laplace deduces the equation 
$Y m Y n doo = 0 from the equation (7) of Art. 284. What follows is an extension 
of his method, Mecanique CSleste , livre troisi&me 12. Let us write (7) in the form 



Multiplying these equations by Y n , Y m respectively and subtracting, we find 

(P-p')iW^ff{r m £ (*f>) - c. 

Integrating by parts, we find that the unintegrated parts cancel, we therefore have 

< r -rt/ W .. ,J|}( r„f, - 

.«• 

where the quantities in square brackets are to be taken between limits, the first 
between ^=±1, the second from </>-0 to 2ir. 

Now & = 1-/P, if therefore Y m , Y n and their differential coefficients with regard 
to p are finite all over the sphere, the first integral is zero. 

The range of <p from 0 to 2tt, carries a point P round the sphere on a small circle 
to the point from which P started. If then the quantities c, Y m , Y n , and their 
differential coefficients with regard to <j> are “one valued 1 * on the sphere, the second 
quantity in square brackets is the same at both limits, and the second integral is zero. 

It follows that if p andp' are unequal (that is, if neither m=zn nor m + ft= -1) 
the integral \Y m Y n du ~ 0. 

If we generalise (7) and write it in the form 




=pAY m ...( 4), 
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where a, b, c, e and A are given finite functions of p, <£, but not of p, while p is a 
given function of m, the function Y m is not now a Laplace’s function, hut the 

equation (p-p')jjY m Y n Adp.d<p= o' .(5) 

will in certain cases he true. This may be proved by the same reasoning as before. 
The unintegrated parts cancel and the integrated* parts vanish provided (1) b and e 
are zero when p= ±1, (2) Y m , Y n and their differential coefficients with regard to p 
and <p are finite one-valued functions of p, <p. Other cases in which the integrated 
parts are zero will suggest themselves to the reader and need not be particularised 


here. 

We may also extend the theorem to the case in which the integration is ejected 
only over the area within some closed curve drawn on the sphere, provided Y m , Y n 

, . . 1 dY m 1 dY n 1 dY m 1 dY n ^ 

are such that -?— = ~=- -$—, t? -r, = vr at a h points of the boundary. 

lm dp Y n dp x m d<p x n d(f> 

For example, the equation (5) is true if Y m and Y n vanish at all points of the 

boundary. 

The equation (5) is also true if both Y m and Y n satisfy the condition 


fb sirup \dYf. e 

_ L + ecosxp -+ csin 6 cos \p + -r—- sm xp 
\ sm 2 6 ) dd \ T sin 0 r 


ilY 

d<p 


= \F 


at all points of the boundary, where xp is the angle the arc 0 makes with the 
elementary arc of the boundary and X is an arbitrary function of 0, $ but not of m 
or n. When b = Ijc = 1 - p 2 and 6’ = 0, \=0, this implies that the space variation 
of Y perpendicular to the boundary is zero. 


Note I, Art. 329. Magnetic sphere. The expression in the text for the 
potential applies obviously to an external point. At an internal point, the potential, 
by the same rule, is equal to %irlr cos 0. This also follows at once from the result 
given in the next article for an ellipsoid. The force due to a uniformly magnetised 
solid sphere at an internal point P is therefore - -$tI. The direction, when taken 
positively, is opposite to tho direction of magnetisation, and tends to demagnetise 
the body. 


Note K, Art. 342. Magnetic forces. Kelvin, when speaking of the two 
definitions of resultant force in a crevasse (1) tangential and (2) perpendicular to 
the lines of magnetisation, sometimes calls the former 11 the polar definition ” and 
the latter “the electromagnetic definition ” (Reprint &c. Art. 517). This latter force 
is called “the magnetic induction ” by Maxwell and this phrase has been generally 
adopted in the text. A slight modification has however been made in Art. 342 and on 
a few other occasions when the change seemed to make the meaning of the context 
clearer. Maxwell’s phrase is not entirely unobjectionable and it is much to be 
desired that some short term could be generally agreed to. 


Note L, Art. 345. The magnetic induction. At a point outside a magnetic 
body tho magnetic force and the magnetic induction are the same. It follows that 
their components satisfy Laplace’s equation, and we have 


dX dY dZ A 
+ + = 0 , 
dx dy dz 


dXj dYj dZj_ 
dx dy dz 


= 0 




At a point inside a magnetic body, we have by substitution (Art. 345) 


dXy dYj dZy _ /(IX 
dx dy dz \ dx 


+ &c.^ + 47 t + &c .^ . 
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Since the magnetic force is by definition that due to Poisson’s two distributions, 
the sum of the terms in the first bracket on the right-hand side is equal to 4 ?rp 
(Arts. 105, 41). The sum of the terms in the second bracket is - 4 vp (Art. 339). 
We therefore have 

dX dY dZ . dX 1 dY 1 dZ 1 _ 

H — + - 5 — = 4 irpf rr~ + - 3 — 1 —;-0 

dx dy dz dx dy 


dz 


•( 2 ). 


It follows that the components (X, F, Z) of the magnetic force satisfy different 
differential equations according as the point under consideration is external or 
internal. The components of the magnetic induction satisfy the same equation (viz. 
Laplace’s equation) whether the point is inside or outside . 

Since the equation satisfied by the components of the magnetic induction is the 
same as the condition (2) given in Note A, page 356, it follows immediately that 
the surface integral of the magnetic induction taken through any closed surface is 
zero. This surface may be wholly within or wholly without or partly within and 
partly without the magnetic body. See also Art. 488. 

It also follows that the surface integrals of the magnetic induction taken through 
any two surfaces having the same rim are equal. See Note A. 


Note M, Art. 358. Vector potential. Since the surface integral of the 
magnetic induction depends on the closed rim and not on the form of the surface 
(Note L, page 363), it should be possible to find the induction through a closed 
curve, without constructing a surface to act as a diaphragm. 

This is effected by finding a vector A whose components F , G f H satisfy the 
equations 

dH dG _dF dH _dG dF 

Xl ~di) d{' 1 d? d{ 9 d£ d v . (3) ’ 

where (X l5 Fj, Z 2 ) are the components of the induction at a point P whose 
coordinates are (£, 77 , £). Then, as proved in Note A, page 356, the induction 
through any closed surface is equal to the line integral of the vector (FGH) round 
the rim. This new vector is called by Maxwell the vector potential of magnetic 
induction . [See his Electricity , Art. 405.] 

The relations (3) are satisfied at an external point for a simple lamellar shell of 
unit strength by taking 

F =l%> G =/S> B =Jt .W. 

where the integration extends round the rim of the shell, and R is the distance of 
an element of the rim (xyz) from a point (£ 77 ^) in space. This follows at once from 
the values of X, F, Z given in Art. 358. 

Example. Prove that for a simple magnetic shell of strength m, in the form of 
a small circle of radius a and centre 0, the vector potential at a point P is 
approximately 

__ mra-p J 1 3 a 2 15 a 2 p i] \ 

” r 3 [ 2 r 2 **" 8 r 4 J 9 

where r= OP and p is the distance of P from the axis of the shell. [Coll. Ex. 1896.] 
To prove this we take the plane of the circle as the plane of xy, the centre as 
origin and the plane of xz to contain P. We then have a; = a cos 0 , y = a sin 0 , z = 0 
and P 2 =r 2 -2a,pcos0 + a 2 . Substituting in (4) and expanding the denominator in 
powers of a/r, we see that P=0. Rejecting all odd powers of cos 0 in the 
expansion for G we find at once that G has the value given in the enunciation. 
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We must refer this to axes of x, y which are independent of the position of P if 
we wish to use equations (3). We then have 

P= —Arjip, Q^AZIp, u=q, 

where (£, t?, 0) are the coordinates of P andp 2 =| 2 -f 77 s . 

For an elementary lamellar shell, the vector potential is A^Msindjr 2 , xohere 
r ~QF j $ is the angle r makes with the axis Oz and M—7ra 2 m. The direction of the 
vector is perpendicular to the plane POz and its positive direction is clockwise 
round Oz. 

For an elementary magnet whose moment is M, centre 0, and axis the axis of z , 
we assume the magnitude of the vector to be M sin 6 Jr 2 and its direction to be as 

just described. The components are then evidently G=^, H=0. 

Since the potential of an elementary magnet is M cos 6Jr 2 , it is not difficult to see 
that the equations (3) are satisfied. 

To find the components of the vector potential of a small magnet when the 
direction cosines of the axis are X, v, we resolve the magnet into MX, Mv. 
The F component of MX is zero, those of Mp,, Mv are M/x^R* and -MvyJR^ 
respectively. The F component for a magnetic body at P is therefore 

F'= f j j I dxdydz, 

where R is the distance of any point (xyz) of the body from the point P in space 
whose coordinates are (£, 17 , £) and M~Idv, Art. 326. 

Note N, Art. 397. Electrified sphere. The figure has been drawn by Dickson 
to show the distribution of electrical density on the surface of a sphere under the 
influence of a point-charge at S (where OS =10, 0.4 = 6 ). Let a radius vector from 
the centre 0 cut the curve drawn inside the circle in P, the circle itself in Q, and 



the dotted circle outside in R. The length PQ then represents the density of the 
(negative) charge at any point Q of the sphere, when uninsulated; while the length 
QR would represent the uniform density of an equal (positive) charge freely 
distributed on the sphere, when the point-charge at S is absent and the sphere 
insulated. Consequently, if the sphere be initially uncharged and at zero potential, 
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and if the point-charge be then brought to S, QB - PQ will represent the (positive) 
density at the point Q. This density will be negative from A to F, at which latter 
point the total density is zero. If the whole figure be rotated about OS , F will 
trace out the line of no force. For the data given, the angle FOS is about 56J°, 
and if the tangent from S touch the circle at T, the angle SOT will be about 53|°. 

Note P, Art. 486. Discontinuity. The result in Ex. 8 is interesting as it 
exhibits a discontinuity. The difficulty thus introduced would disappear if we 
supposed the value of K to be continuous but to change rapidly from K to K'. See 
some brief remarks on this subject in chap. xxn. of the second volume of the 
Author’s treatise on Rigid Dynamics (Art. 020 of the fifth edition)* 
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The numbers refer to the articles. 

Atry. Clairaut’s theorem to a second approximation, 304, note. 

Bertrand. Relation of force to the curvatures of level surfaces, 128. 

Bianco. Remarks on the history of “potential,” 39, note. 

Biot. Terrestrial magnetism explained by a central magnet, 335. 

Capacity. Electrical, defined, 371. Condensers, 417. Several cases, 418, 419, &c. 
Capacity found by inversion, 432. Specific inductive capacity, 371, 473. 
Effect of a change of dielectric, 474, 483. Plane, cylindrical and other con¬ 
densers, 417, 419, 478, 479, 484, <Xrc. Spheres, &C., 486. 

Centrobaric bodies. Refined, 137. The fixed point is tlie centre of gravity and 
every axis is a principal axis, 137. The law of force is the inverse square or 
the direct distance, 137. The boundary of the body is a single closed 
surface and the centre of gravity is inside, 140,141. 

Clairaut’s theorem. Expression for gravity, 304. Potential at any external 
point, 307. Second approximations, 309. 

Condensers. Green’s solution, first and second approximation, 417. Examples, 
392, 418. Cylindrical condenser, 419, 479. Energy of condensers, 447. With 
dielectrics, 484. 

Conductor. Refined, 366. Conductor with a cavity, 386. Two conducting 
spheres, 374. Ellipsoid, 376. Rise, 382. Rod, 385. Concentric spheres, 392. 
Sphere acted on by a point-charge, 397; diagram, page 305. Cylinders, 407, 
&c. Nearly spherical conductor, 420. Enclosed in a nearly spherical shell, 
421. A nearly spherical solid of revolution in a uniform field of force, 421, 
Ex. 4. Spheres intersecting orthogonally, 423, 436, and at an angle ir/n, 433. 
Theory of a system of conductors, 438, &c. Mutual potential energy, 446. 
Junction of conductors, 448. Introduction of a conductor, 449. 

Cones. Attraction of sections at the vortex, 25. 

Cylinder. Various problems, 24. Infinite circular cylinder, attraction at any 
internal or external point, 55, 56. Heterogeneous cylindrical shell, 58. 
Elliptic shell, 72. Solid elliptic cylinders, 232, &c. Potential of an elliptic 
cylinder, 237. Potential of a heterogeneous cylinder, 333. A magnetic 
cylinder and the magnetism induced in any field of force, 333. 

Cylinder of rods. Limiting case of a cylinder and consideration of the resulting 
discontinuity, 52. 

Rarwin. Clairaut’s theorem to a second approximation with references, 304, note. 

Rickson. Potential of a circular ring, Note 13, page 358. Riagram of the distribu¬ 
tion of electricity on a sphere, Note N, page 305. 

Dielectric. See Induction. Defined, 473. Substitution of a solid dielectric for 
air, 474. Plane and cylindrical dielectrics, 478, 479, 482. Poisson’s con¬ 
ditions, 481. Kelvin’s theorem, 483. Various problems and results, 484, 
485, 486. Extension of Poisson’s theorem for dielectrics, 492. 
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Differentiation. Method applied to find attractions, 92. 

Dip. Tangent is twice that of the magnetic latitude, 324. 

Direct distance. Magnitude and direction of attraction, 7, 8. 

Disc. See Stratum, Plane conductors. Attraction of a circular disc at a point 
on the axis, 21. Attraction of an infinite disc, 22. Table-land, 23. Elliptic 
disc at focus, 30. Elliptic disc at any point, for the law of the inverse cube, 
29. Rectangular disc, 30. Disc bounded by two parallel lines, 30. Confocal 
level surfaces, 51. Infinite heterogeneous disc, 93. Elliptic discs, special 
laws of density, 228. Any law of density, 251, 252. Condition that the 
level surfaces are confocals, 253. Electrified elliptic disc, 382. See 
Ellipsoidal conductor. 

Dyson. Anchor ring, 193. Ellipsoids, 247, note. 

Earnshaw. Points of equilibrium are unstable, 119. 

Electrical problem. Enunciation, 372. Green’s method of solution, 154, &c.: 
another proof, 393, &c. Method of inversion, 168, &c. 

Ellipsoid. Potential of a solid ellipsoid at an internal point, 211, &c. and Note C, 
page 858. At an external point, 222, 225. Other laws of force, 218, and 
Note D, page 359. Level surfaces, 216. Spheroids, 219, 220. Heterogeneous 
with similar strata, 239. Any law of density, 245, 247, Note E, page 360. 
References, 248, note. Nearly spherical ellipsoids, first and second approxi 
mations, 220, 221. Potential of a magnetic ellipsoid, 330. Induced magnetisrr 
in an ellipsoid, 331. 

Ellipsoidal conductor. Surface density Mp/i-rahc, 376. Quantity on a portior 
of the ellipsoid, 377. Potential, 378. Only one arrangement, 381. Elliptic 
disc, 382. Quantity on the portion bounded by parallel chords, 385 
Insulated rod, 385. 

Ellipsoidal shell. Internal attraction of a homoeoid is zero, 68. The converse 
theorem, 73. Attraction at an external point close to the surface, 71, 209 
Theorem on the polar plane of an external point, 69. Potential of * 
homoeoid at an internal point, 196. The fundamental integrals I and J , 200 
Potentials of confocal homoeoids at corresponding points, 203. Leve 
surfaces, 205. Lines of force, 207. Thin homoeoid, external point, 208 
209. Linear and quadratic law of density, 231. Any law, 247. 

Elliptic coordinates. Poisson’s theorem, 110. Potential of an ellipsoid, 230 
of an elliptic disc, 251. 

Equilibrium. Points of equilibrium are unstable, 119. The separating cone, 120 
Level surfaces near a point of equilibrium are quadrics, 120. Repellini 
particles lie on the surface of the containing vessel, 121. 

Equally attractive bodies. Bodies attract equally if their potentials are equa 
over an including surface, 129, &c. Also, if of equal mass and have the sam 
level surfaces, 131. Their centres of gravity and principal axes coincide 
136. A prolate spheroid and a straight line, 228. Discs and homoeoids, 22S 

Everett. Units of attraction, 6. Referred to, 363, note. Numerical values c 
magnetic force, intensity and permeability in soft iron, 473. 

Faraday. Magnetic induction, 342, note. Dielectrics, 465, note. 

Ferrers. Attraction of a stratum, 94, note. Heterogeneous ellipsoids an 
ellipsoidal shells, 245. Spherical Harmonics, 248, note. Electricity o. 
spherical bowl, 451, note. Expression for JP z P m P n dp, limits ±1. Note G 
page 361. 
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Filament. See Lines of force. Definition, 126. 

Flux. The product Fd<r, 107. 

Focaloed. Defined, 194. Potentials, 228. 

Fundy. Attraction of the tide in the Bay of Fundy, 38. 

Gallop. Electricity on a circular disc and spherical bowl, 451, note. 

Gauss. Mean potential over a sphere, 84. The theorem jF T ^<r= ±47rIkT, 106. Also 
deduced from Green’s theorem, 153. Terrestrial magnetism, 336, &c. 

Green. Attraction of a stratum, 142, 147. A volume integral replaced by a surface 
integral, 149, and a surface integral by a line integral, Note A, page 356. 
Equivalent layer, 154. Infinite and multiple-valued functions, 158, 161. 
Kelvin’s extensions, 163. Green’s mathematical papers, 248, note. Green’s 
method of solving electrical problems, 156, 393. Green’s theoren on a 
condenser, 417. Origin of the name “potential,” 39, note. 

Hansteen. Terrestrial magnetism explained by two magnets, 335. 

Haughton. Problem on a fluid earth with a spheroidal crust, 313. 

Hobson. Two memoirs on attractions, 248, note. 

Homoeoib. Defined, 194. See Ellipsoidal shell. 

Homothetic shell. Defined by Chasles, 194. 

Image. Defined, 396. 

Induction. Magnetic force and magnetic induction defined, 342. How related, 
345, see Note L, page 363. Other names, Note K, page 363. Coefficients of in¬ 
duction, 438. Magnetic induction in a solid, 465. Boundary condition, 468,493. 
Induction problems, 486. Surface integral of magnetic induction, 488, Note 
M, page 364. 

Inverse Problems. Find the curved rod such that the attraction of the arc PQ at 
0 (1) bisects the angle POQ , 20, (2) passes through a fixed point, 20, 
(3) passes through the intersection of the tangents at P, Q , 20. Given the 
potential, find the body, 164. 

Inversion. Kelvin’s point inversion, 168. Geometrical properties, 172, &c. In¬ 
version from a line, i.e. in two dimensions, 181, &c. The cylindrical trans¬ 
formation r'~Ar tl , &' = n&, 184, Ac. 

Ivory. Geometrical property of confocal ellipsoids, 202. Theorem on attractions, 
222. Application to infinite cylinders, 235. Finite cylinders, 236. 

Jellet. Potentials for different laws of force, 96. 

Kelvin, Lord. Theorems on attraction, 111, note, 121. Attraction of a film, 
142, note. Centrobaric bodies, 135, note. Extension of Green’s theorems, 
163. Method of Inversion, 168. Magnetism, 314, note. Magnetic force and 
magnetic induction, 342 and Note K, page 363. Solenoids, 347. Lamellar 
shells, 350. Electricity on a sphere, 403, note. Electricity on a circular 
disc and spherical bowl, 451, note. On two spheres by successive images, 
460, note. Induced magnetism, 465, note. Theorem on dielectrics, 483. 

Lachlan. Theorem on inversion, 179. 

Lamb. Potential of an elliptic cylinder, note to 238. 

Lame. Poisson’s equation in orthogonal and elliptic coordinates, 109, 110. 

Lamellar shells. Defined, 350. Theory, 350—354. Elementary rule to find 
the magnetic force at a given point, 356. Cartesian components of force, 
358, see Vector Potential. Potential of a lamellar body, 359. Mutual 
potential energy of two thin shells expressed by integrations round the 
rims, 360. Force due to a thin circular lamellar shell, 362. Mutual potential 
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of a thin circular shell and a small magnet on the axis, 362, Ex. 3. Other 
laws of force, 362. Relation of lamellar shells to electric currents, 361. 

Laplace. The equation V 2 F=0, 95. Corresponding equation for other laws of 
force, 96, Properties of functions which satisfy his equation, 133, &e. 
Laplace’s functions and his second equation, 284. Three fundamental 
theorems on Laplace’s functions, 288—290. Extension of Theorem I., NoteH, 
page 362. Expansion of the potential in a series of Laplace’s functions, 283. 
General expression for Y n , 286. Properties of the surface r=a(l + /3SY n ), 
293. Various expansions, 292. See Solid of revolution. Laplace’s rule to 
find the potential of certain heterogeneous bodies, 297. Clairaut’s theorem, 
304. 

Legendre’s Functions. Theorems on these functions, 264, <&c. Expressions for 
P n , 269—271. Four equations, 273. Roots of P n = 0, 274, 275. The integral 
jf(p)P n dp, 278—280. The integral JP n 2 dp, and others, 281, 282, Note G, 
page 361. Expression for P n (p) with any axis of reference, 287. Expansion 
ofp K , dPJdp , d' 2 P n jdp* &c., 292. See Solid op revolution. Expansion of 
the potential for other laws of force, Note F, page 360. Expressions for 
JP z P OT P n dp, limits ±1, jp K P m dp, and jP m (d K P n ldp K ) dp, Note G, page 861. 

Level surfaces. Definition and theorems, 45, &c. Of a rod, 49, 51. Of a 
homoeoid, 205, 206. Cut at right angles, 123. Rankine’s theorem, 125. 
To trace level surfaces, 134. 

Lines op force. Definition, 47. Direction in which a particle tends to move, 48, 
114. Of a rod, 49. Of a homoeoid, 207. Attraction varies inversely as the 
area of a tube of force, 127, extension, Note A, page 356. To trace lines of 
force, 134. Lines of force due to a rectilinear row of particles, 323. Also 
due to a series of parallel infinite rods in one plane, 323. 

MacCullagh. Potential at a distant point, 135. 

Maclaurin. Attraction of confocal ellipsoids at an external point, 224. 

Magnet. Potential, 316, 322. Resolution, 317. Mutual action of two small 
magnets, couples, 318, forces, 320. Potential energy, 322. Lines of force 
and level curves, 323. Examples of magnets acting on each other, 324. 

Magnetic body. Elementary rule, 327. Applied to a rod, a sphere, an ellipsoid, a 
cylinder, a lamina, 328—332. Earth’s magnetism, 325, 335. Mutual potential 
energy of two bodies, 334. Bodies not uniformly magnetised, 346. Induced 
magnetism in spherical shells, uniform field, also a magnet inside, 487. 

Maxwell. Treatise referred to, 314, note; 363, note; 370; a nearly spherical 
conductor enclosed in a nearly spherical shell, 421, Ex. 2. Electricity on a 
sphere, 403, note; orthogonal spheres, &c., 423, note. Two spheres, 460, note. 
Stress in dielectrics, 465, note. 

Mountains. Attraction of, 33—38. Density of earth, 35. Pyramid of Egypt, 37. 

Murphy. Electricity on two spheres by successive influence, 460, note. Two 
spheres in contact, 464. 

Permeability, magnetic. Defined, 469. Boundary condition in induced magnetism, 
469. Relation to specific inductive capacity, 473. 

Plana. Attraction of a circular ring, 191. 

Plane conductors. Acted on by a point-charge, 412. Quantity of electricity on a 
portion of the plane, 413. Two planes, 414. Acted oil by a perpendicular 
and also a parallel rod, 416. A circular disc acted on by a point-charge (1) in 
its plane, 451, &c., (2) on the axis, 454. 
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Playfair. Cylinder of greatest attraction, 24. Attraction of a lamina, 27. Solid 
of greatest attraction, 31. Rectangular disc, 30. Density of Schehallien, 35. 

Poisson. The theorem V 2 F=-47rp, 105. Deduced from Gauss’ theorem, 108. 
Polar, cylindrical and oblique Cartesian coordinates, 108. Elliptic coor¬ 
dinates, 110. Mean potential through the volume of a sphere, 84. Potential 
at a distant point, 135, note. Attraction of a film, 142, note. Level surfaces 
of a homoeoid, 205. Ivory’s theorem, 222. Heterogeneous ellipsoids, 248. 
Attraction of ellipsoids, 248, note. Magnetism, 314, note. Represents 
magnetism by an equivalent solid and superficial distribution, 339. These 
expressed in various kinds of coordinates, 340. Electricity on a sphere acted 
on by a point-charge, 403, note. Electricity on two separate spheres, 459, 
note; 464, Ex. 4. Induced magnetism, 465, note. Poisson’s conditions 
for dielectrics, 481. 

Potential. Origin of the name, 39, note. Geometrical definition (1) at an external 
point, 39, (2) at an internal point, 101, &c. Definition derived from work, 44. 
Resolved force, 41. Other laws of force, 43. Potential of a rod, 49, 50. 
Discs and cylinders at points on their axes, 53. Infinite cylinders at any 
point, 55, 56. Heterogeneous infinite cylinders, 58. Mutual potential of two 
systems, 59. Gauss and Poisson on the mean potential of a body, 84. 
Relation between the potential of the same body for different laws of force, 
96—98. Potential cannot be an absolute minimum, <&c., 111. Consideration 
of an internal point, 113. Various theorems, 115,116. At a distant point, 
135. MacCullagh’s theorem, 135. Centrobaric bodies, 137. Potential 
constant in a cavity, 99, 139. Continuity at the surface, 103, 146. Given 
the potential, find the body, 164, ifcc. Potential given over two concentric 
spheres, find it generally, 299. Poisson’s general expression for the potential 
of a magnetic body, 339. See Solenoids, Lamellar shells, Conductors. 
Potential energy of an electric system, 495. 

Rankine. The angles of intersection of the sheets of a level surface, 125. 

Rectilinear figures. See Discs. Potential of a lamina found in terms of 
potentials of the sides, 257. Potential of a solid in terms of those of the 
faces, 258. Potentials of all rectilinear figures can be found in finite terms, 
259. Solid angle subtended by a triangle at any point, 262. 

Rings, circular and anchor. Polar line of P divides a uniform ring into parts 
equipotontial at P, 73. Potential at any point for the law of the inverse 
distance, 55, 56. General method of inversion for any law of force by using 
an ellipse, 186. Several formula for the potential of a ring, 190, also Note 
B, page 358. Theorems of Plana and Poincard, 191. Anchor rings, 192. 

Roberts’ theorem. Potential of a lamina for different laws of force, 98. 

Rod. Components of attraction, 10, &c. Infinite rod and the attraction of 
cylinders, 14. Singular form, 15. Other laws of attraction, 16. Various 
problems, 16. Condition that two curvilinear rods equally attract the origin, 
17, &c. Inverse rods, 20. Potential, 49, 50. A cylinder of rods, 52. 
Magnetic rod, 328. Electrified rod, 385. 

Rodrigues. Potential of a homogeneous ellipsoid, 225, note. Legendre’s 
functions, 271. 

Saturn. Figure of Saturn, acted on by the ring, 310. Measurements by Herschel 
and Bessel, 310. 

Screens. Electrical, 390. 
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Siemens. Instrument to find the depth of the sea under a ship, 23. 

Similar bodies. Their attractions and potentials compared, 94. 

Solenoids. Defined, 347. Potential, 348. Condition that magnetism is sole- 
noidal, 349. 

Solid angles. How measured, 26. Solid angle subtended by a triangle at any 
point, 262. Of a cone, 254. Normal attraction of a disc, 27. 

Solid or greatest attraction. Playfair’s theorem, 31. 

Solid of Revolution. Expression for the potential (1) in Legendre’s functions, 
300, (2) in a definite integral, 302. Potentials of a thin ring, solid anchor 
ring, oblate spheroid, Ac., in Legendre’s functions, 303. 

Spheres. Potential of uniform shell, 64. Annulus, 74. Theorem of Cavendish, 
73. Discussion-of a discontinuity, 75. Attraction of a segment at the centre 
of the base, 76. Solid sphere, 78, 79. Attraction of a shell on an element of 
itself, 79. Mutual pressure of two parts of a shell, 79. Potential of a shell 
near the rim, 79. Attraction for other laws of force, 80. Eccentric shells, 
81. Heterogeneous shells, V' — Vajr', 86. Stokes’ theorem, X + X' = - V/a, 
87. Find the law of force that the attraction may be the same as that of a 
single particle, 89. Laplace’s expressions for the potential of a thin shell 
with any law of density, 294. Also solid sphere, 296. Nearly spherical 
bodies, 297, 420. Potential of a magnetic sphere, 329. 

Spherical Conductors. Two spheres joined by a wire, 374. Concentric spheres, 
392. Single sphere acted on by a point-charge, 397. Diagram, page 3G5. 
Lines uf force and level surfaces, 405. Sphere in uniform field, 406. Sphere 
surrounded by a ring, 406, 422. Quantity on a segment and potential, 406. 
Nearly spherical bodies, 420, 421. Two orthogonal spheres, 423. Acted on 
by a point-charge, 426. Geometrical properties, 431. Spheres intersecting 
at an angle 7r/?i, 433. Three orthogonal spheres, 436. Spherical bowl, 456, 
(fee. . Two separate spheres, 459—463. Examples, 464. 

Spherical Harmonics. Defined, 267. Zonal harmonics, 267. Tesseral surface 
harmonics, 286. Sectorial, Ac., 286. 

Spheroids. Potential at an internal point, 219. Nearly spherical, first and second 
approximations, 220, 221. Potential of an oblate spheroid found in Legendre’s 
functions, 303. 

Stokes. Attraction of a spherical shell, 87. Theorems on potentials, 116, 117, 
111, note. Potential of a body in general, 283, note. Generalisation of 
Clairaut’s theorem, 304, note. 

Stratum. See Discs. Green’s theorem X' - X = dim, 142, 147. Attraction of a 
stratum on an element of itself X' + A'= 2F, 142. Green’s equivalent stratum, 
154. Linear and quadratic layers on an ellipsoid, 231. 

Surface. Condition that two surfaces equally attract the origin, 28. Surface of 
equilibrium defined, 46. Surface integral, Note A, page 85f>. See Induction. 

Susceptibility, magnetic. Defined, 465. Relation to permeability, 469. 

Table-land. Bouguer’s rule to find the attraction, 23. Other authors, 23. 

Terrestrial magnetism. Gauss’ investigation, 335, Ac. Dip, 324, Ex. 2. Horizontal 
force, 325. Biot and Hansteen, 335. 

Tetrahedron. Potential in quadriplanar coordinates found in terms of the 
potentials of the faces, 262. Potentials of the triangular faces, 257, 
262, Ex. 2. 

Thomson, J. J. Magnetism, 314, note. Law of magnetic attraction, 322. Referred 
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to, 363, note. Discussion of some results of Kirchhoff, 460, note. Diagram of 
permeability referred to, 473. 

Triangle. Attraction of the sides, 16. Position of equilibrium when attracted by 
the sides produced indefinitely, 16. A particle at the centre of inscribed 
circle is in unstable equilibrium, 121, Ex. 5. 

Tubes of force. Defined, 126. See Lines of force. 

Units. Theoretical and astronomical, 2. c.g.s. system, 3. Foot, pound and 
second system, 4. Dimensions of k and m, 5. 

Vector Potential. Induction through a surface equal to an integral round the 
rim, 358, Note M, page 364. 

Work. Relation to potential, 44. Mutual work, 59, Ac., 439, &c. Potential 
energy of conductors, with examples, 450. Potential energy of an electric 
system, 495- 


INDEX TO THE BENDING OF RODS. 

tEolotropic. Defined, 6. 

Airy’s problem. How a standard of length should be supported, 36. 

Ball, Sir R. Notice of an error made by Poisson, 31, note. 

Bent bow. Its equation and the tension, 27—30. 

Bent rod. Two methods of forming the equations of equilibrium, 10, 11. The 
experimental law, 13. A heavy rod rests on n supports with weights, find 
the stresses, 21, 22. Inequality of pressures, 22, Ac. Altitudes of the supports 
to equalize the pressures, 25. Problems on heavy rods, 24, Ac. 

Britannia Bridge. Problems on the bridge, 23. How the inequality of pressure 
was diminished, 23. 

Central axis. Defined, 1. 

Circular rods. Equations to find the deformation, 37. Extensible circular rods, 
38. Expressions for the tension, bending moment and work, 40—42. 
Limiting case when the rod is inoxtensible, 42. 

Clapeyron. The equation of the three moments, 19, note. 

Columns. Theory of their flexure and Euler’s laws, 31. Hodgldnson’s experi¬ 
mental researches, 31. Grcenhill’s problems, 32. 

Contraction. Found by theory (1) for a stretched rod, 7, (2) for a circular rod, 34. 

Deflection. A heavy rod rests on n supports, find the deflection, 17. 

Equations ok equilibrium. In two dimensions, 10, 11. In three dimensions, 57. 

Euler. His laws on columns Ac., 31. 

Experiment. Hooke’s law, 5. Bending of a rod, 13. 

Findlay. Euler’s laws, 31, note. 

Flexural rigidity. Defined, 13. Its magnitude found by experiment, 22; variable, 
26. Principal flexural rigidity, 53. 

Helical twisted rods. A straight rod is bent into a helix, 54. 

Heppel. History of the equation of the three moments, 19, note. 

Hooke’s law. Enunciation, 5. Corresponding contraction, 8, 34. 

Isotropic. Defined, 6. 

Kelvin. See Thomson and Tait. Resilience, 16. 

KiitcimoFF. His analogy, 69. 
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Lagrange. His memoir referred to, 31, note. 

Lam&. His constants X, fx, of elasticity, 7. 

Limits of elasticity. Defined, 14. 

Love. His treatise on elasticity, 8. Stability of columns, 31, note. 

Minchin. Equations in three dimensions, 57. 

Moseley. Problem on a rod compared with experiment, 24. 

Neutral line. Defined, 33. If a straight rod is bent without tension the central 
line is neutral, 33. 

Pearson. Yielding of the supports, 19, note. Correctness of the Bernoulli-Eulerian 
theory, 35, note. 

Poisson. His treatise referred to, 31, note. 

Besilience. Defined, 16. 

Besolved curvature. Theory, 46. Bepresented by two constants, /c, X, 47. 
Botating rod. Problem, 24, Ex. 5. 

Saint-Yenant. His results on bending, 35. Spiral spring, 56. 

Spiral springs. Theory, 55. 

Standards of length. How supported, 36. 

Stress and strain. Their relations to each other in three dimensions, 51, 52. 
Principal axes of stress, 53. 

Theory. Stretching of rods, 7, 8. Bending of circular rods, 33. 

Thomson and Tait. Equations in three dimensions, 57. Stress and strain, 61. 

Spiral spring, 56. Figures of bending, 31, note. 

Three moments. Equation or theorem, 19. Extension of the theorem, 20. 

Method of use, 21. Corresponding theorem for three pressures, 24. 

Twist. In three dimensions defined and measured, 45. Twists of a rod placed 
on a sphere, a cylinder, any surface, 50. Principal torsion rigidity, 53. 
Yectors. Buie for resolving a variable vector at a moving point, 57, note. 

Very flexible rod. Theory of a light rod passing through several small rings 
not in a straight line, 24, Ex. 6, 7, 43. 

Webb. Equation of three moments with variable flexural rigidity, 19, note ; 26. 
Work. The work of bending (1) a straight rod, 16, (2) a circular rod, 40. Be- 
lations of stress to strain in three dimensions deduced from work, 62. 
Yielding of the supports. Bod supported by columns, 21. 


INDEX TO ASTATICS. 

Central ellipsoid. Definition and equation, 14; its discriminant, 17. Com¬ 
parison of ellipsoids at different bases, 23. Locus of bases at which it is a 
surface of revolution, 37, Ex. 9. Other central ellipsoids, 22. 

Central plane. Definition and equation, 25. It is fixed in the body, 26. Equa¬ 
tion expressed in terms of the points of applications and mutual inclinations 
of the forces, 31. 

Working rule to find the central plane, 58. 

Central point. Definition and coordinates, 28. It lies in the central plane, 29. 
Not the same point as in two dimensions, 29. 

Working rule to find the central point, 30, 66. 














INDEX TO ASTATICS. 


375 


The numbers refer to the articles. 

Cone op equal astatic moment. Its axes coincide with those of the central 
ellipsoid, 17. 

Coneocals. The principal astatic axes are the normals, 34. The confocal conics, 
36. Delation to Poinsot’s axis, 61. 

Couples. Conditions of. equilibrium, 3, 8. Astatic angle, 2. Working rule to 
find resultant couple, 6. 

Darboux. His memoir, 1. His ellipsoids, 16, 22. Theorems, 22, 37. 

Elements. The twelve elements, 10. Interpretation (1) in rows, 10, (2) in 
columns, 69. 

Equilibrium. Equilibrium of three couples, 3, 8. General conditions of astatic 
equilibrium, 11,12. If three forces balance three others, the six points of 
application lie in a plane, 13. 

Eocal lines. Definition, 36. Distance from the centre, 37. Four focal lines can 
be drawn (1) through every point, 37, (2) parallel to a given line, 37. Locus 
of focal lines which pass through a point on a focal conic, 37. Minding’s 
theorem, 44. 

Pour eorces. Deduction of a system to four forces, 60. Working rule, 60. Trans¬ 
formation of tetrahedra, 70. Intersections of the central plane with the 
edges, 71. 

Imaginary conic. Defined, 36, 64. Its centre, 67, <fec. 

Initial position. Definition, 19, 20. These are the only positions of equilibrium 
with the base fixed, 21. 

Invariants. Of astatic moments, 17; of astatic triangles, 66; of two forces, 79. 

Larmor. Proof of Minding’s theorem referred to, 1, note. 

Minciiin. Quaternions, 1, note. 

Minling’s theorem. Proof, 44. Further consideration, 48. Minding’s memoir, 1. 

Moebius. First studied Asiatics, 1, note. 

Moigno. His treatise, 1, note. 

Moments op inertia. The analogy to astatic moments for all arms, 33. 

Poinbot’h axis. Its position in space as the body turns round R and locus in the 
body, 38, 40. Its equation referred (1) to the axes of the forces, 39; (2) to 
axes in tho body, 44, 46. Three elliptic cylinders, 46. Case in which the 
principal force acts along an asymptote of a focal conic, 44, 60. Its relation 
(1) to confocal surfaces, 61; (2) to the focal conics, 64. To place the body so 
that a given straight line may be (when possible) a Poinsot’s axis, 44. 

Poinkot’k couple moment. Its magnitude referred (1) to the axes of the forces, 
39; (2) to axes in the body, 41, 46. Found by a quadratic, 47. Axis of no 
moment, 41, 44, 60. 

Points astatic. Definition, 67. 

Principal astatic axes. Principal couples, 18. Principal axes at various points, 37. 

Principal eokce. Definition, 9. 

Deluction oe a system of forces. To three couples and a principal force, 9. 
To three rectangular couples and a force, 18. To two rectangular couples 
and a force, 27. To two rectangular couples, with forces perpendicular to 
thi! principal force, 29. Summary, 32. Deduction to four forces, 60; 
three forces, 66 ; two forces, 73; one force, 79. 

Single resultant. To place a body so that the forces are equivalent to a single 
resultant at a given point, 19, 37, 40, 44, &o. 

Somoff. His treatise referred to, 1, note. 
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Three forces. Reduction to three possible, 56. Working rule, 60. Astatic points 
lie on the central plane, 13, 57. Position of the central plane of three 
forces, 58. Transformation of astatic triangles, 63. The imaginary conic, 
64. The invariants, 65. The central point, 66; the central point is the 
centre of the conic, 67. Determination of the central lines and principal 
moments, 68. ■ A reduction to fewer forces than three not generally possible, 
72. 

Triangle astatic. Definition, 57. • 

Two forces. Conditions that a reduction to two forces is possible, 73. The forces 
are parallel to a fixed plane, 75. Invariants of two forces, 78. 
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